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Instability in Models Connected with Fluid Flows I, II 


Two volumes of the International Mathematical Series present various top- 
ics on control theory, free boundary problems, the Navier-Stokes equations, 
attractors, first order linear and nonlinear equations, partial differential 
equations of fluid mechanics, etc. with the focus on the key question in the 
study of mathematical models simulating physical processes: 


Is a model stable (or unstable) in a certain sense? 


An answer provides us with understanding the following issue, extremely 
important for applications: 


Does the model adequately describe the physical process? 


Recent advantages in this area, new results, and current approaches to the 
notion of stability are presented by world-recognized experts. 
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Justifying Asymptotics 
for 3D Water—Waves 


David Lannes 


University of Bordeaux, 1 
Bordeaux, France 


The main steps of a general method to fully justify asymptotic models for 3D 
water-waves are sketched. The key step is to prove a large time existence result 
for the nondimensionalized water-waves equations written in terms of the water 
elevation and the velocity potential at the surface. The theorem also furnishes 
a bound on a special energy introduced to have uniform control on the solution 
(with respect to the nondimensionalization parameters). We then describe a sys- 
tematic way to provide asymptotic expansions on the Dirichlet-Neumann operator 
involved in the water-waves equations, and deduce asymptotic models in differ- 
ent physical regimes. Full justification of 2DH Boussinesq systems, 2D H shallow 
water equations, and the Kadomtsev-Petviashvili approximation are presented as 
an illustration. Bibliography: 32 titles. 


1. Introduction 
1.1. General setting. 


'The motion of a perfect incompressible and irrotational fluid under the 
influence of gravity is described by the free surface Euler (or water-waves) 
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equations. These equations have a very rich structure, and many famous 
equations of mathematical physics can be obtained as asymptotic limits: 
the Korteweg-de Vries (KdV) and Kadomtsev-Petviashvili (KP) equations, 
the Boussinesq systems, the shallow water equations, deep water models, 
etc. Each of these asymptotic limits corresponds to a very specific physical 
regime which determines its range of validity as a tool in oceanography. 


While the derivations of these models goes back to the XIXth cen- 
tury, their mathematical justification is a much more recent concern (by 
mathematical justification, we mean a rigorous proof that the solution of 
the water-waves equations is well approximated by the solution of the as- 
ymptotic model corresponding to the physical regime under consideration). 
So far, the only asymptotic models fully justified are the KdV equations 
and 1DH-Boussinesq systems (see [8, 24, 4]) and some variants in pres- 
ence of surface tension [25], bottom topography [13], or higher order terms 
[27]. Note also that Kano and Nishida [15] gave a justification of the 
1DH-shallow water equations under some restrictions (analytic and small 
data). For the 2DH-case and other regimes mentioned above, there is no 
full rigorous justification; one of the reasons for this is the complexity of 
the water-waves equations for which local well-posedness and error esti- 
mates are nontrivial. Following the pioneer works in 1DH of Ovsjannikov 
[23] and Nalimov [22] (see also Yosihara [30, 31]), Craig [8] and Kano 
and Nishida [15, 16] managed to give the first justification of the KdV and 
1DH Boussinesq and shallow water approximations, but the comprehension 
of the well-posedness theory for the water-waves equations hindered the per- 
spective of justifying the other asymptotic regimes until the breakthroughs 
of Wu ([28] and [29] respectively for the LDH and 2DH case, in infinite 
depth, and without restrictive assumptions). Since when, the literature on 
free surface Euler equations has been very active: the case of finite depth 
was proved in [17], and in the related case of the study of the free surface of 
a liquid in vacuum with zero gravity, Lindblad [19, 20] and more recently 
Coutand and Shkoller [7] and Shatah and Zeng [26] managed to remove the 
irrotationality condition and/or took into account surface tension effects. 


'Though quite numerous now, the results on the well-posedness of the 
water-waves equations cannot be directly applied to justify rigorously as- 
ymptotic models because the estimates they give on the existence time are 
far too rough and only provide existence over an interval of time asymp- 
totically shrinking to zero (relatively to the pertinent time scale). This 
difficulty is well illustrated by the early works of Kano and Nishida [15] 
and Kano [14] where the KdV and KP approximations are justified (for 
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analytic and small data) for times t = O(1) while the relevant time scale 
for the asymptotics is t = O(1/e) (with the notation used in the present 
paper). In [8], this confusion is not made, and the proof relies on a large 
time (i.e., O(1/e)) existence theorem for the water-waves equations in the 
particular “long-waves” scaling. It was recently shown in [4] that the 2DH 
Boussinesq systems are justified with sharp error estimates if solutions to 
the water-waves equations in the long-waves regime exist over the time scale 
t = O(1/e) and are bounded in regular enough Sobolev spaces. Similarly, 
it is proved in [18] that the rigorous justification of the KP approxima- 
tion follows from such a large time existence theorem and from (unexpected 
enough) bounds on the solution. 


Regardless of the physical regime investigated, the key steps in the 
process of justification of asymptotic equations is thus the following: 


(1) Formally derive the asymptotic equations and identify the relevant 
time scale of their dynamics. 


(2) Prove an existence result for the water-waves equations for this time 
scale (this is what we call here "large time" existence) and bounds on 
the solution. 


(3) Perform error estimates to control the error between the exact solu- 
tion of the water-waves equations and the solution furnished by the 
asymptotic model. 


The first step of this procedure can be done at the formal level, while 
the third one can be done assuming the second one (as in [4, 6, 18]). 
Therefore, it turns out that the proof of a large time existence theorem is 
the key step of the process. Before explaining the approach developed here, 
let us review quickly existing results for the main physical regimes. In order 
to do this, denote by a the typical amplitude of the waves, by h the mean 
depth, and by A the wavelength of the waves. 


e Shallow-water equations (i.e., h?/A? < 1). In 1DH, steps 1 to 3 of 
the above procedure are done in [15], with some restrictions in Step 2 
(analytic and small data). In 2D H, Steps 2 and 3 remain open. 

e Long-wave regime (i.e., h?/A? ~ a/h < 1). The justification process 
is complete in 1DH [8, 24, 4, 13]; in 2DH, Steps 1 and 3 are done 
in [4] (flat bottom) and [6] (uneven bottom), but Step 2 is open. 


e KP or weakly transverse regime (this regime is the same as the 2DH 
long-wave regime, but with a wavelength in the transverse direction 
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much larger than in the longitudinal direction). As said above, [18] 
shows that only Step 2 remains to be done. 


e Serre approximation (ie., h/A ~ a/h « 1). These equations are 
commonly used in oceanography (see, for instance, [12, Chs. 5 and 
7]), but no mathematical justification exists. 


e Deep water models. In deep water (h?/ M > 1), the asymptotic expan- 
sions are commonly made in terms of the slope of the waves (a/A < 1). 
For instance, Matsuno [21] proposed (without justification) a model 
with full dispersion valid for deep water in 1D. 


Instead of developing an existence theory for each physical scaling, we 
develop here a global method which allows us one to justify all the asymptot- 
ics mentioned above at once. In order to do that, we nondimensionalize the 
water-waves equations, and keep track of the four physical quantities which 
characterize the dynamics of the water-waves: amplitude, depth, wavelength 
in the longitudinal direction and wavelength in the transverse direction (for 
the sake of simplicity, we only consider in this note flat bottoms; in the case 
of uneven bottoms, a fifth parameter must be introduced, the amplitude of 
the bottom variations). 


Our main theorem gives an estimate of the existence time of the so- 
lution of the water-waves equations in terms of these four parameters. It 
is worth remarking that this estimate is uniform with respect to these pa- 
rameters (though they may grow to infinity or decay to zero, depending 
on the physical regime investigated). In order to prove this theorem we 
introduce an energy which involves the aforementioned parameters and use 
it to construct our solution by an iterative scheme. This energy provides 
moreover bounds on the solution which appear to be exactly those needed 
for the error estimates of Step 3. 


Having proved such a large time existence result, we derive the asymp- 
totic models for the regimes mentioned above in a systematic way, and use 
the bounds on the solution provided by the energy to proceed with Step 3. 


1.2. Presentation of the results. 


Parameterizing the free surface by z = ¢(t, X) (with X = (x,y) € R?) and 
the bottom by z = —h (with h > 0 constant — uneven bottoms are consid- 
ered in [1]), one can use the incompressibility and irrotationality conditions 
to write the water-waves equations under Bernouilli's formulation, in terms 
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of a velocity potential ® (i.e., the velocity field is given by v = V x,,®): 


079 4-070 + 020 = 0, -h&z&c, 
0,9 = 0, z-—-—h, 
C + VC- VO = 0,0, ret (1.1) 


1 
Orb + S ver + (0,6)?)+¢=0, z=, 


where V = (ôs, ôy) and 0,9 is the normal derivative. 


The qualitative study of the water-waves equations is made easier by 
the introduction of dimensionless variables and unknowns. This requires the 
introduction of various orders of magnitude linked to the physical regime 
under consideration. As said in the introduction, a is the order of amplitude 
of the waves, h is the mean depth, A is the wavelength of the waves in the 
x direction, and A/^ is the wavelength of the waves in the y direction. 


We also introduce the following dimensionless parameters 


X? 1 


E= Aq» eS 


p= (1.2) 


a 
h’ 


the parameter & is often called the nonlinearity parameter, while u is the 
shallowness parameter. The parameter v is the transition parameter which 
takes into account the fact that different nondimensionalizations are used 
in shallow and deep water. 


Zakharov [32] remarked that the system (1.1) could be written in the 
Hamiltonian form in terms of the free surface elevation ¢ and the trace of the 
velocity potential at the surface i = ®),_.. Craig, Sulem, and Sulem [11] 
and Craig, Schanz, and Sulem [10] used the fact that (1.1) could be reduced 
to a system of two evolution equations on ¢ and v to prove the consistency 
of the Schródinger and Davey-Stewartson approximation; this formulation 
has commonly been used since when. In Section 2, we derive the follow- 
ing dimensionless form of this formulation which involves the parameters 
introduced in (1.2): 


AC = Le =0, 

E 1g, [eC e voc - VV)? (13) 
> eu (uus = 
etae eae) 


& 
V 
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where V? = (ôs, YOy)* and C, ,[ec] = (0.8 — ue V?C- VIÐ) with © 
solving the boundary value problem 


029 + u029 + yu079 = 0, -l<z<e¢ 


(1.4) 
Dag B V, 0, = 0. 


—1 


Section 3 is devoted to the asymptotic expansion of the Dirichlet- 
Neumann operator C, [eC] in terms of the parameters e, y, and u. We 
show how to get explicit expansions in the cases mentioned above. 

Section 4 is devoted to the study of the well-posedness of the water- 
waves equations for large times. With the above notation, we show that 
solutions to (1.3) exist and are unique over times t = Olz) We also 
prove that the energy 


Clare + D l r 
(1+ Vn D*])12 | ys i ” 


remains bounded over this time scale. It turns our that this existence time 
and this bound on the solution are exactly those needed to justify rigorously 
all the models described above. This is sketched in Section 5 for three 
asymptotic models: the shallow water equations, Boussinesq system, and 
Kadomtsev-Petviashvili (KP) approximation. 


1.3. Notation. 


When we want to insist on the dependence of some constant C on various 
parameters p1, pa, ..., we write C = C(pi1, po, ...), and always assume that 
the dependence on the parameters is nondecreasing. 


For all tempered distribution u € 6'(IR?) we denote by @ its Fourier 
transform. 


Fourier multipliers: For all rapidly decaying u € G(R®) and all f € 
C(RR?^) with tempered growth, f(D) is the distribution defined by 


VEER’, — f(D)ulé) = FONE) (1.5) 
(this definition can be extended to wider spaces of functions). 
We write (€) = (1 + |éP)"?, A = (D), and € = (€, yê»). 


For all 1 € p < œ, |- |p denotes the classical norm of L"(R?) while 
||- |p stands for the canonical norm of L?(S), with S = R^ x (—1,0). 
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For all s € R, H*(IR?) is the classical Sobolev space defined as 
H*(R?) = {u € 6'(R?), |u|g, :— |A?u| < oof. 

For all y > 0 we write V? = (ô+, yy)” so that V? coincides with the 
usual gradient when y = 1. We also use the Fourier multiplier | D?| defined 
as |D7| = 4/D2 c 3?D2, as well as the anisotropic divergence operator 
div, = (V7)?. We write X = (x,y) and Vx,z = (05,0,,0;)T. 

The notation a S; b means that a < Cb for some nonnegative constant 


C whose exact expression is of no importance (in particular, it is indepen- 
dent of the small parameters involved). 


We use the condensed notation 
As; = B+ (Ge) a (1.6) 


to say that A, = Bs if s < sand A, = Bs + C, if s s. 

When the notation Ou, is used for boundary conditions of an elliptic 
equation of the form V x,- PV x ;u = h in some open set Q, it stands for 
the conormal derivative associated to this operator, namely, 


Ó5U|ao = n- PVX, Ujao» (1.7) 


n standing for the outward unit normal vector to 0€). 


2. Nondimensionalization(s) of Equations 


Depending on the value of u, two distinct nondimensionalizations are com- 
monly used in oceanography (see, for instance, [12]). Namely, with dimen- 
sionless quantities denoted with a prime: 


Shallow-water, i.e., y «& 1, one writes 


EN / = Anil — 1 — A y 
r=, y= Fy, z=hz', t= Sent’, 
¢=ac', = $ Ay/gh®'. 

Deep-water, i.e., y >> 1, one writes 

as Nel AG)! = \z' — Ar}! 

T—Àr, y= sy’, z= xz, t= x 


C—a(, $-—aVgA9'. 


Remarking that when p ~ 1, i.e, A ~ h, both nondimensionalizations 
are equivalent, we introduce the following general nondimensionalization, 
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which is valid for all > 0: 


A / 


x= Ax, y= Ay’, z-—hvz, t= A 


C—a(, $—2)/24, b= BV, 





where v — is a smooth function of u such that v ~ 1 when u «1 


1 
lov 
and v ~ u-1/?(— A/h) when u > 1 (in [21], the parameter x plays a similar 
role). 

The equations of motion (1.1) then become (after dropping the primes 
for the sake of clarity): 


<2 


v^ uo? + v^, uoo 4-026 — 0, — 


Py). v8 4-0, — 0, gue 


V V 


Sle 
IN 


€ 
=, 
V 
—v’ EV ’ 
1 2 € € 
ag- —( -rv pu V? (=): VIÐ + 0,9) = 0, ZAC, 
pV V V 
ao + ifj (0,6) +¢=0, z==¢ 
2'v m» V 
with V? = (3z, yəy)T. 


In order to reduce this set of equations into a system of two evolution 
equations, define the Dirichlet-Neumann operator G% .|£6]- as 


9, Iz Qu = 1 IV EOP ag. 


with 9 solving the boundary value problem 


V^ u026 + v^»? u07 + 020 — 0, — 


Sle 
TX 
x 
/N 
xio 
SY 


Pe =U, O5 -0 


D z-l(-irgb 

(as always in this paper, 0, 9 stands for the outward conormal derivative as- 
sociated to the elliptic equation). As remarked in [32, 11, 10], the equations 
(2.1) are equivalent to a set of two equations on the free surface parame- 
trization Ç and the trace of the velocity potential at the surface Y = ®___/,. 
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involving the Dirichlet-Neumann operator €; .[5¢]. Namely, 


ài C — aS = 0, 
€ 4 en Eule rvvo(e) VIP)? (2.2) 
Orb ++ s, IV 9| i ae ec a =i 


In order to derive the system (1.3), let 6, ,,[eC]- be the Dirichlet-Neumann 
operator gabs) corresponding to the case v — 1. One will easily check 


that 
E 


1 
Vv > 0, C, [eC] = Gul cls 


so that plugging this relation into (2.2) yields 


1 
OG — ui Hels =0, 


V 


E o eu (ZGu lech +V (ec) VIY)? u 
Ov rOrg IV Loy Xue T 
3. Asymptotic Expansion of G,,,,[e¢|w 


Throughout this section, we assume that the water height is always positive, 
i.e., 





Sho 0, — inf(1 + £¢) > ho. (3.1) 


3.1. The case of small amplitude waves (e < 1). 


Expansions of the Dirichlet-Neumann operator for small amplitude waves 
has been developed in [11, 10]. This method is very efficient to compute 
the formal expansion, but instead of adapting it in the present case to give 
uniform estimates on the truncation error, we rather propose a very simple 
method based on the following explicit formula for the derivative of the 
mapping Ç + €, |eC]v, which is a particular case of Theorem 3.20 of [17]. 


Theorem 3.1. Let to > 1l, s > to, and C € H**9/?(R?) be such that 
(3.1) is satisfied for some ho > 0. For all y € H*+3/2(R?) the mapping 


C Gua ecy e He? (R?) 
is well defined and differentiable in a neighborhood of G in Herve, and 
vhe HAR),  deGurlel: h = -Gurl (hZ) — env? - (hy) 
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with 
1 
ET ye. gI 
EU Lx euge duaFog + eu C: Vy), 
v = Vhy-eZV?(. 


We can now state the following proposition, which gives an expansion 
of the Dirichlet-Neumann operator G, [eC] in terms of £, and uniform 
with respect to y € (0, 1] and p > 0. 


Proposition 3.1. Lets > to > 1, v € H***(R2), and¢ € H*+9/?(R?) 
be such that (3.1) is satisfied for some ho > 0. Then 


IG. le = [64.410] — Gurl] (C(Gu.r[0])) — eu V? - (CV^w)] ys 
y- Mp 
a+ FADE earn) 





< Pync(c- E/E, Ic 


Hs*9/25 





PROOF. An order two expansion of C, [eC] gives 


il 


Ouale = Gurl] + dobale lt E+ / (1— 2)@2Gledw (C Ode 


0 


Using Theorem 3.1, one computes 


Uo Guvle |b - € = —e8,,40] (6 (Gu,7[0])) — enV? - (CV), 
and, with some more work, one also gets an explicit expression for the second 
derivative BG G|[e-]v - (C, C). It appears that one can write 
Gelb (6,6) =e wP F(, e, n, y C.) 
and 
y- V? pr 
(x yip], 


uniformly with respect to all the parameters; an important step in the above 
estimate is the following estimate on the operator norm of C, [ec]: 


P(e e nsns Gare < (evi [lever 





1 


Vs 2 to > 1, =; 
0 ho 


IC 





1 v- V2 D7 
Spec < c( E | 
H Hs-1/2 


s) ee aa 
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We can now give asymptotic expansions of G,,,,[e¢]w in the different 
regimes mentioned in the introduction. The first one is the long-waves 
regime (see also [4] for a different proof based on a BKW expansion of the 
velocity potential). 


Corollary 3.1 (long-waves regime). Let €o > 0, s >to) > 1, We 
H*+6(R?), and ¢ € H*+9/?(IR?) be such that (3.1) is satisfied for some 
ho > 0. Ify — 1, then for all 0 < € = u < £0 


S,.keQé =- [-ehs- e(sa^o v tvo))]], 


1 
E &O( F160 IC] preeoz2, VY sors) d 
PRoor. Under the long-waves regime, one can compute explicitly 

Gua [0]v = Ge, [0]Y (see Proposition 4.1 below for the computation): 

Ge [0% = Ve|D| tanh(Ve|DI)v, 
and a second order Taylor expansion of the function € — Vez tanh(,/éz) at 
the origin gives therefore 

1 
| Ge, [0 — | - Aw — zA] |. € elVvy|gess. 
Since u = £, y = 1 and v ~ 1 in the present scaling, one also deduces that 
y M2 |D7| 
| (1+ R|D)? 


uniformly with respect to £, and the corollary follows therefore from Propo- 
sition 3.1. 





y| < |Vyl zs 
Hs 














In the case of the KP regime (or weakly transverse long-waves), which 
is the same as the long-wave regime described above, but with y = y£, one 
has (see also [18]): 


Corollary 3.2 (KP regime). Let £g > 0, s >to > 1, v € H**9(R?), 
and ¢ € H**9/?(R?) be such that (3.1) is satisfied for some ho > 0. 


Then for all 0 <e=p=y? < £0 


G.ledé = [- eto — e? (50t 0. (60.9) 929) — aow] 


Hs 


1 
< e30 ( eo. lees IV oss): 
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PROOF. In this regime, u = € = 7” so that Gu [0] = G. <0], which 
can be explicitly computed (see Proposition 3.1): 


G.,yel0]v = Ve|DY*| tanh (Ve| DY*]) v, 
where we recall that |DV*| = ,/D2 + €D2. An order 3 Taylor expansion at 


the origin of this expression gives 








Bless. 
(3.2) 


1 E 
Ge, yell — | - &(02  e05)v — ez (02 + eop], s lD 





Remarking that under the present scaling, 


y-M?2|p?| Ve 
G+ apy” Ls < ||D | | rs E lO V] ns ss |eayv|ms , 


the corollary follows from Proposition 3.1 and (3.2). 














Remark 3.1. (i) The method used above to give an expansion of the 
Dirichlet-Neumann operator C, J,[£C]v is general and can be used for other 
scalings, and in particular for the Serre approximation mentioned in the 
introduction, and for which y = 1, wp =e? <1. 


(ii) The two corollaries given above concern shallow-water models 
(u < 1), but Proposition 3.1 is also valid in deep water. In this case, 
v ~ pw /? and the quantity one has to expand in the first equation of 
(1.3) is therefore Inal. Remarking also that HGn.70] is uniformly 
bounded (as an operator of order 1), Proposition 3.1 furnishes an expan- 
sion of TGnrlesy in terms of e/g. Going back to the definition of € and 
u, one can check that &eJ/p = a/A. This is the slope of the wave, used in 
oceanography as small parameter in deep water. 


3.2. The case of large amplitude waves (e = 1). 


The shallow-water regime (for instance) assumes that u < 1, but deals 
with waves of large amplitude for which ¢ = 1. In this kind of situation, we 
cannot use Proposition 3.1 to obtain an expansion of G, ,[eC]v = €,|C]v. 
However, one can quite easily construct by a standard BKW procedure 
an (explicit) approximation $,,, of the velocity potential ® (which solves 
(1.4)). We then write 


Gua [CY = V 1+ |V¢|?0n ®|-=0 
= yi [VC]? 3n Papp|z=0 hay l+ [VE]? ðn (® ia Papp) laco 
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The first component of the last equality gives the asymptotic expansion on 
C,i[C] v since the formula giving app is explicit. The second term of the 
equality is the truncation error and can be controlled by elliptic estimates 
(see [6] for such estimates within a quite general framework). With this 
method, one obtains the following assertion. 


Proposition 3.2 (shallow water regime). Let uo > 0, € = 7= 1, 
s > to > 1, v € H5**(R2), and ( € H**1 (IR?) be such that (3.1) is satisfied 
for some ho > 0. Then for all 0 < u < uo 


1 
Ius eé-n(- Q- A9 - vé-VC) [i < HPC (7 Ho lens INL uas). 


4. A Large Time Existence Result 
for the Water-Waves Equations 


'This section is devoted to the proof of the main theorem of this article. We 
state it below and refer to [1] for full details on the proof. We just hint 
here at the main steps of the proof. Section 4.1 explains the structure of 
the linearized equations (we do it in Section 4.1.1 with elementary tools 
when the reference state is zero, and explain how to treat the general case 
in Section 4.2). The main steps of the proof of the theorem are given in 
Section 4.3. 


Before stating the theorem, let us introduce the energy €°: 
5-79 p| 
(Vu Dp? » 
Theorem 4.1. Let s 2 0 and U? = (C°, y?) be such that £$(U9) < oo 
for some s = s(s) large enough. If moreover infga(1 + C9) = ho > 0, then 
there exists T = T(E(U®), By EVE) > 0 and a unique solution U = (Ç, w) 
to (1.3) with (C, v — v9) € C([0, ZH? x H**Y? (R4)); moreover, 


Vs20,  £*((Gw).:- [Cle + | (4.1) 


sup £*(U(t)) < C (T, £&(U?), Lem). 
0«t« -T ho 

Remark 4.1. (i) The "large time" evoked in the title of this section 
is thus O( z). In the shallow-water regime, ¢/v = 1 so that the existence 
time furnished by the theorem is O(1). It is however "large" in the sense 
that it is uniform with respect to u «& 1 (and, in particular, it does not 
shrink to zero as u — 0). 
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(ii) The scale Oli) appears to be the pertinent scale of the dynamics 
of the asymptotics in all the regimes mentioned in the introduction. 


(iii) The theorem requires that ¢,/fi remains bounded in order to have 
a useful control of the energy. As remarked previously, &J/p = a/A is the 
slope of the waves and it is not restrictive at all to assume that it remains 
bounded (in all the regimes considered here, e/g < 1). 


4.1. The linearized equations. 


Let us rewrite the water-waves equations (1.3) in condensed form as 
OU + £,,,4,|[U] = 0 
with U = (C, v)7 and F.,,,,4[U] given by 


Few] =(—< Sule oo E eum) 
ui pu '" 2v V 2(1 + e?u|Vv?cp?) 
By definition, the linearized operator Z(c,,j around some reference state 
(¢,)* is given by o 
7 Liew) = à + dg fea. 
The goal of this section is to give energy estimates on the initial value 
problem 


€ 
LepU — 7G, Uio = U= (4.2) 


4.1.1. The linearized equations around the rest state. We assume 
that U is the rest state: U = (0,0)7. In this particular case, L(c,y) can be 


directly computed: 
0 — Iul]: 
= MY ? : 
(0,0) Of + ( 1 0 ; 


moreover, one has an explicit expression for C,, J,[0]-. 


Proposition 4.1. The operator G, ,|0]- is given by the Fourier mul- 
tiplier 
Gua [0]: = YD? | tanh VFD"). 
PROOF. By the definition of the operator G,,,,[0]-, one has 6, [0] = 
0, ®),_,, where ® solves the Laplace equation 
029? + 029 + 771076 = 0, 
Èi- = Y, 0,0,  ,-—0. 


—1 
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One can take the Fourier transform in the horizontal variables, which yields 
the second order ODE on ®: 


829 — per? =0, 
which can be explicitly solved thanks to the boundary conditions. Taking 
the inverse Fourier transform of the solution then yields 


TETE cosh( a(z + 1)|D?|) 
"U^ ^ — eosh(y/u|D?|) í 


so that one gets by direct computation 0,®),_, = J/p|D?|tanh(/u|D^|)v, 
which proves the proposition. 














From the proposition it follows that £(o,oj takes the explicit form 


0 —D"?|tanh(,/n|D"|)- 
Lan =a ( 1 ve ò Vh 


Quite obviously, this operator is non strictly hyperbolic (0 is a double eigen- 
value of the principal symbol, and there is a Jordan block), and any sym- 
metrizer, if it exists will be non-homogeneous (thus inducing a shift of deriv- 
atives in the energy — see, for instance, [9] for a discussion on this point). 
Here, a symmetrizer is obviously given by 


1 0 
S= ; 
( 0 D tanh(/n|D?|): 
which motivates the following choice of the energy 
CD = (Use) 
1 

Clr + (A°W, — ID? | tanh( yD AY). 

H Jiv VE 
It worth noticing that €*(U) ~ £*(U) (and the equivalence is uniform with 


respect to the parameters u and y). This shows in particular that this 
energy controls the truncation error in Proposition 3.1. 


Remark 4.2. It is true that one has the following equivalence: 
€*(U) e IU | gs x gs+1/2- 
However, this equivalence is completely useless because the equivalence is 
not uniform with respect to y and u. The fact that one cannot use such an 


equivalence complicates considerably the proof and compels us to use more 
structural properties of the water-waves equations than in [17] for instance. 


By very standard techniques, one then obtains the following assertion. 
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Proposition 4.2. Assume that U = (0,0) and s > 0. Assume also 
that G € C([0, 55]; H° x H**'2(R?)) and U? € H* x H*?(R?). Then 


there exists a unique solution U € C([0, zz H® x H5*V? (R2)) to (4.2) and 





vte [0 ÉT],  &(U(t)) < €(U°)+T sup €*(G()). 
E t€[0,v T /e] 


Remark 4.3. One could of course have solved (4.2) explicitly and 
deduce the estimates, but our purpose here is to introduce the methods 
used in the study of (4.2) when U is not necessarily zero. 


4.2. The linearized equations in the general case. 


In the general case, i.e., when U is not zero, the computation of £( (6.9) ) is not 
straightforward. Hoseven assuming that U is such that the assumptions of 
Theorem 3.1 are satisfied, one obtains, as in [17], the explicit expression 
L(G) = 
ET pw Gurleg(Z) + zv? Cx) -zr Iune] 
e? , 
' ZG, leQ(Z) + (1+ £ZV?:v) £v: VI- 5: Z6, lec]: 


where v and Z are the same as in the statement of Theorem 3.1. 


m 


The study of the principal symbol of this operator shows that, as for 
the linearization around zero, L(¢ y) is not strictly hyperbolic (the double 
eigenvalue is now £v - £?). As was shown in [17, Proposition 4.2], a simple 
change of basis can be used to put the principal symbol of Lc) under a 
canonical trigonal form. This result is generalized to the present case. More 
precisely, with 


a=1+-b, and b-—ev-.V^"Z-vOiZ, (4.3) 
V 
and defining the operator Mé y) = 0; + Mee yp) with 
EVI. (-v) -1G,, lec] 

Mew -( " T Cw nas, 4.4 

one reduces the study of (4.2) to the study of the initial value problem 

E 

MeV = zH, V,- = V°, (4.5) 


as shown in the following proposition (whose proof relies on simple compu- 
tations and is omitted). 


Proposition 4.3. The following assertions are equivalent: 
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(1) The pair U = (Å, y) solves (4.2). 
(2) The pair V = (C, — eZ)? solves (4.5) with H = (G1, G2 —¢ZG,)" 
and V? = (au y’ — EZ) 


In view of this proposition, it is a key step to understand (4.5), and 
the rest of this subsection shows the way to prove energy estimates for this 
initial value problem. 


The first remark that a symmetrizer for M(¢ y) is given by 


s=| 7 j (4.6) 
~\ 0 arie i 


so that (provided that a is nonnegative), a natural energy for the ivp (4.5) 
is given by 


E* (Vy = (ASV, SAV) 


2 

- IRA Vi + SS + (A°Va, Gp oleg'NA)) (47) 

Remark 4.4. The term eva in (4.7) is due to the E in the 

second coefficient of the diagonal of (4.6). Removing this term would not 

affect the energy estimate given below; however, thanks to it, the energy 

controls the low frequencies of V2, which is very important in the iterative 
scheme used to solve to full water-waves equations. 


The energy (4.7) is the right one to obtain energy estimates on (4.5), 
but the reference state U must be admissible in the following sense. 


Definition 4.1. Let to > 1 and T > 0. We say that U = (¢,y) is 


admissible on [0, zl if 


© (C, V) € C?([0, 2]; H® (R4)!*?), 


e the surface parametrization ¢ satisfies (3.1) for some ho > 0, uniformly 
on (0, zl 

e there exists co > 0 such that a > co uniformly on [0, 2l. 
We can now give the energy estimate associated to (4.5); it can be seen 


as a generalization of Proposition 4.2. We refer to [1] for the proof (in the 


statement of the proposition, £7.(H) stands for ES(H) = sup EP*(H(t))). 
OxvT/e 
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Proposition 4.4. Let to > 1, T > 0. Assume that U = (¢,w) is 
admissible on (0, zl for some ho > 0 and co > 0. Then, for all H € 
C([0, -]; H?* (IR2)2), there E open n solution VEC ([0 soli FO?) 


defy 
to (4.5) and for all s > 0 and 0 < X 2 


E*(V(t)) < Cx [E° (V9) + TEp(H)+ (E (V?) + TES 0))D,) stil; 
where D, = gtu U) + EF? (OU) and 


c - c(r, -, 5 S etu) ee" (oun, e P (atu). 


Tom 


4.3. Main steps of the proof of Theorem 4.1. 


The energy estimate given in Proposition 4.4 concerns the initial value prob- 
lem (4.5). Using Proposition 4.3 once again, but with the other side of the 
equivalence, we deduce an energy estimate for the initial value problem 
(4.2). This energy estimate does not allow us a standard Picard iterative 
scheme because it exhibits losses of derivatives (in Proposition 4.4 for in- 
stance, one needs an energy of order s + 7/2 on U to control an energy 
of order s on V). However, this energy is tame in the sense that the s- 
dependent terms on the right hand side are all linear. This allows us, as 
n [17], to use a Nash-Moser type iterative scheme. The order Oli) of 
the existence time furnished by the Nash-Moser fixed point theorem follows 
from the fact that the energy estimate of Proposition 4.4 depends only on 
T for times a (note that we use here a special Nash—Moser theorem with 
parameters for evolution equations developed in [2]). 


'The last points to comment on are the two conditions required in the 
definition of an admissible reference state. Quite obviously, the condition 
on the water depth will remain true for T' small enough (but uniformly 
with respect to the parameters) if it is initially true. The second condition, 
on the sign of a, is not that clear. In fact, it follows from the works of 
Wu [28, 29], generalized in [17] for the case of finite depth, that one has 
necessarily a > 0 for exact solutions of the water-waves equations. Choosing 
the first term of the iterative scheme in such a way that it solves the water- 
waves equations at t = 0, there exists co such that a(t = 0) > 2co; it is then 
possibly to maintain the condition a(t) > co on [0, zl (taking a smaller T 
if necessary). 
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5. Asymptotics for 3D Water—Waves 


As an illustration of the methods developed in this note, we sketch here how 
to give a full justification of asymptotic models for 3D water-waves in three 
different regimes: shallow water, long waves, and KP regime. 


5.1. Shallow-water equations. 


We recall that the so-called “shallow-water” regime corresponds to the con- 
dition uw < 1 (so that v ~ 1) and that € = y = 1. It follows therefore from 
Theorem 4.1 that there exists T > 0 independent of u such that solutions to 
(1.3) exist on [0, T]. Moreover, the energy bound provided by the theorem 
ensures that ¢ and V := Vw are uniformly bounded on [0,7] in Sobolev 
spaces. Plugging the expansion furnished by Proposition 3.2 into (1.3) and 
taking the gradient of the second equations in order to obtain a system of 
equations on ¢ and V = Vy, one gets 


àV + VG 3V|VP? = uRE, 


(5.1) 
at +V- (1+¢V)= uR} 


with R} and R5 uniformly bounded in Sobolev spaces on the time interval 
(0, T]. An energy estimate on (5.1) thus shows that the error made by using 
exact solutions of the shallow water equations (namely, (5.1) with zero on 
the right-hand side) instead of (1.3) is O(j4) on [0, T]. In other words, the 
2DH shallow water model is fully justified. 


5.2. Long-waves regime. 


The long-wave regime is characterized by the scaling y = 1, y = € «& 1 so 
that v ~ 1. From Theorem 4.1 it follows that there exists T > 0 independent 
of € and a unique solution U = (¢, 7) to (1.3) on the time interval [0, T'/z] 
such that the energy 


COl + | i (t 


G+ ve pps e 

remains bounded on [0, 7/2]. Defining V = Vy, this implies that ¢ and V 
remain bounded on [0, T/e] in Sobolev spaces. This is exactly the condition 
that was needed in [4] to fully justify the 2DH Boussinesq systems. For the 
sake of completeness, we recall briefly the strategy of [4]. 
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Plugging the asymptotic expansion of the Dirichlet-Neumann operator 
given by Corollary 3.1 into (1.3) and taking the gradient of the equation on 
t», one gets 


dV - Vic eiVv|VP? = e? Rt, 


5.2 
&C-- V-V -e(1AV-V +V. (CV)) 2 &?^R$, e 


where, as a consequence of Corollary 3.1 and Theorem 4.1, Rj = R$ (Ç, 4%) 
(j = 1,2) are uniformly bounded on the time interval [0, T/z] in Sobolev 
spaces. The Boussinesq system (5.2), however, is not well-posed, and one 
cannot directly conclude as in the shallow-water regime. Using linear ma- 
nipulations (set forth in a systematic way in [5]) and a nonlinear change 
of variables introduced in [4], one can construct an infinity of Boussinesq 
systems, formally equivalent to (5.2), some of which being well-posed. Mak- 
ing the energy estimates on such a well-posed system, one can show that 
the approximations furnished by the Boussinesq systems have a precision of 
order O(e?t) on [0,T/e]. 


5.3. The Kadomtsev—Petviashvili approximation. 


We recall that the KP regime is the same as the long-waves regime, but 
with y = ye. Theorem 4.1 then furnishes a solution of (1.3) on a time 
interval [0, T/e]; moreover, the energy bound shows that C, 0; and /e0,w 
are bounded on [0, T/e] in Sobolev spaces. This was exactly the assumption 
made in [18] to justify the Kadomtsev-Petviashvili equations which states 
that the water elevation ¢ is approximated on [0, T/e] by 


C(t, x) ~ Cy (et, m — t, Jey) + C- (et, x + t, Vey), 


where C+ (T, X) solves 





ate Take + =¢ za = 0. 

The strategy of [18] to justify the KP approximation from the large time 
existence theorem and the bounds on C, ôs, and /é0,~ consists in justi- 
fying first a class of weakly transverse Boussinesq systems along the lines 
described in Section 5.2. The KP approximation is then justified from these 
systems with nonlinear optics methods, as in [3]. 
































1. 
Or C4 x= 39s pos 
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Generalized Solutions 
of the Cauchy Problem 


for a Transport Equation 
with Discontinuous Coefficients 


Evgenii Panov 


Novgorod State University 
Velikiy Novgorod, Russia 


The well-posedness theory of the Cauchy problem for linear transport equations 
with only bounded measurable coefficients is presented. In the case of one spatial 
variable, the existence and uniqueness of generalized and renormalized solutions 
are established, the notion of generalized characteristics is introduced. This theory 
is also applied to prove the existence and uniqueness of strong entropy solutions of 
the Cauchy problem for systems of Keyfitz-Kranzer type. Bibliography: 20 titles. 


1. Introduction 


Transport equations are linear first order partial differential equations of 
the form 


Au,+(B,V2u) = f,ou-—u(t,z) (tr)cIlI-R,xR". (1.1) 


Hereinafter, R} = (0,+00),(-,-) denotes the inner product in R”, A = 
A(t, x), B = B(t, x) = (Bi(t,x),..., Br(t,x)) € R”, and f = f(t, z,u) is 
the source function. We study the Cauchy problem for Equation (1.1) with 
initial condition 


u(0, £) = uo(x). (1.2) 
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If A, B, f, and uo are smooth, there exists a unique solution of the problem 
(1.1), (1.2), and this solution can be constructed by the method of charac- 
teristics (see, for example, [8]). More exactly, suppose that A, B; € C' (II), 
i — 1,...,n, f(t,z,u) € CY (II x R), |A| > 6 > 0. Dividing by A, we reduce 
Equation (1.1) to the form 


w-(C,V,u)-g, C=B/A, g=f/A (1.3) 


with the smooth vector of coefficients C = (C1,..., Cn) and source function 
g — g(t,z,u). For the sake of simplicity we suppose that C and g are 
bounded. The characteristics of Equation (1.3) are integral curves 7 = 
x(t) € R” of the system of ordinary differential equations 


à = C(t,z), (1.4) 


which are well defined for all t > 0 since the vector C is bounded. A smooth 
function u(t, x) satisfies Equation (1.3) if and only if for any characteris- 
tic a(t) 


L ult, a(t) = [ur + (t, Vou) (t,2(t)) = [uc + (C, Vru) (t, e(t) 
= g(t, x(t), u(t, e(t))). 


Thus, along any characteristic x = x(t), the solution u = u(t, x) must satisfy 
the ordinary differential equation ù = g = g(t,x,u). This, together with 
(1.4), leads to the system 


t= C(t, x), 


u = g(t, ru). S69) 


Denote by a(t; to, xo) the characteristic passing through the point (to, xo) € 
IL i.e., the solution of (1.4) satisfying the Cauchy condition z(to) = zo. 
Let y(to, £o) = c(0;to,xo) be the source point of this characteristic. By 
the known properties of ordinary differential equations, y(t,z) € C!(II). 
Denote by x(t; yo), u(t; yo, uo) the solution of the Cauchy problem for the 
system (1.5) with initial data x(0) = yo, u(0) = uo. It is obvious that 
x(t; yo) = z(t; to, zo) for yo = y(to, xo). If u(t, x) is a solution of the prob- 
lem (1.3), (1.2) with uo(x) € C!(R), then u(t, x(t; yo)) = u(t; yo, uo(yo)). 
From this relation it follows that the solution of the problem (1.3), (1.2) 
is uniquely determined by the equality u(t, x) = u(t; y(t, x), uo(y(t, x))). In 
the particular case g = g(t, x), we have 


t 


u(t, x) = uo(y(t, x)) + f ats atto. (1.6) 
0 
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and for homogeneous equation (with g = 0) the equality (1.6) takes the 
simple form u(t, x) = uo(y(t, x)) showing that the solution is constant along 
the characteristics. 

In the classical case of smooth input data, the method of character- 
istics allows us to reduce the problem (1.1), (1.2) to the Cauchy problem 
for some system of ordinary differential equations. But this method cannot 
be applied to equations with nonsmooth (and even discontinuous) coeffi- 
cients which actually arises in various applications. We give an interesting 
example in the following section. 


2. Hyperbolic Systems of Keyfitz-Kranzer Type 


Consider the system of Keyfitz-Kranzer type 
ut + (e(]ul)u)s = 0, (2.1) 
u-—u(t,z)eR^, |u| = (u? +--- +u}. 
Such systems arise in numerous applications and are widely investigated 
(see, for example, [3, 9, 15]). The system (2.1) is a nonstrictly hyperbolic 
system of conservation laws. We consider the Cauchy problem for (2.1) with 
initial condition 
u(0, x) = uo(z) € L” (R, R”). (2.2) 
Assume that y(r) € C(R+) satisfies the condition 
re(r) —D0 asr 0+. (2.3) 


From this relation it follows that the function 


ime uus r7 0, 





0, r=0 
is continuous. Suppose for a moment that y(r) € C1([0, +00)), u = u(t, x) € 
R” is a smooth solution of (2.1) and r = |u| > 0. Then (y(r)u)e = p(r)us + 


y'(r)(u/r,uz)u. This implies that 
(u/r, (e(r)u)s) = Gor) +r (r))(u/r, us) = f'(r)(u/r, us) 
and 
re + (f(r)« = (u/r, w) + f'(r)(u/r, uz) = (u/r, us + (e(r)u)s) = 0. 


This relation justifies the notion of a strong generalized entropy solution of 
the problem (2.1), (2.2) introduced in [15]. 
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Definition 1. A bounded measurable vector-function u = u(t, x) is 
called a strong generalized entropy solution of the problem (2.1), (2.2) if 
ut + (e(r)u)s = 0 in the sense of distributions on II (in D'(IL R?)), while 
the function r = |u(t, x)| is a generalized entropy solution (in the sense of 
Kruzhkov [10]) of the scalar problem 


rrt (f(r))s —0, r(0,x) = ro = [uo()] (2.4) 
and 
ess lim u(t, -) = up in LLR, R”), (2.5) 


i.e., there exists a set E C (0, +00) of full Lebesgue measure such that for 
t€ E u(t,-) € LL,(R, R^), and u(t,-) > uo in LL,(R,IR") ast — 0, t € E. 


The notion of a strong generalized entropy solution coincides with 
that of a renormalized solution introduced in [3]. As was shown in [15], 
any strong generalized entropy solution of the problem (2.1), (2.2) is also a 
generalized entropy solution of this problem, i.e., it satisfies the Kruzhkov— 
Lax entropy relations for all convex entropies of (2.1) (these entropies are 
completely described in [15]). As was shown in [15], the strong generalized 
entropy solutions generate the natural correctness class for the problem 
(2.1), (2.2). 


If u = u(t,x) is a strong generalized entropy solution of the problem 
(2.1), (2.2) then, by Definition 1, the function r = |u(t,x)| is a unique 
generalized entropy solution of the scalar problem (2.4). Note that the flux 
function f(r) is here only continuous, and the unconditional uniqueness of a 
generalized entropy solution is valid only in the case of one spatial variable 
(see [11, 12, 16] for details). We see that if u is a generalized solution of 
the problem (2.1), then the functions v; = u;/r, i = 1,...,n (for r = 0 the 
values of these functions are not essential) must satisfy in D'(II) the linear 
transport equation 


(Av), + (Bv), 20 (2.6) 
with, in general, discontinuous coefficients A = A(t,z) = r(t,x), B = 
B(t,«) = f(r(t,x)) and initial condition 

v(0, ax) = Voi = uoi/To- (2.7) 


Based on the theory of generalized solutions of the problem (1.1), (1.2) 
developed in [13, 14, 15], we can prove the existence and uniqueness of a 
strong generalized entropy solution of the problem (2.1), (2.2) (see [15] and 
Theorem 4 below). 
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3. Homogeneous Transport Equations. 
Generalized Solutions of the Cauchy Problem 


3.1. Preliminaries. 


Let II = Ry x R” be a half-space, and let a vector (A, B) € L© (II, IR"*1) 
be such that 


Ve >0 |B) < N(e)- (Ate) ae. on I, eN(e) > 0 as € > 04, (3.1) 
A, + div,B — 0 in D'(II). (3.2) 


In the condition (3.1), |B| is the Euclidean norm ofa vector B = (By,..., By). 


As is known (see, for example, [8]), for a piecewise smooth field v = 

(A, B) of coefficients the condition divu = A, + div; B = 0 in D'(II) is 

satisfied if and only if divv = 0 in the classical sense in domains where 

v is smooth and, on any discontinuity surface $, the Rankine-Hugoniot 
condition 

([v], v) = [Alu + ([B], vs) = 0 (3.3) 

is satisfied. In (3.3), [v] = v+ — v- denotes the jump of the vector v on S, 

v4. are one-sided limits of v on the surface S, and v = (vi, Ve) € R"*1 is the 

normal vector on S. In the one-dimensional case n — 1, the condition (3.3) 

on the discontinuity curve x = x(t) can be written in the form « = [B]/[A]. 


We show that the condition (3.1) can be written in the form 





A(t,x) 20 a.e. on IL, |B(t,x)| < 9(A(t,x)) ae. on II (3.4) 
for some ®(r) € C([0, 4-oo)), &(0) = 0. 


Proposition 1. The conditions (3.1) and (3.4) are equivalent. 


PROOF. Suppose that the condition (3.1) is satisfied. If A(t,x) < 0 
on a set of positive measure, then there is a positive constant € such that 
A(t,x) < —& on a set of positive measure. But this contradicts the condition 
N(e)(A+e) > |B(t,x)| > 0 a.e. on II. Thus, A(t, x) 2 0 a.e. on II. Let Q4 
be the set of positive rational numbers, and let ®(r) = m N(e)(r +€), 


r Z 0. The function ®(r) is nonnegative and concave since it is the infimum 
of a family of affine functions r — N(e)(r + e), € € Q}. Therefore, it is 
continuous for r > 0. We show that ®(r) is also continuous at r = 0. It is 
clear that ®(0) = i N(e)e = 0 in view of (3.1). By (3.1), for any positive 
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6 there is £o € Q4 such that N(£o)eo < 6/2. Then for all r € [0, €o) we have 
$(r) < N(seo)(r + €0) < 2N(&£9)&o < 9. 

Hence lim (r) = 0 = (0). We conclude that #(r) € C([0, -oo)), (0) = 

0. Further, since Q; is countable, for all € € Q4} we can choose the same 


set of full Lebesgue measure, where the inequality (3.1) holds. On this set, 
we have 


|B, s)| < inf N()(A(52) + €) = 9(A(2)), 


i.e., the condition (3.4) is satisfied. 
Conversely, assume that (3.4) is satisfied. We set 


M=|Allo, C= max ®(r), N(e)= su 


p —,e>0. 
r€[0, M] re[o,M] T +E 


It is obvious that for a.e. (t,x) € II we have A(t, x) € [0, M] and 
$(A(t, x)) 


|B(t,z)| < €(A(t2)) < A SYE 


(A(t, x) +e) < N(e)(A(t, x) + €). 


To complete the proof, it remains to verify that eN(¢) — 0 as € — 0+. 
By assumption, lim (r) = 0 and for any 6 > 0 there is ro > 0 such 
T 


o 
that ®(r) < 6 for all r € [0, ro]. Therefore, e» « 2 for r € [0, ro] and 
r 


P(r) 2 C 
rte rote 











for r € [ro, M]. . Hence 


N(e) < max (2 <) PR E 


e’ro te € rote’ 





which implies that lim supeN (e) < ô. Since ô > 0 is arbitrary we conclude 


€ 
that lim eN(e) — 0. 














Remark 1. For Equation (2.6) the conditions (3.1) and (3.2) are sat- 
isfied. Indeed, A = r is a generalized entropy solution of the problem (2.4) 
with nonnegative initial data. By the maximum principle [11, 12, 16], this 
solution is also nonnegative: A > 0. Since B = f(A) and f(0) = 0, the con- 
dition (3.1) in the form (3.4) is satisfied. Finally, A; + B; =r; + (f(r)), 20 
by the assumption that r is a generalized entropy solution of the scalar prob- 
lem (2.4). 


We need the following simple result. 
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Lemma 1. Suppose that A = A(t,x) € L° (II), B = B(t,x) € 
L®(II, R”), and A, +div,B = 0 in D'(II). Then A(t,-) is weakly-* con- 
tinuous in L?* (IR^) with respect to t up to the point t = 0 (after a correction 
of A on a set of zero measure, if necessary). 


PROOF. Since A; + div; B = 0 in D'(II), for every h(x) € Cg* (IR?) 


Z | Atahar = [9 vas in D'(R). 
We see that the function 
I,(t) = J Atala) 


has the bounded derivative in the sense of distributions. Therefore, this 
function, well-defined on the set of full measure 


E = {t > 0|(t, x) is a Lebesgue point of A(t, x) for a.e. x € R”}, (3.5) 


is Lipschitz continuous. This implies that there exists a unique extension 
of I; (t) as a continuous function on the whole ray [0, +00). It is clear that 
[In(t)| < || Also + || A]|1 and for every t > 0 the correspondence h — In (t) is 
extended as a continuous linear functional on L!(IR"). Since the dual space 
(L1 (R"))* is L°(R”), for all t € [0, +00) there exists a function F(t,-) € 
L?* (R^?) such that In (t) = frora, x)dx. It is clear that F(t, x) = A(t, x) 
a.e. on R” for all t € E and the mapping t > F(t,-) € L?*(IR") is weakly- 
* continuous, which easily follows from the boundedness of || F'(t,-)||.. and 
continuity of the functions J, (t) = (F(t,-), h) for each h = h(x) in the dense 
subspace Cg? (IR"). of L! (R7) 

If we correct A(t, x) on a set of zero measure t ¢ E by setting A(t, £) = 
F(t,x) for such t, we obtain the desired property of continuity. 


























In particular, from Lemma 1 it follows that A(0, x) can be defined in 
such a way that for some set E C IR, of full Lebesgue measure 


A(t,z)  A(0,x) weakly-« in L®(R”) ast — 0, t € E. (3.6) 


3.2. Definition of a generalized solution. 


We consider the Cauchy problem for the transport equation Au;+(B, Vu) = 
0 written in the divergence form (by the condition (3.2)) 


(Au), + div, Bu = 0, (3.7) 
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with initial condition 
u(0, x) = uo(x) € L?? (R"). (3.8) 


Definition 2. A function u = u(t,x) € L**(II) is called a general- 
ized solution of the Cauchy problem (3.7), (3.8) if for any test function 
h = h(t,x) in the space C$* (II) of infinitely differentiable functions with 
compact support in II = [0, +00) x R” we have 


j Lieu CAM Tdida + J A(0,z)uo(z)h(0,z)dr — O. (3.9) 
II R” 


Below we give one useful equivalent definition of a generalized solution. 


Proposition 2. A function u = u(t, x) € L® (II) is a generalized solu- 
tion of the problem (3.7), (3.8) if and only if (Au); + div; Bu = 0 in D' (II) 
and 


ess lim A(t, x)u(t, x) = A(0, x)uo(x) weakly-« in L” (IR"). (3.10) 


t—0 


Proor. Let u = u(t,r) be a generalized solution of the problem 
(3.7), (3.8). Taking h € C (II) in (3.9), we find (Au), + div; Bu = 0 in 
D'(II. Let g(a) € CE (IR^). Choose y(s) € Cg? (IR) such that 7(s) > 0, 


supp y C [0,1], | y(s)ds = 1. For v € N we set ó,(s) =v (vs). It is clear 


that ó, € Cg* (R), 6, > 0, supp ôy C [0, 1/v], | ó/(s)ds = 1. Therefore, the 


sequence 6, converges to the Dirac ó-function in the space of distributions 


t 
D'(R) as v — œ. Let x,(t) = J ô (s)ds. Then x,(t) converges pointwise 


to the Heaviside function as v — oo. Then h,(t,x) = g(£)Xv(to — t) € 
C§° (TI) for to > 0 and, by Definition 2, 


f sts + (Bu, V&h,)]dtda + f Ato. z)uo(x)g(x)dz = 0 
i g^ 


for sufficiently large v. We transform this equality as follows: 


J At autt.2)gl2)a05, t — t)dt — J Aosta 
II Rr 
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= J (Btt aJult, 2), oit — t)dtdz. (3.11) 
il 


We can find a set of full measure E C Ry consisting of common Lebesgue 
points of the functions t > J Att noia for all g(a) € CF (R"). 


R^? 
For example, the set E can be defined similarly to (3.5): 


E = (t > 0|(t, x) is a Lebesgue point of A(t,x)u(t,7) for a.e. x € R"}. 


Let to € E. Passing to the limit as v > oo in (3.11), we find 


J touto. ats —. f Ato zung) 
R^ R^ 


= (B(t, x)u(t, x), Vg(z))dtdz — 0, to — 0. 


(0,to] xR” 


Thus, for all g(x) € CE (R) 


J Att oic) — J Atto) 
R^ R^ 


ast > 0, t € E. Since A(t,-)u(t,-) are bounded uniformly in t € E and 
C§°(IR") is dense in L!(R"), we conclude that A(t,-)u(t,-) — A(0,-)uo 
weakly-« in L®(R”) ast > 0, t € E. 

Conversely, assume that u(t, x) satisfies (3.7) in D'(IT) and A(t, x)u(t, x) 
— A(0,r)uo(r) weakly-* in L?*(R") as t — 0, belonging to some set 
E, C R, of full measure. Assume that h = h(t, x) € Cg* (II). Then f,(t,2) = 
h(t, £)Xu (t — to) belongs to Cg? (II) for to > 0 and, since (Au); + (Bu); = 0 
in D'(ID), we have the equality 


f nto + (Bu, Vz f,)]dtdz = 0 
il 


which can be transformed as follows: 


[ae x)u(t, x)h(t, x)dxó, (t — to)dt 
i 


+ f Am + (Bu, Vzh)|xv(t — to)dtdz = 0. 
i 


32 Evgenii Panov 


This implies 


[Auh, + (Bu, Vh)|dtdx + ri A(to, z)u(to, z)h(to, x)dx = 0 
R^? 


[to,co) xR” 
as v — oo if to € E. Passing to the limit as tp —> 0, to € E N Fy, and tak- 


ing into account the weak-* convergence A(t, x)u(t,z) — A(0,x)uo(a), we 
derive (3.9). Thus, u(t, x) is a generalized solution of (3.7), (3.8). 














Remark 2. If u = u(t,x) € L (II) is a generalized solution of (3.7), 
then it always has a weak trace, i.e., there exists a function uo € L®(R”) 
such that 


ess lim A(t, x)u(t,x) = A(0, x)uo(x) weakly-* in L?* (IR"). 
Indeed, applying Lemma 1 to the divergence free field (Au, Bu), we conclude 
that there exists a weak trace v of Au(t,-) at t = 0. Let M = |ul|ss. 
Passing to the weak limit as t — 0 in the inequality - MA < Au < MA, 
we find that —M A(0,x) € v(x) € MA(0,x) a.e. on R”. Then v(x) = 
A(0, z)uo(z) for some function uo(x) € L?*(R") such that ||uoll. < M. 
Thus, any bounded generalized solution of (3.7) is a generalized solution of 
some Cauchy problem (3.7), (3.8). 


In the case of smooth coefficients, any generalized solution must be 
constant along the characteristics, as in the classical case. More exactly, 
suppose that Q C R x R” is an open domain, A € C1(Q), A»0, B€ 
C1(Q, R”), A, + div, B = 0 in Q. Consider Equation (3.7) in Q. We call 
a function u = u(t,z) € LL.(Q) a generalized solution of this equation if 


loc 


(Au), + div; Bu = 0 in D’(Q) (no initial conditions are prescribed). 


Proposition 3. A function u = u(t,z) € Ll,(Q0) is a generalized 
solution of (3.7) if and only if u(t, x) is constant along the characteristics, 


upon a correction on a set of null Lebesgue measure. 


PROOF. The statement has local character, and we can assume that 
the domain Q = {(t,x)|t = t(r;y),- = z(r;y).|r| < h;|y — zo| < r}, 
where (fo, zo) € R x R” is a fixed point and t = t(7;y), x = 2(7;y), is 
the characteristic passing through the point (fo,y) at 7 = 0, i.e., it is the 
integral curve of the solution to the Cauchy problem for the characteristic 
system 


i-—A(tz) i-B(tzr)? t(0)= to, z(0) =y, 
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which is written in the parametric form. We assume that h,r > 0 are 
chosen so small that any solution of this system is determined in the inter- 
val (—h, h). 

Introduce the cylinder Q = (—A,A) x V.(xo) with V.(zo) = {y 
R?|ly — zo| < r} and the mapping F : Q > Q, F(r,y) = (t(r; y), 2(7; DEN 
is clear that F' is a diffeomorphism from Q onto Q and, since A; - div, B = iin 
this mapping conserves the Lebesgue measure. For üt x) € LL.(Q) we set 
ü = (uo F)(r,y) € LL,(Q). If à = h(r,y) € CQ(Q) is a test function, then 
h = (ho F)(r, y), where h = h(t,x) = (ho F~!)(t, x) € C1(Q). Since 


he(r,y) = [Retr + (Vsh, 27)](7,y) = [Aha + (B, Vah)](7, y); 


we have 
J ü(r, ys (r, y)drdy = i ü(r, y) [Aly + (B, V..h))(r, y)drdy 
Q a 





= (t, x) Ah, + (B, Vzh)|(t, x)dtdz. — (3.12) 


In the last equality, we make the change of variables (7, y) — (t,x) = F(r, y) 
and take into account that the mapping F conserves the Lebesgue measure. 
n (3.12), h € C1(Q) and, respectively, h € C1(Q) can be arbitrary. Hence 
(Au); + div,Bu = 0 in D'(Q) if and only if i; = 0 in D'(Q). The last 
identity means that, after a correction on a set of null Lebesgue measure, ù is 
independent of 7, i.e., u(t, x) is constant along each characteristic t = t(; y), 
z —ax(iy). 














In the case of smooth coefficients, from Proposition 3 it follows that a 
generalized solution u — u(t, x) satisfies the renormalization property, i.e., 
the function p o u is also a generalized solution for any p (z) € C(R). 


4. Existence, Uniqueness, and 
Renormalization Property 


4.1. Existence and nonuniqueness 
in multi-dimensional case. 


We prove the existence of a generalized solution in the case of an arbitrary 
dimension n by using the regularization of coefficients. 
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Theorem 1. There exists a generalized solution u(t, x) of the problem 
(3.7), (3.8). 


PROOF. Let y(x) € Cg? (R) be such that y(x) > 0, supp y C [-1, 0], 


/ y(a)de — 1. 


For v € N, (7,€) € R x R” we set 


5,(7,£ 2 yr) T] ro). 


i=l 
It is clear that 6, € C (R”+!), 6, > 0, supp 6, C [-1/v,0]"*?, 


[out €)drdgé = 1 


(therefore, ó, converges to the Dirac ó-function in D'(R^"*!) as v — oc). 
Introduce the following approximation sequences for the coefficients A(t, x), 
Bit, x): 


A (2) = (Axta) +2 = f At- ri — s trae zs 


By (t, x) = (B *ó,)(t, v) = fse — T, £ — €)d,(7, £)drdé € R”. 


Note that the convolutions are well defined for (t,x) € II because 
t—7 >0 for (7,€) € suppó,. By the known properties of averaged func- 
tions, A,, B, € C® (II), A, > 1/v (since A 20 ae. on II) and A, > A, 
B, > B in Lj, (II) as v > oo. From (3.1), (3.2) it follows that 


B, (t, x)| < f IBE- na - OU arae 


< N(/v) [Alt 7,2 - €) + 1/6, ardt 
= N(1/v)A (t, x), (4.1) 
(Av): + divs By = (A, + divs B) « 5, — 0. (4.2) 
Let C,(t,z) = B,(t, v)/A,(t, x) € C?* (IL R") (recall that A, > 1/v). By 
(4.1), we have |C,| < N(1/v). Choose a sequence uo,(x) € C!(R^) such 


that uo, — uo in LL.(R") as v > oo and ||uov|lao < M = |luolloo. We 
consider the classical solution u,(t, x) € C!(II) of the Cauchy problem 


ut +(CL,Viu) =90, u(0,2) = uo, (x). (4.3) 
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The solution u,(t,r) of the problem (4.3) is uniquely determined by the 
condition that it remains constant along the characteristics (see Section 1): 
u(t, x) = uor (yu (t, x)), where y,(t, x) is the source point of the characteris- 
tic of (4.3) passing through the point (t, x). It is obvious that the solutions 
uy satisfy the following “maximum principle:” 


V(t, x) € II lu, (t, x)| € |luovlleoo < M. (4.4) 
Multiplying the equality (uy): + (CL, Vzu,) = 0 by A,, we find that 
Ay, (uy): + (By, Vat) = 0 


pointwise. Taking into account (4.2), we can write this equality in the 
divergence form: 


(AL uv) + div; (B,u,) = 0 pointwise and in D'(II). (4.5) 
From (4.5) we obtain the following identity for all h = h(t, x) € C8 (IT): 


noo + (Byuy,, V2h)|dtda + J A,(0,x)uo,(x)h(0,x)dx =0. (4.6) 
i R” 


By (4.4), the sequence u, is bounded in L®(II). Therefore, extracting a 
subsequence, we can assume that u, — u weakly-« in L° (II) as v — oo, 
where u = u(t,z) € L®(II), ||u|;; <M. Passing to the limit in (4.6) as 
v — oo and taking into account the relations A, — A in LL.(II), B, > B 
in LL. (IL R”); uo, > uo in LL,(R?); A,(0, x£) — A(0, x) weakly-* in L® (R) 
(the latter easily follows from (3.6)), we derive that the limit function u(t, x) 
satisfies (3.9), i.e., it is a generalized solution of the problem (3.7), (3.8). 














Unfortunately, the uniqueness of a generalized solution and the impor- 
tant renormalization property (see Theorem 3 below) do not hold in general 
for n > 1 (see recent examples in [5], [6]). Below we give a construction 
based on a modification of the example from [6]. 


Example 1. Let n — 2. We first introduce the field of coefficients v — 
(A, Bı, B3) in the layer 2 < t < 4. Assume that it is 4-periodic with respect 
to the spatial variables, i.e., v(t, x1 + 4,22) = v(t, £1, 2 + 4) = v(t, £1, 2). 
To define the field v in the domain zı € [0, 4), x2 € [0, 4), we set 


(5 — 1,0, 22), Bye (0, 2), (5 — t)zo € [0, 4), 
v= (5 —t,0, £2 — 4), ti € [2, 4), (5 — t)(4 — z2) € (0, 4], 


0 otherwise 
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in the strip 3 € t <4 and 


(t E 18,0). TE (0, 2), (t— 1)2 € (0, 4), 
U= (t— 1,4 — 45,0), TE [2,4,(£- 1)(4— 21) € (0, 4], 
0, otherwise 


in the strip 2 € t < 3. 

It is directly verified that the field v is piecewise smooth, is diver- 
gence free in the domains of smoothness, and is tangent to the surfaces of 
discontinuity. This implies that the Rankine-Hugoniot relations hold on 
these surfaces. Hence divv = 0 in D'((2,4) x R2). Note also that either 
A = Bı = B =0or A= A(t) 2 1, |B| < 4, B = (Bi, B2). Thus, |B| x 4A 
and the condition (3.1) is satisfied with N (e) = 4. 

The characteristics corresponding to the field v in the domains of its 
smoothness are easily computed. In the region t € [3,4], zı € [0,4), v2 € 
[0, 4), they are the hyperbolas defined by (5 — t)a2 = const, xı = const € 
[0, 2), and (5 — t)(4 — z2) = const, zı = const € [2,4). The flow along 
characteristics transforms the rectangles V; and V2 in Fig. 1 into the squares 
Sı and S2 sqeezing the rectangles in the x2 direction. Similarly, for t € 
[2,3] the characteristics starting for t = 3 at points of the squares Sı and 
S2 are the hyperbolas (t — 1)a, = const, v2 = const € [0,2), and (t — 
1)(4— 21) = const, x2 = const € [2,4) respectively. The flow along these 
characteristics expand the squares S1, S2 in the x-direction producing two 
horizontal rectangles Hı and H» as in Fig. 1. 


Now we define the field v for all t > 0 by setting v(t, x) = v(2*t, 2*2) if 





FIGURE 1. The flow along the characteristics. 


t € [2-27 *,4. 27*|, k = 0,1,2,..., and v(t, z) = (1,0,0) if t > 4. Since 
A(2,-) = A(4, cdot) = 1, the coefficient A(t,-) is weakly-« continuous in 
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L^? (R2) with respect to t > 0, which implies that the field v remains di- 
vergence free in the whole half-space t > 0. We see also that the condition 
|B| € 4A is satisfied. Since the map t — A(t,-) is weakly-* continuous and 
A(27*,.) 2 1, k € N, we have A(0,-) & 1. 

Let q(s) be a 4-periodic function such that y(s) = —1 for s € [0,2), 





FIGURE 2. The generalized solution u(t, x). 


and y(s) =1 for s € [2,4). Using the method of characteristics and the 
properties of the corresponding flow, we can construct a generalized solution 
of the equation Au; + Bius, + Box, = 0 satisfying the Cauchy condition 
u(4, x) = y(x2). This generalized solution is weakly-* continuous in L% (R?) 
with respect to t up to the boundary t = 0, and Au(4- 27*, x) = y(2* a2), 
k € N (see Fig. 2). Thus, the weak trace of Au(t,-) coincides with the 
weak limit of the sequence y(2"x2), which is equal to zero. We conclude 
that u is a nontrivial generalized solution of our equation with zero initial 
data. Therefore, the generalized solution of the Cauchy problem under 
consideration is not unique. 


4.2. One-dimensional case. 


'The above example shows that additional regularity assumptions are neces- 
sary to guarantee the well-posedness of the Cauchy problem for the multi- 
dimensional transport equation. For example, in the famous paper by 
DiPerna and Lions [7], the uniqueness of a generalized solution and renor- 
malization property were established under the condition that the coeffi- 
cients belong to the Sobolev space. Similar results were obtained in [1, 2] 
for coefficients in the BV-space. Some other regularity assumptions were 
considered in [4, 6, 17, 18]. It turns out that in the one-dimensional situ- 
ation n — 1, no regularity assumptions are required. Apparently, this fact 
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was first observed in [19] (see also [20]), where the existence of a gener- 
alized solution satisfying the renormalization property was established for 
the transport equations arising in the study of plane electromagnetic waves. 
The theory of generalized solutions in the one-dimensional case was also 
developed in [13]-[15] as a technical tool for the study of some nonstrictly 
hyperbolic systems of conservation laws. Below we present some results 
(including many new results) of this theory. 

We restrict ourselves to the one-dimensional case n — 1 where the 
problem (3.7), (3.8) has the simple form 


(Au), + (Bu); = 0, (t,x) € II 2 R4 x R, (4.7) 
u(0, x) = uo(x), (4.8) 
where A, B € L?*(IT) satisfy the conditions (3.1), (3.2), i.e., 
Ve >0 |B) € N(e)-(A+e) ae. on IL, eN(e) ^0ase — 0+, (4.9) 
A, + B, = 0 in D'(II. (4.10) 





4.2.1. Preliminaries. We need some technical assertions. 


Lemma 2. Suppose that 
a + B; <0 in D'(ID, a = a(t, x), 8 = b(t, £) EL” (II), 


ess lim a(t, x) = a(0,x) weakly-« in L°°(R) 
and for alle >0 
|B(t,x)| < Cle)(a(t,z) +e) ae. in IL, 
where C(e) > 1. Let c » 0. Then for ae. t >0 


[otters « et. int ( f a(0,a)eree ae + 2eC(e)/e}. 


PROOF. Let € > 0. Multiplying the inequality (a + £)+ + Bz <0 by 


the nonnegative function ge(x) = e~"!/C© and integrating over z € R, we 
find j 
5 [ (ot) otras < | olt, o)gtla)de in D). 


Since |G(t,x)| < C(e)la(t, x) +£) a.e. on II and |g} (x)| = cge(x)/Cle), we 
have 


J 8e ioa < e ftt.) +e)g-(a)dx for a.e. t>0 
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and 
H! (t) € cHz(t) in D'(R,), 


€ 


where 
H: (t) = fita) + £)ge(x)dz. 
By the Gronwall lemma, for a.e. t > 0 we have 
H(t) < e” - H.(0), 
where 


H_(0) = egslim H-(t) = | (a(0,2) ejos. 


Further, by the condition C(e) 2 1, we have g-(a) 2 e^"! and, conse- 
quently, for a.e. t > 0 


J alt zye- lds < H « e** - H0) 
=e*( f a(0,z)ac(a)ae+e f cota. 


J se = | as =2C(e)/c, for a.e. t > 0, 


Since 


we have 
f ec < e( n ze 417l/C(9 day + 2eC(e)/e). 


To complete the proof, it remains to observe that ¢ > 0 is arbitrary. 














Lemma 3. Suppose that A = A(t, x), B = B(t, x) € L^ 


loc 


(D). l<p< 
1 
+oo, Ap + Bs =0 in D'(I, 1 € q € +œ, = +- = 1, and u = u(t,x) 
p 


q 
belongs to the Sobolev space W} Then (Au), + (Bu), = Aui + Buz in 


q,loc* 
D'(II). 


PROOF. Let y(x) € CE (IR) be such that y(x) > 0, supp? C [-1,0], 
and n = 1. As in the proof of Theorem 1, for v € N, (r,£) € R? we 
set ôy (T, E) = v?y(vr) - Y(v£). Then 


ôv € Cg? (R2), 6, 2 0, suppó, C [—1/v, 0] x [-1/v, 0], [out £)drd£ = 1 
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(thus, the sequence 6, converges to the Dirac ó-function in D’(R?)). Intro- 
duce the sequence of averaged functions 


uv(t, x) = (u* d,)(t, x) = fu — T, £ — £)ó, (T, £)drd£. 


By the known properties of averaged functions, u, € C?*(II), u, — u in 


Ws as v — oo if q < oo. For q = oo the sequence u, is bounded in 
1 : 1 
W j5,;: and uy > u in Wi ;,, as v — oo. In any case, 


Au, — Au, Bu, — Bu, A(uj) > Aui, B(u,); > Bu, in Lie) (4.11) 
as v — oo (in the case q = oo, we can use the Lebesgue theorem on domi- 
nated convergence). 


Now, we choose a test function h € Cg? (II). Then hu, € C$ (II) for 
all v € N and applying the equality A; + Bz = 0 to these test functions, we 
get, after simple transformations 


[laut + Buyh,|dtdx + fiatu) + B(uv)s|hdtdx = 0. 
I H 


Passing to the limit in this relation as v — oo and taking into account 
(4.11), we derive that 


f A + Buh,|dtdx = — [lau + Bu,|hdtdz. 
I H 


Since a test function h € C§°(II) is arbitrary, we conclude that (Au), + 
(Bu), = Au; + Bu, in D'(II). 














4.2.2. Uniqueness of a generalized solution. Now, we are ready to 
prove the uniqueness of a generalized solution of the problem (4.7), (4.8). 


Theorem 2 (uniqueness). If A(0,x)uo(x) = 0 almost everywhere on 
R, then A(t, x)u(t, x) = 0 almost everywhere on II. 


PROOF. Let A(0,z)uo(r) 2 0 a.e. on R. Since (Au); + (Bu); = 0 
in D'(ID, there exists a Lipschitz function Q(t, x) € W4 (II) (a potential) 
which is uniquely determined by the conditions 


Qi = — Bu, Q, = Au in D'(ID, Q(0,0) = 0. (4.12) 


Let r(z) € C1(R), 0 < r(z) < 1, for z £0, r(0) = 0; |r’(z)| < 1 (for example, 
we can take r(z) = z?/(1 + 27). It is clear that r(Q) € W4 (TI) and 


r(Q) = r(QQQr = —'(Q)Bu, r(Q)e =r (Q)Qz = r'(Q)Au. 
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Then A(r(Q)) + B(r(Q))a2 = 1'(Q) -(-ABu+ ABu) = 0 and, by Lemma 3 
(with arbitrary p and q), 
(Ar(Q)): + (Br(Q)); = 0 in D'(II). (4.13) 


We need to prove that Q=0. We first show that Q(0,x) = 0. For this 
purpose, we choose functions g(x) € C§°(R), f(t) € C?*([0, +00)), f(0) = 1, 
f(t) =0, t 2 1, and set h(t, x) = f(vt)g(x), v € N in (3.9). 


Since A(0, z)uo(x) = 0 a.e. on R, we obtain the equality 
v [ At cut n)o)ftydtas E - [ Bit o C slot ata, 
il il 


By the equality Au = Q, in D'(II), we can transform the first integral by 
integrating by parts. Then 


rfo (t, z)g' (x) f (vt)dtdz = n (t, z)u(t, x)g' (x) f (vt)dtda. 


Taking into account the continuity of Q and properties of f, we see that 


the left-hand side of the above equality converges to — | Q(0, x)g'(z)dx 


as v — oo while the modulus of the right integral is biomed by const /v 
and therefore converges to zero. Thus, [ 9.26: = 0 and, since 
R 
g(x) € CEF (IR) is arbitrary, £900, x) = 0inD’(R). Consequently, Q(0, x) = 
Q(0,0) =0. 
To prove the identity Q = 0, we note that 
|Br(Q)| < N(e)(A + €)r(Q) < N(e)(Ar(Q) + e) Ve > 0 


in view of (4.9) and the estimate r(Q) < 1. We can assume that (e) > 1. 
Thus, o(t, x) = A(t, x)r(Q(t, z)) and B(t,x) = B(t,x)r(Q(t, x)) satisfy the 
assumptions of Lemma 2 (we also should take into account (4.13)) with 
o(0, x) = A(0, zx)r(Q(0, z)) = 0 and C(e) = N(e). By Lemma 2 (with c = 1) 
and (4.9), for a.e. t > 0 


I A(t, a)r(Q(t,2))e" "ld < 2e" inf eN(€) = 0. 


This means that A(t, x)r(Q(t,x)) = 0 a.e. on II, which implies Aur(Q) = 
Bur(Q) = 0 a.e. on II (we take into account that B = 0 a.e. on the set, 
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where A = 0). Let R(z) be a primitive for r(z) so that R’(z) = r(z). It is 
obvious that R(z) strictly increases. Then, in the sense of distributions, 
R(Q): = r(Q)Q: = —Bur(Q) = 0, R(Q); = r(Q)Qs = Aur(Q) = 0, 
which implies R(Q) = const. Using the strict monotonicity of R(z), we 
conclude that Q = Q(0,0) = 0. This implies Au = Q, = 0 a.e. on II. 














Let p(x) =e7!*!. We introduce finite measures y = A(0, x)p(z)dx 
and m = A(t, x)p(a)e~*dtdx on R and II respectively. By Definition 2, in 
the setting of the problem (4.7), (4.8), the behavior of uo(x) and u(t, x) is 
essential only on the sets where A(0, x) 4 0 and A(t, x) z 0 respectively. We 
also should take into account the implication A(t, x) = 0 => B(t,x) = 0 for 
a.e. (t, x), which directly follows from Proposition 1. Thus, we can suppose 
that uo € L?*(IR, du), u € L® (II, dm). In such a setting, Theorems 1 and 2 
can be formulated as the existence and uniqueness of a generalized solution 
in L (II, dm). 


Remark 3. In the proof of Theorem 1, we also obtain the maximum 
principle: ||u|| r»(r,am) <S l|uollr»s(m,au). This implies that, if a € uo(z) < b 
j-a.e. on R, a,b € R, then a < u(t, x) < b m-a.e. on II. Indeed, it suffices 
to apply the maximum principle to the generalized solution u — (a + b)/2. 
Suppose that u = u(t, x) and v = v(t, x) are two generalized solutions of the 
problem (4.7), (4.8) with initial data uo(x), vo(x), and uo < vo p-a.e. on R. 
Then v — u is a generalized solution of the problem (4.7), (4.8) with initial 
function vg — ug > 0. Therefore, u € v m-a.e. on II. We see that generalized 
solutions satisfy the comparison principle, i.e., they depend monotonically 
on their initial data. 


4.2.3. The renormalization property. 


Lemma 4. Let D be the set of absolutely continuous functions u(x) 
on R such that u' (x) = A(0, x)v(x) with v(x) € L'* (IR) n L!(R). Then D is 
dense in L?(R, dy). 


PROOF. It suffice to prove that there are no nontrivial linear contin- 
uous functionals | = l(u), u € L?(R, dp), such that l(u) = 0 on D. By the 
Riesz theorem, the functional l can be represented as follows: 


l(u) = ly(u) = J «ona. (4.14) 
where h(x) € L?(R, dp). 
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Let 
H(z) = I h(y)du(y) = / A(y) A(0, y) p(y)dy. 


Note that h(y) € L?(R,du) C L!(R,dj) because the measure u is finite. 
Thus, the function H (x) is well defined. The equality (4.14) can be written 


in the form (u) = J «oae. If u = u(x) € D, then v(x) = A(0, x)v(x), 
where v(x) € L** (R) N L! (R), and integrating by parts, we find 


welis jJ uitiis I EL EN d: (4.15) 


The absence of the term [u(x)H(z)| ud in (4.15) follows from the relations 
lim H(x) = 0 and lim H(x)-— | dH(x) = (1) = 0 (note that the con- 


stants belong to D) and the boundedness of u(x) in view of the integrability 
of its derivative. 

Since a function v(x) € L?*(IR) L'(R) is arbitrary in (4.15), we see 
that H(x)A(0,z) =0 a.e. on R. This implies that A(0, x) =0 for ae. x 
from the open (in view of the continuity of H) set E = {a € R|H (x) 4 0]. 
Therefore, H'(x) = h(z)A(0, z)p(x) = 0 a.e. in E, which implies that H is 
constant on connected components of E. Since the set of these components 
is at most countable and H = 0 on R \ E, the continuous function H takes 
at most countable set of values on connected domain R, and we conclude 
that H = const. Thus, dH (x) = h(x)du(x) = 0 and 1 = 0 by (4.14). 














Theorem 3. Let u(t, x) be a generalized solution of the problem (4.7), 
(4.8). Then the following assertions hold. 

(i) For each function p(z) € C(R) the function (p o u)(t, x) is a gen- 
eralized solution of the problem (4.7), (4.8) with initial data p (uo(x)) (the 
renormalization property). 


(i) If u&(x), k € N is a bounded in L®(R, dp) sequence such that 
A(0, z)(u& (x) — uo(z)) — 0 in LL.(R) as k — oo and u (t,x) is the corre- 
sponding sequence of generalized solutions of the problem (4.7), (4.8) with 
initial functions ub(x), then A(t, x)(u" (t,x) — u(t,x)) — 0 in LL.(II) as 
k — oo. 


PROOF. Since uo(z) € L*(R,du) C L?(R,dju), from Lemma 4 if 
follows that for all k € N there exists an absolutely continuous function 
uk(x) € D, (u&)'(z) = A(0,z)vb(x), v(x) € L®(R) N L!(R) such that 
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|| uo—uk||2 < 1/k (hereinafter, ||-|| denotes the norm in the space L?(R, dy)). 
We also assume that ||u&||;; < M = ||uo||ss, which can be always achieved 
by making the change uk with p (us), where p (z) = max(—M, min(M, z)) 
is a cut-off function. It is easy to see that the above properties of uk remain 
true under such a replacement. By Theorem 1, there exists a aoa 
solution v*(t, x) of the problem (4.7), (4.8) with initial data vë. From the 
equality (Av^), + (Bv*), = 0 in D'(II) it follows that there exists the Lip- 
schitz potential u"(t, x) determined by the relations 

(u*), = — Bv, (uF), = Av" in D'(ID, u*(0,0) = u&(0). (4.16) 


Using the Lipschitz continuity of the function u* and Lemma 3, we see that 
for any p (z) e C!(IR) 

(Ap (u*)), + (Bp (u*)), = —ABp'(u*)u* + ABp'(u*)v* = 0 in D'(II). 
By the Lipschitz continuity of u^ and relations 


(u*):(0,2) = A(0,2)v^(0,2) = (ug) (x), u*(0,0) = up (0) 
(see (4.16)), we have u*(t,-) — uf in LL,(R) as t — 0. This, together with 
(3.6), implies that for bounded p (z) € C'(R) 


ess lim A(t, x)p (u (t, £)) = A(0,x)p (ug (x)) weakly-* in L?* (R). 


By Proposition 2, we conclude that p (u^) is a generalized solution of the 
problem (4.7), (4.8) with initial data p (u&(x)). Taking p (z) = arctan z and 
applying the maximum principle (see Remark 3), we find 

=| 


|arctan u^| < | arctanug||a < arctan M m-a.e. on II, 


which implies u% € L^*(II, dm) and ||u*||;5 < M. Therefore, in the above 
arguments, the functions p(z) € C1(R) can be arbitrary, and we conclude 
that 


Vp (z) € C! (R) the function p (u^(t,z)) is a generalized solution 
of the problem (4.7), (4.8) with initial data p(ug(x)). (4.17) 

In particular, u^(t,x) is a generalized solution of the problem (4.7), (4.8) 
with initial data uf. 

Now, we take k,r € N and multiply A(u* — u^), + B(u* — u^), = 0 
by 2(u* — u”). Taking into account that u — u^ € WŁ (II) and 
A(u* — u")? + Blu" — v")? = 2(u* — u")[A(u* — u"), + B(u® — w"),] = 0 
a.e. on II, we derive the relation 


(A(u* — u")?), + (B(u* — u")?), = A(u* — u”)? + B(u* — u”)? = 0 (4.18) 
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in D’(II) (according to Lemma 3). Further, by (4.9), for k,r € N and all 
€ »0 


|B|(u* — u^)? &N (e(A--e)(u* — u”)? <N(e)(A(u* — u”)? +e- (u — u")?) 
< N(e)(A(u* — u')?--4M?e) « C(e (A(u* — u”)? +e) 


a.e. in IL, where C(e) = max(4M?,1)N (e) +1 (we added 1 to satisfy the 
condition C(e) > 1). 
Using (4.18), we conclude that 
a(t, x) =A. (u* = uy. B(t, x) =B. (u*¥—u")? 





r 


satisfy the assumptions of Lemma 2 with a(0, £) = A(0, x): (uğ (x)— u5 (æ)) E 
By Lemma 2 with parameter c — 1, we have 


[Ace - (uë (t,£) — u" (t, x) p(z)dz <S eux, (4.19) 


for almost all t > 0, where 
Wk,r = int ( EQ z): (u(x) — uj(z)) ele de + 2ec(e)); (4.20) 
& 


The sequence u¥ converges in L? (R, du) to uo as k — oo. Since ||u||;; < M, 
we also have uk — uo in L? (R, due), due = A(0,x)e7!*!/C©) da for all e > 0. 
Therefore, 


Ic [Aes - (up (x) — up(a)) ell da — 0 as k,r — oo. 


Formula (4.20) implies that 
lim sup wk,r < , lim Fp r + 2eC(e) = 2eC(e) 


k,r—oo 


for alle > 0. By (4.9), eC(e) — 0 as e > 0+. Hence „im Whr = 0. 


Formula (4.19) implies that the sequence u*(t, x) is fundamental in the 
spaces L?([0, T] x R,dm), T > 0. By the Cauchy criterion, this sequence 
converges in these spaces to some function à = u(t, x). It is clear that u(t, x) 
is independent of T if T > t. We show that ü = u in L**(II, dm). By the 
maximum principle (see Remark 3), the sequence u;(t,x) is bounded in 
L^*(IL dm). Hence u(t, x) € L?*(IL, dm). We can assume (“correcting” ü 
on a set of m-measure zero, if necessary) that u(t, x) € L^*(II). Passing to 
the limit as k — oo in (3.9) with u = u", uo = uk, we conclude that a(t, x) 
is a generalized solution of the problem (4.7), (4.8) with initial data uo(z). 
Since a generalized solution is unique, ü = u in L®(II, dm), as was to be 
shown. 
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Further, for any p(z) € C1(IR) we have A- (p(u*) — p(u)) ^ 0, B- 
(p (uF) — p(u)) — 0 in LL. (II) as k — oo (the second limit relation follows 
from the first one since u” is bounded and A = 0 > B = 0 a.e. on II). This 
enables us to prove assertion (i) for p(z) € C!(IR) by passing to the limit 
in the integral identity corresponding to (4.17). Finally, every continuous 
function p(z) € C(IR) can be approximated by a sequence p(z) € C1(R), 
k € N, so that p(z) — p(z) uniformly on compact sets of R. As was 
established above, for all k € N functions pz (u(t, x)) are generalized solution 
s of (4.7), (4.8) with initial data pz (uo(x)). Since pz (u(t, x)) > p (u(t, z)) in 
Li (II), px(uo(x)) — p(uo(z)) in LL,(R) as k — oo, we conclude, passing 
to the limit in the integral identity corresponding to the generalized solution 
px (u(t,x)) as k — oo, that p (u(t, z)) is a generalized solution of the problem 
(4.7), (4.8) with initial data p (uo(z)). 

To prove assertion (ii), we note that the function (u* — u)? is a gen- 
eralized solution of the problem (4.7), (4.8) with initial data (uf — uo)?, 
which follows from assertion (i) and the obvious fact that generalized solu- 
tions form a linear space. Repeating the arguments of the proof of (4.19), 
(4.20), we obtain the bound 


[Ace - (u* (t,x) — u(t, 2) p(x)dx € e'ux, (4.21) 
where 
WE = int ( Jawa) - (u5 (x) — uo(z)) eTO de + 2eC(e)), 


C(e) =const-N(e) +1. By assumption, A(0, x)(uš (x) — uo(x)) — 0 in 
Li (R) as k — oo. Hence 


loc 


jim A(0, x) - (u(x) — uo(z)) eTel GO) da — 0. 
'This implies that im wp = 0 (see the above arguments concerning w,,,). 
From (4.21) we obtain the desired relation A(t, x)(u* (t, x) — u(t, z)) > 0 in 
Lt AI. 


loc 














Corollary 1. Let uy = ui(t, x) and uz = u»(t, x) be generalized solu- 
tions of (4.7), (4.8) with initial data ug = uf (x), u$ = uS(x) respectively. 
Then their product uius is also a generalized solution of the same problem 


with initial function uQu9. 
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PRoor. By assertion (i) of Theorem 3, the function uuz = |(u1 + 
u2)? — (ui)? — (ua)?]/2 is a generalized solution of the problem (4.7), (4.8) 
with initial data uul = [(u? + u$)? — (u9)? — (u)?]/2. 














By Corollary 1, the generalized solutions form a subalgebra of the 
algebra L% (II, dm). 

Corollary 2. If u(t, x) is a generalized solution of (4.7), (4.8), then 
the initial condition (4.8) is satisfied in the following strong sense: 


ess lim A(t, J|u(t,-) — up| = 0 in LLL(R). 
In particular, if A(t,x) has the strong trace at t = 0, i.e., ess lim A(t, x) = 
A(0, x) in LL.(R), then Au(t,-) has a strong trace A(0,-)uo att =0: 


BBS lim A(t, Ju(t, -) m A(0, -Juo in Lis (R). 


Pnoor. By assertion (i) of Theorem 3, u? is a generalized solution 
of the problem (4.7), (4.8) with initial function u2. From Proposition 2 it 
follows that 


ess lim A(t, -)u(t, -) = A(0, -)uo, ess lim A(t, )u?(t,-) = A(0, -)u2 


weakly-« in L?*(R). Let p(x) = e-!*!. Then, by (3.6) and the above rela- 
tions, we have 


J A(t, 2) [u(£, 2) — uo (x) p(z)ds = / (A(t, Ju? (t, 2) — A(0, x)ud(a)]o(z)dz 
R 


R 


-2 / ET ase Oa us od 
R 


+ [(Alt.2) - Atsayudtoypoyts — 0 
R 


essentially as t — 0. Hence, by the Cauchy-Schwartz inequality, 


7 A(t, x)]u(£, s) — uo) |o(e)de 
R 


< cons ( n Ati ade T) YS 
R 
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as required. If, in addition, A(t, x) has the strong trace at t = 0, then 


/ LAGE arti AG Bugle oe ae 
R 


< fAalt,2)jult2)—uo(a)|o(e)der+ |A(t, 27) — A(0, «)||uo(a)|p(x)dx > 0 
R R 











essentially as t — 0. 





Corollary 3. Suppose that ug = uo(r) € L^? (R), A(0,x)uo(x) € 
L! (R), and u(t,x) is a generalized solution of (4.7), (4.8) with initial func- 
tion uo. Then for a.e. t > 0 


A(t,-Ju(t,-) € L'R), AG Juft -Jll = lA, x)uo()]la. 


PROOF. By Theorem 3, |u(t, x)| is a generalized solution of the problem 
(4.7), (4.8) with initial data |uo(z)|. We see that a = A(t, z)|u(t, x)| and 8 = 
B(t, x)|u(t, x)| satisfy the assumptions of Lemma 2 with ao = A(0, x)|uo(x)], 
C(e) = lullo: N(e) +1. By this lemma, for a.e. t > 0 


I Atata Ae 
<a: it ( J At otuto)e tenta + 2eC(e)/e) 


< ett / A(0, 2) uo(r)]dz + 2e* inf eO(e)/e = e" J ATO s esta) das 


It is clear that the set of full measure E C Ry such that for t € E the above 
relation holds can be chosen the same for rational values of c. Then, passing 
to the limit in this relation as c — 0, c € Q, and using the Levy theorem 
on monotone convergence, we find that for a.e. t > 0 


J At tut s < J A.2)Juo(a))ae. (4.22) 


By Lemma 1, without loss of generality, we can assume that the mappings 
t — A(t,-), t > (Au)(t,-), t > 0, are weakly-* continuous in L?*(R). It is 
obvious that the estimate (4.22) becomes valid for all t > 0. Let 7 > 0, 


A(t,z) = A(|r — t|, x), B(t, x) = sign(t — r)B(|r — t|, x). It is easy to 


verify that the coefficients A and B satisfy the conditions (4.9), (4.10) and 
v = v(t, x) = u(|r — t|, x) is a generalized solution of the Cauchy problem 


(Av); + (Bv), —0, v(0,x2) = vo(x) = u(r, x). 
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Applying the estimate (4.22) to this solution with t — 7, we find 


J At cones - [Ac jv aida 
< J Ateste = f Ac tut yas 


and, since 7 > 0 is arbitrary, we derive the inequality 


J ^ iuis < | Atalua), z 


inverse to (4.22). 














Assertion (i) of Theorem 3, known as the renormalization property, was 
introduced for generalized solutions of multi-dimensional transport equa- 
tions by DiPerna and Lions [7]. This property can be extended in the 
following way. 


Proposition 4. The renormalization property is satisfied by any bound- 
ed Borel function p (z). 


PROOF. Let C > 0. Denote by Fo the space of Borel functions p (z) 
on R satisfying the renormalization property and such that |p(z)| < C. 
Let us show that Fo is a Borel family, i.e., Fo contains pointwise limits 
of sequences in Fo. Suppose that p,(z) € Fo, n € N, and p,(z) > p(z) 
pointwise as n — oo. It is clear that p (z) is a Borel function and |p (z)| € C. 
If u(t, x) is a generalized solution of the problem (4.7), (4.8) with initial data 
uo(x), then, in view of the condition pn (z) € Fc, for any n € N pn (u(t, x)) is 
a generalized solution of the problem (4.7), (4.8) with initial data p (uo(x)). 
Therefore, for all h = h(t, x) € CS (TI) 


f EE eer Coes Jj Atc Gute eade 
I R 
Since p, (u(t, x)) > p(u(t,x)) and p,(uo(x)) — p(uo(x)) pointwise as n > 
oo and these sequences are bounded, we can pass to the limit as n — oo in 
the last relation (using the Lebesgue theorem on dominated convergence) 
and derive that 


ioe + Bh,|dtdx + J A(0, x)p (uo(z))h(0, x)dx = 0. 
I R 

This means that p(u(t,x)) is a generalized solution of the problem (4.7), 
(4.8) with initial data p (uo(x)). Since u is an arbitrary generalized solution, 
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the renormalization property is satisfied and p (z) € Fo. Since Fc is a Borel 
family, Fc contains all Borel functions p (z), |p(z)| € C. To complete the 
proof, it remains to note that C > 0 is arbitrary. 














By Proposition 4, we can establish the strict maximum principle. 


Proposition 5. Assume that ug(x) € L®(R), uo(z) < M p-a.e. on 
R, and u(t, x) is a generalized solution of (4.7), (4.8) with initial data uo(x). 
Then u(t,x) « M m-a.e. on IL. 


PROOF. Introduce the Heaviside function 


1 > 0, 
JOET * * 
0, s<0. 


By Proposition 4, 0(u(t,x) — M) is a generalized solution of the problem 
(4.7), (4.8) with initial function 0(uo(x) — M) = 0 p-a.e. on R. By the 
uniqueness of a generalized solution, 0(u(t,x) — M) = 0 m-a.e. on II. 














Remark 4. In the multi-dimensional case n > 1, it may happen that 
the renormalization property fails even if any generalized solution of the 
problem (3.7), (3.8) is unique. Indeed, suppose that n = 2, x = (1,22), 
(A, B4, B3) is the divergence free field constructed in Example 1, A= A(4— 
tz) By = -By(4— t,x), By = -B(4—t,2,0c«t < 4, Å = 1, Bı = 
B — 0, t 2 4. Since A(0, x) = 1, the field (A, By, B3) is divergence free. 
Moreover, |B| < 4A, where B = (B1, B3). Consider the Cauchy problem 


(Au) + (Biu)e, + (Bote, 20, u(0, £) = uo(r) € L®(R?). — (4.23) 


In the layer 0 < t « 4, the field of coefficients is piecewise smooth and 
tangent to discontinuity surfaces. Using Proposition 3, we see that a gen- 
eralized solution u = u(t, x) of (4.23) is uniquely determined for 0 < t < 4 
under the condition that it remains constant along the characteristics. By 
Lemma 1, there exists the weak trace Au(4,x) = A(0, x)v(x) = v(x) at the 
plane t = 4. Hence u(t, x) = v(x) for t > 4 because the equation takes the 
form u, — 0 in this domain. We conclude that a generalized solution of 
(4.23) is unique for any initial data ug. Now choose uo(x) = (x2), where 
the function y(s) is defined in Example 1. Let ŭ(t, x) be the corresponding 
generalized solution. Then ü(f,z) = u(4 — t,x) in the layer 0 < t < 4, 
where u(t, x) is the generalized solution constructed in Example 1. As was 
shown in Example 1, Aü(4,z) = Au(0,z) = 0. In particular, ü(t,x) = 0 
for t > 4. Since (uo(x))? = 1, we see that ü? = 1 for 0 < t < 4, whereas 
à? = 0 for t > 4. Therefore, &? has a jump at the plane t = 4 and it is not 
a generalized solution. Thus, the renormalization property fails. 
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4.2.4. Application to the Keyfitz-Kranzer system. Now we can use 
the above results to prove the existence and uniqueness of a strong general- 
ized entropy solution of the problem (2.1), (2.2). Suppose that r = r(t, x) 
is a unique generalized entropy solution of the scalar problem (2.4). 


Theorem 4. Suppose that A = r, B = f(r), and v; = vi(t,x) be 
generalized solutions of the problem (2.6), (2.7) (such solutions exist by 
Theorem 1) with initial data vo; = uoi/ro, à = 1,...,n (for ro = 0 we can 
take voi = 0). Then the vector-function u = rv, v = (v,..., v4) is a unique 
strong generalized entropy solution of the problem (2.1), (2.2). 


PROOF. Since ||rl;; = M < oo, we have u = rv € L?* (IL, R”). By our 
assumptions, the vector v(t, x) satisfies Equation (2.6). Therefore, 


ut + (y(r)u)e = (rv). + (f(r)vy); = 0 in D'(IT). (4.24) 


Recall that r = r(t, x) is a generalized entropy solution of (2.4). Taking into 
account the renormalization property in Theorem 3, we see that the function 
|u|? = v2 +---+v2 is a generalized solution of the transport equation (2.6) 
with initial function |vo|?. Since ro|vo|? = ro - 1, we conclude that v = 1 
is another generalized solution of the same problem. By uniqueness (see 
Theorem 2), r|v|[? =r a.e. on II. We see that |u|? = r?|v[? = r? and |u| =r 
a.e. on II. We conclude that |u| is a generalized entropy solution of (2.4). 
Moreover, since r = |u| in (4.24), we see that u satisfies (2.1) in the sense 
of distributions. By Corollary 2, the initial condition (2.5) is also satisfied. 
Thus, u = u(t, x) is a strong generalized entropy solution of (2.1), (2.2). 
To prove the uniqueness, suppose that uj = ui(t, x), uo = u2(t, x) are 
two solutions of the problem (2.1), (2.2). Then |ui| = |u2| = r is a unique 
solution of the scalar problem (2.4). But then vı = u1/r, v2 = uz/r are two 
(vector-valued) solutions of the problem (2.6), (2.7) with the same initial 
data. By uniqueness, uj = rv, = ruz = uz a.e. on II. 














5. Generalized Characteristics 
Generally speaking, a generalized solution of (4.7), (4.8) is not continuous 
even if uo(x) € C?* (IR). We confirm this by the following example. 


Example 2. Let us take in (4.7) the field of coefficients (A, B) such 
that B = A?/2 and 
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A= max(z/t,0), y(t)<a<t, 
1 otherwise , 
where (see Fig. 3) 


(=, Quis 
t = 
vt) a jd 


It is clear that the coefficients A and B satisfy the assumption (3.6), 





i the map of characteristics 
the coefficient A and the solution u(t, x) 


FIGURE 3 


where A(0, x) is the characteristic function of the set, where |2x + 1| > 1. 
They also satisfy (4.9) since B = A?/2 (see Proposition 1). To verify the 
divergence free condition (4.10), we note that this condition is satisfied in the 
classical sense inside the domains of smoothness of A and B, whereas, on the 
single discontinuity line x = y(t), we have the Rankine-Hugoniot condition 
(t) = [B/[A] = 1/2, < 2, (t) = t- V3 = [BV[A] = (z --t)/2t, t > 2. 

We consider the problem (4.7), (4.8) with initial function uo(x) € 
C?* (IR) such that uo(r) = 1 for x > 0 and uo(x) = —1 for x < —1. We 
show that this problem has no continuous generalized solutions. Assuming 
the contrary, we can find a continuous generalized solution u(t,x). By 
Proposition 3, this solution must be constant along the characteristics in 
the regions, where the coefficients are smooth and A > 0. On the set, where 
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A = 1, the characteristics are the lines 2x — t = const (see Fig. 3). This 
and the continuity of u imply that u(t,x) = 1 for x 2 t and u(t, x) = —1 
for 2z +2 € t. In the domain D, where max(7(t),0) < x < t, A(t, x) = x/t 
and the characteristics are computed as solutions of the differential equation 
t = B/A =2x/2t. Solving this equation, we obtain z(t) = Ct, where C > 0 
is an arbitrary constant. By the condition (t,x(t)) € D, the characteristic 
a(t) = CV is defined for t € (C?, (C + V2)?). By the continuity of u, 
we have u(t, CVt) = u(C?,C?) = 1 for all t € [C?,(C + /2)?]. Taking 
t = (C + V/2)?, we have u(t, y(t)) = 1 for all t > 2. In the domain, where 
(t — 2)/2 < x < q(t), the characteristics are the lines 2x — t = const > —2. 
Therefore, for some function v(s), s > —2, we have u(t,x) = v(2x — t). 
Taking x = y(t), we derive that v(t — 2/21) = u(t,7(t)) = 1 for all t > 2, 
which implies v = 1. Hence u(t, x) = 1 for 2r +2 » t » 2. As was shown 
above, u(t,z) = —1 for 2r -- 2 < t. We see that the line 2x +2 =t » 2 
is a discontinuity line, which contradicts our assumption. Observe that the 
Rankine-Hugoniot condition t = 1/2 = [Bu]/[Au] is really satisfied on the 
line 2r +2 = t > 2. Hence the constructed above solution, which can be 
written in the form u(t,x) = sign(2x + 2 — t) (we put u = 1 on the set, 
where A — 0), is the unique generalized solution of our problem, and it is 
not continuous. 


In the above example A(t,x) = 0 on a nontrivial open set. Now we 
consider the case where 


Vt 20  theset {x € R|A(t, x) > 0} has positive measure 


on any nondegenerate interval. (5.1) 


We assume that A(t,-) is weakly-« continuous in L®(R), which can be 
always attained by correcting A on a set of zero measure (see Lemma 1). 
Let R = [—oo, +00] be the two-point compactification of R, and let C(R) 
be the space of continuous functions on R. It is clear that C(R) is identified 
with the space of continuous functions on R with finite limits at +00. We 
wish to show that, under the condition (5.1), for initial data ug € C(IR) the 
generalized solution u(t,x) of the problem (4.7), (4.8) remains continuous 
for t > 0. For this purpose, we need the following analog of Lemma 4. 





Lemma 5. Let D be the subset of the space of absolutely continuous 
functions, introduced in Lemma 4. Then D is dense in C(R). 


PROOF. Since the functions u(x) € D have finite total variations, they 
have finite limits at too and therefore belong to C(R). If u1,u2 € D, 
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then (u;)'(z) = A(0,x)v;(x) in D'(R), where v; € L'*(R) n L!(R), i = 1,2. 
It follows that (u1u2) (x) = A(0,zx)(vi(x)uz(z) + vo(z)ui(z)) and, since 
viu + v9u; € L®(R)N L1 (R), we conclude that urug € D. The established 
property means that D is a subalgebra of C(R). It is clear that 1 € D. Let 
y < x. We can choose a function v € L?*(R) n L'(R) such that v(x) > 0 
on the interval (y,x). Then the function u(x) € D such that u'(x) = 
A(0, x)v(x) separates the points z and y, as it follows from the equality 


u(x) — u(y) = J Al.s)v(s)as 


and condition (5.1). By the Stone-Weierstrass theorem, the set D is dense 
in C(R). 














Theorem 5. Let ug € C(R). Then the generalized solution u = u(t, x) 
of the problem (4.7), (4.8) is continuous on II. Moreover, u(t,-) € C(IR) for 
all t > 0, and Tyuo = u(t,-) are isomorphisms of the algebra C(R). 


PROOF. Let ug € C(R). By Lemma 5, we can find a sequence uo, € D, 
k € N, uniformly convergent to ug. By the definition of D, we have 
(uok)'(z) = A(0,x)von (x), vor(x) € L®(R) à L1(R). Let ug = ux(t, x) be 
a generalized solution of the problem (4.7), (4.8) with initial function uox. 
As was shown in the proof of Theorem 3, the solutions uz are Lipschitz 
continuous on II. Moreover, (ui) (t,-) = (Avi)(t, -), where vy = vi(t, x) is a 
generalized solution of the problem (4.7), (4.8) with initial function voz. By 
Corollary 3, we have (Avuy)(t,-) € L'(R) and ||(Avi)(t,-)]|1 < const for al- 
most all t > 0. This implies that u;(t, x) has a bounded total variation with 
respect to x for all t > 0 (because of the continuity of uj (t, x)). Therefore, 
ux(t,-) € C(R). 

It is clear that uj —u is a generalized solution of the problem (4.7), (4.8) 
with initial data uox — uo. By the maximum principle, |ui (t, x) — u(t, x)| < 
luos — Uolloo — 0 as k — oo. Thus, uz — u as k — oo uniformly on II. 
Therefore, the limit function u(t, x) is continuous on I. Moreover, since 
ux(t,-) € C(R), the same is true for the limit function: u(t,-) € C(R). 
By the maximum principle, ||u(t,-)|; < ||uollss. Thus, the mappings T;, 
defined by the equality T;ug = u(t,-), are bounded linear operators on 
C(R). By Corollary 1, they satisfy the condition T;(uv) = TiuT;v, i.e., 
the operators T, are homomorphisms of the algebra C(R). To prove that 
Ti are isomorphisms, we fix tọ > 0 and consider the backward Cauchy 
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problem for Equation (4.7) in the half-plane t < to with the initial condition 
ulii, = v(x) € C(R). It is obvious that this problem can be reduced to 
the canonical form by the change of the time variable tp — t — t. Thus, the 
analogs of our main results remain true. In particular, there exists a unique 
continuous generalized solution u(t,x) of the backward problem. We set 
Sv = u(0, x) € C(R). By the uniqueness of a generalized solution, ST;,u = 
u, T, Sv = v for all u,v € C(R), i.e., Tj, is invertible and S = (Ty,)-!. 
Since to is arbitrary, the operators T; are isomorphisms. 














As is known, any isomorphism T of the algebra C(IR) is generated 
by a unique homeomorphism F of the compact set R such that (T'u)(r) = 
u(F(a)). Since every homeomorphism of R corresponds to a unique home- 
omorphism of R, we can consider F as a mapping F : IR — R of an “usual” 
line into itself. The above equality can be written in the equivalent form 
(Tu)(G(x)) = u(x), where G = F-! is the inverse homeomorphism. In par- 
ticular, from Theorem 5 it follows that there exists a one-parameter family 
G(t,-) of homeomorphisms of R such that (T;uo)(G(t,x)) = uo(x). Hence 
for any ug € C (R) the corresponding generalized solution satisfies the equal- 
ity u(t, G(t,z)) = uo(z). We see that generalized solutions are constant 
along the curves x = z(t; xo) = G(t, 20), zo € IR. Therefore, these curves can 
be considered as the characteristics of our equations. In other words, they 
are trajectories of the ordinary differential equation $ = B(t,x)/A(t, x). It 
is obvious that x(0;29) = zo. Therefore, the characteristic x(t; xo) starts 
at the point zo and the function x(t) = x(t; xo) is a generalized solution of 
the Cauchy problem 


t = B(t,x)/A(t, x), x(0) = mo. 


By construction, this solution exists and is unique. We do not discuss here, 
in what sense the characteristics x(t) satisfy the above equation, but indicate 
several important properties of characteristics. 


Theorem 6. The functions x(t; y) are continuous with respect to both 
variables and depend on source point as an increasing function: «(t;y1) > 


x(t; y2) for yı > ya. 


PROOF. Suppose that to > 0, yo € R, xo = x(to; yo) and v(x) € C(R) 
is a function such that v(zo) = 0 and v'(x) = A(to, x)w(x), where w(x) € 
L?*(R) N L1(R), w(x) > 0. As follows from this condition and (5.1), the 
function v(x) is strictly increasing. By Theorem 1, there exists a unique 
generalized solution w(t,«) € L?*(II) of (4.7) such that w(to,x) = w(x). 
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Indeed, to prove this fact, we have to solve the Cauchy problems in the 
domains t < to and t > to with initial data w(x) at the time t = to. By the 
maximum principle, w > 0 a.e. in II. Consider the Lipschitz function u(t, x) 
uniquely determined by the conditions us = Aw, us = — Bw, u(to, xo) = 0. 
Then u is a continuous generalized solution of (4.7) and 


u(to, £) = J Alto, oes = v(x). 


Since v(x) € C(R), from Theorem 5 it follows that u(t,-) € C(R) for all 
t > 0. Note that us = Aw > 0. Therefore, u increases with respect to 
x. We fix e > 0 and set c = min(v(zo + £), —v(xo — €)) > O (recall that 
v(x) strictly increases and v(zo — £) < v(ao) = 0 < v(ao + €£)). Then 
u(to, zo + €) = v(xo + €) > c and u(to,zo — €) = v(ao — €) < —c. By the 
continuity of u(t, x), we can find a value 6, > 0 such that u(t, xo +€) > c/2, 
u(t, zo — £) < —c/2 for all t € (to — 01, to +01). Since u(t, x) increases with 
respect to x, we see that 


|u(t,2)| > c/2, |a—ao| 2 & |t — to| < à. (5.2) 


Let x(t; yo) be a characteristic passing through the point (to, £o) so that 
x(to; yo) = xo. Since the functions y > zx(to,y) = G(to,y) and v(x) are 
continuous and v(xg) = 0, there exists ó9 > 0 such that |v(x(to; y))| < c/2 
for |y — yo| < 9». Since the solution u(t,x) remains constant along the 
characteristic x(t; y), we conclude that |u(t, x(t; y))| = |v(x(to; y))| < c/2 for 
all |y— yo| < 9», |t—to| < à. By (5.2), |a(t; y) ^ x (to; yo)| = |x(t; y) -xo| < € 
in the neighborhood |y — yo| < 9», |t — to| < 61 of the point (to, yo). This 
completes the proof of the continuity of characteristics. 


To prove the last assertion, suppose that yi > y2 and set h(t) = 
x(t; y1)— x(t; y2). As follows from the continuity of x(t; y), h(t) is continuous 
for t > 0 and h(t) # 0 because the mapping y — z(t;y) = G(t,y) is 
invertible. This, together with the obvious relation h(0) = yı — y2 > 0, 
implies that h(t) > 0 for all t > 0, i.e., z(t;y1) > x(t; y2). 














Using the above theorem, we derive the following property. 


Theorem 7. Let a,b € R, a « b, and u(t, x) be a generalized solution 
of (4.7), (4.8) with initial data uo(x) € L?*(R). Then for almost all t > 0 


a(t;b) b 
J AG ue ddec: | Aü yu js (5.3) 


x(t;a) a 
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PROOF. We choose a function vo(z) € C(R) such that vo(x) > 0 
in the interval x € (a,b) and vo(x) = 0 for x ¢ (a,b). Let v(t,x) be a 
generalized solution of the problem (4.7), (4.8) with initial function vo(z). 
Since v(r) € C(R), from Theorem 5 it follows that v(t,z) € C(II) and 
v(t,z) is constant along characteristics. As follows from Theorem 6, the 
characteristics x(t; y) started at points y € (a,b) fill for t > 0 the whole 
domain Q(a,b) = [(t,z)|t > 0,z(t;a) < x < a(t;b)}. This implies that 
v(t, x) > 0 in Q(a, b) and v(t, x) = 0 outside (a,b). Choosing a sequence 
of initial functions vo, € C(R) with the above properties converging to 
the indicator function wo of the interval (a,b) as n — oo, we see that the 
corresponding sequence v; (t, x) of generalized solutions converges pointwise 
to the indicator function w of the domain Q(a,b). By Theorem 3, w is a 
generalized solution of the problem (4.7), (4.8) with initial function wo. By 
Corollary 1, the product uw is a generalized solution of the problem (4.7), 
(4.8) with initial function ugwo. Suppose that T > 0, m = Dn nin 
M= es b), h = h(a) € Cg* (IR) are such that h(x) = 1 on [m, M]. 
Multiplying (Auw); + (Buw), = 0 by a test function h, we find 


a(t;b) 
I Mputa tudine: J EE E 


x(t;a) 


a 
Ot 


=— / B(t,x)u(t, x)w(t, z)h/ (z)dz = 0 


in D'((0,T)) because h'(x) = 0 on [m, M] and w = 0 for x ¢ [m, M]. This 
implies the desired identity (5.3) (we also take into account that T > 0 is 
arbitrary). 














From Theorem 7 we obtain an important property of a finite domain 
of dependence of a generalized solution on its initial data. 


Corollary 4. Suppose that u(t, x) is a generalized solution of the prob- 
lem (4.7), (4.8) and A(0, x)uo(x) = 0 a.e. on (a,b). Then A(t, x)u(t, x) = 0 
a.e. on Q(a,b). 

It suffices to note that, by Theorem 3, |u(t, x)| is a generalized solution 
of the problem (4.7), (4.8) with initial data |uo(x)| and to apply (5.3) to 
this generalized solution. 
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6. Unbounded Solutions. 
Notion of a Renormalized Solution 


Note that the identity (3.9) makes sense even for unbounded functions 
u(t, x), uo(z) such that A(0,x)uo(z) € LL,(R), Au, Bu € Lh. (Il). This 
enables us to extend Definition 2 of a generalized solution of the problem 
(4.7), (4.8) to this general case. These solutions are referred to as Lie- 
generalized solutions. Many properties of generalized solutions remain valid 


in the unbounded case. In particular, the following assertion holds. 


Theorem 8. Let u = u(t,x) be an Li „-generalized solution of the 
problem (4.7), (4.8) with initial function uo(x). Then the following asser- 
tions hold. 

(i) The generalized solution u is unique: if uog(x)A(0,x) = 0 ae. on 
R, then u(t, x)A(t, c) — 0 a.e. on II. 

(i) fp (2) € CR); lp (2)] < const(Jz] +1), then p (u(5,2)) is an Lio- 
generalized solution of the problem (4.7), (4.8) with initial function p (uo(a)) 
(the renormalization property). 


PRoor. The uniqueness is proved in the same way as in the corre- 
sponding part of the proof of Theorem 2. Namely, assume that Au, Bu € 
Li (II) and A(0, x)uo(x) = 0 a.e. on R. From the relation (Au), + (Bu), = 
0 in D'(II) it follows that there exists a potential Q(t,x) in the Sobolev 
space Wi jo (1I) which is uniquely determined by the conditions 


1 


Qi = —Bu,Q, = Au in D'(II), fa x)dx = 0. 


—1 


Here, the function Q(0, x) € LL.(IR) is well defined by the trace property 


loc 


for functions in the Sobolev space. By the initial condition (3.10), for the 
solution u(t, x) we have 

d 

4, Q(0. 2) = A(0,x)uo(z) =0 in D'(R) 
(to prove this assertion, it suffices to repeat arguments of the proof of The- 


1 
orem 2). This and the condition f 99.3: = 0 imply Q(0, zr) = 0. Let 
“1 


r(z) € C! (R), 0 < r(z) <1 for z Z0, r(0) —0, |r’(z)| < 1 for all z € R. 
'Then, using the assertion of Lemma 3 with p — oo, we derive the following 
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equality similar to (4.13): 


(Ar(Q))e + (Br(Q)) = A(r(Q)): + B(r(Q))s = '(Q): (—ABu + ABu) = 0 


in D'(II) and r(Q)(0, x) = r(0) = 0. We see that r(Q) is a bounded general- 
ized solution of (4.7), (4.8) with zero initial data. By Theorem 2, Ar(Q) — 0 
a.e. on II. From Proposition 1 it follows that Br(Q) = 0 a.e. on II. Let 
R(z) be a primitive of r(z), i.e., R'(z) — r(z). It is clear that R(z) strictly 
increases and 


R(Q)» = Ar(Q)u = 0, R(Q): = Br(Q)u = 0 in D'(IT). 


By these relations, R(Q) — C — const a.e. on II. Taking into account that 
R(z) strictly increases, we conclude that Q = R^ !(C) a.e. on IL, which 
implies the desired result u(t, x) A(t, x) = Qs = 0 a.e. on II. 


'To prove the second assertion, we put 


v? (x) = 1, [uo(x)| E k, keN. 
0, [uo(z)| > k, 


Let vi(t,x) € L°°(II) be a generalized solution of the problem (4.7), (4.8) 
with initial data v? (x). By the maximum principle, we can assume that 
lv (t, x)| € 1. (Applying assertion (i) of Theorem 3 with p (z) = z(1— z), 
we see that A(t, x)ux(t, x)(1 — vk(t,x)) = 0 a.e. on II and can suppose 
that vi (t, £) is the characteristic function of some set.) Since v(x) — 1 in 
L} (R) as k > oo and a(t, x) = 1 is a generalized solution of the problem 


(4.7), (4.8) with initial data üo(x) = 1, assertion (ii) of Theorem 3 implies 
A(t, z)(vx (t, 2) — 1) > 0 in Lr (II) (6.1) 


as k — oo. If v = v(t, x) is a bounded generalized solution of the problem 
(4.7), (4.8), then uv is also a generalized solution of this problem with initial 
data uovo (cf. Corollary 1). Indeed, if v(t, x) is Lipschitz continuous, this 
follows from Lemma 3 applied for the vector of coefficients (Au, Bu): 


(Auv), + (Buv), = (Avi + Buz)u = 0 in D'(IT). 


In the general case, we can use the approximation of v(t, x) in LL.(II) by 
a sequence of Lipschitz continuous generalized solutions which is bounded 
in L**(II). The sequence is constructed in a similar way as in the proof of 


'Theorem 3. 

Thus, the functions uj = vu are generalized solutions of the prob- 
lem (4.7), (4.8) with bounded initial data u? = v$uo, |u2] < k, k € N. 
By uniqueness, uz coincides with the unique bounded generalized solution. 
Hence ux € L” (I, dm), and ||ui||;; € k by the maximum principle. 
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Let p(z) € C(R), |p (z)| < const(|z| +1). By assertion (i) of Theo- 
rem 3, p(ux) is a generalized solution of (4.7), (4.8) with initial function 
p (uf) for any k € N. Further, by the relation (6.1), Au, — Au in LL, (IT) 


loc 
as k — oo. Passing to a subsequence (if necessary), we can assume that 


Aux — Au as k — oo almost everywhere on II. Then 
Ap (uk) > Ap(u) Bp(ui)  Bp(u) as k —^ oo ae. on II; 
|Ap (ux)| < cA - (\uz| + 1) < cA- (Jul + 1) € Li. (ID, 
[Bp (ux)| < c|B| - (Jul +1) € L1, (ID), c= const > 0. 
It is also clear that 
A(0,-)p (u$) — A(0,-)p(uo)as k + œ a.e. on R, 
|A(0, )p (ug)] < cA(0, -)(jug| + 1) < cA(0, -)([uo| + 1) € Li (R). 
By the Lebesgue theorem on dominated convergence, we can pass to the 
limit as k — oo in the identity (3.9) corresponding to the generalized solu- 


tion p (ux). Thus, p (u) is an Li -generalized solution of the problem (4.7), 
(4.8) with initial data p (uo). 














In the case where uo(x) is not bounded, it may happen that the prob- 
lem (4.7), (4.8) has no generalized solutions (even if A(0, x)uo(z) € L?? (IR)). 
Let us confirm this by the following example. 


Example 3. In the half-plane, we consider the field of coefficients 


(1-1P/z?, | t«l,z«t-1, 
1 


A(t, x) = 41, t<1l,zzt-1, B(tzr)-—2wX A(t,x), 
0(r--2—2t), t 21, 
where 
1, 820, 
(r)-4 ^ 
0, s«0 


is the Heaviside function. One can directly verify that the coefficients A 
and B satisfy the conditions (4.9), (4.10). To prove (4.10), we should take 
into account that on the single discontinuity line x = 2t — 2 the Rankine- 
Hugoniot condition z = [B]/[A] = [2 — 0]/[1 — 0] is satisfied. Consider the 
Cauchy problem for the equation 


(Au) (Bu) —0, uw=u(t,x),  (t,v) €IL (6.2) 
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with initial data 


z^, 2<—l, 
(0,2) = uz) = $ eod (6.3) 





FIGURE 4. The coefficient A and the mapping of characteristics. 


We see that A(0, x)uo(x) = 1 € L?*(IR). Let us show that the problem 
under consideration has no generalized solutions. Assuming the contrary, we 
can find an Ly,.-generalized solution u(t, x) of (6.2), (6.3). In the domain 
D = {(t,2)| 0 < t < 1,x < t—1}, where A, B are smooth and A > 0, 
the solution u(t,x) is uniquely determined by the requirement that it is 
constant along the characteristics (by Proposition 3). These characteristics 
are solutions of the ordinary differential equation t = B/A = —2x/(1-t). A 
direct computation shows that x(t; to, xo) = y(1—t)?, where y = y(to, zo) = 
zo/ (1—t9)?, (to, zo) € D, 0 < t < 14+(1—to)?/xo (note that 1--(1—t9)? /zo > 
to). The mapping of characteristics is indicated in Fig. 4. By the initial 
condition (6.3), we have u(t,x) = (y(t,x))? = x7/(1 — t)* for (t,x) € D. 
Then Au = (1—t)~?, Bu = 2|x|(1—1) ? > 2(1— t) ?. Since these functions 
are not integrable in neighborhoods of points (1, x), x < 0, we conclude that 
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Au, Bu ¢ Li (II), which contradicts our assumption. Thus, the problem 


loc 
(6.2), (6.3) has no Li .-generalized solutions. 


loc 


We introduce the notion of a renormalized solution. 


'The above example shows that for studying the case of unbounded 
solutions we need to extend the class of solutions. As in [7], we introduce 
the class of renormalized solutions. Suppose that uo(x) is measurable. 


Definition 3. A measurable function u(t, x) on II is called a renor- 
malized solution of the problem (4.7), (4.8) if for any bounded continuous 
function p (z) the function p (u(t, x)) is a generalized solution of the problem 
(4.7), (4.8) with initial function p (uo(z)). 


T 
loc 


By Theorem 8(ii), any Li.-generalized solution is renormalized. 
Theorem 9. There exists a unique renormalized solution of the prob- 

lem (4.7), (4.8). Moreover, for every Borel function p(z) the function 

p(u(t,x)) is a renormalized solution of the problem (4.7), (4.8) with ini- 


tial data p (uo(x)). 


PROOF. Consider a strictly increasing continuous function h(z) such 
that lim h(z) =0 and lim h(z) — 1 (for example, we can take h(z) — 


(m + 2arctanz)/2»). By Theorem 1, there exists a bounded generalized 
solution v(t, x) with initial data vp = h(uo(r)) € L?*(R). It is clear that 
0 < vo < 1 and, applying the strict maximum principle (see Proposition 5) 
to the generalized solution +v, we see that 0 < v(t, v) < 1 m-a.e. on IL 
“Correcting” v(t, x) on a set of zero m-measure, we can assume that the last 
relation holds for all (t,x) € II. Thus, we can define u(t, x) = h-!(v(t, x)), 
where h^! : (0,1) — R is the inverse function to h. It is obvious that 
u(t, x) is measurable. Now, we choose a bounded Borel function p (z) and 
set q(v) = p(h-l(v)) if v € (0,1) and q(v) = 0 if v ¢ (0,1). It is easy 
to see that q(v) is a bounded Borel function and p(u(t,x)) = q(v(t,x)), 
p (uo(x)) = q(vo(x)). From Proposition 4 it follows that p (u(t, x)) is a gen- 
eralized solution of the problem (4.7), (4.8) with initial function p (uo(x)). 
In particular, the above property is satisfied for all bounded continuous func- 
tions p(z) which means that u(t,x) is a renormalized solution. Moreover, 
we also proved the last assertion of the theorem. Indeed, for all bounded 
continuous functions f(z) functions (f o p)(v) are bounded and Borel and, 
as was shown above, f (p (u(t, x))) is a generalized solution of the problem 
(4.7), (4.8) with corresponding initial data. Hence p (u(t, z)) is a renormal- 
ized solution of the problem (4.7), (4.8) with initial function p (uo). 
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To prove uniqueness, we assume that u1 = ui1(t, £), u2 = u2(t, x) are 
two renormalized solutions of (4.7), (4.8). Then for any bounded function 
p(z) € C(R) we have p(ui) = p(uz) m-a.e. on II by the uniqueness of 
bounded generalized solutions. Hence u4 = ug m-a.e. on II. 














7. Nonhomogeneous Transport Equations 
and Renormalization Property 


In this section, we study the Cauchy problem for the linear nonhomogeneous 
transport equation 


(Au) + (Bu), = f, (7.1) 

with initial condition 
u(0, x) = uo(x). (7.2) 
We suppose that A(0,z)uo(r) € LL.(R), f = f(t,z) € Li (I). The de- 


loc loc 
finition of a generalized solution of the problem (7.1), (7.2) is similar to 


Definition 2. 


Definition 4. A measurable function u — u(t, x) such that Au, Bu € 
Li (ID) is called a generalized solution of the Cauchy problem (7.1), (7.2) 
if for any test function h = h(t, x) € Cg* (1I) 


nr + Buh; + fhjdtdx + J A(0, x)uo(x)h(0, z)da = 0. (7.3) 
I R 


It is clear that a generalized solution of the problem (7.1), (7.2) is 
unique since the difference of two solutions uj and us is a generalized so- 
lution of the homogeneous problem (4.7), (4.8) with zero initial data. By 
Theorem 8, A(uı — u2) = 0 ae. on II, i.e., uy = ug m-a.e. on II. To prove 
the existence of a generalized solution and analogs of the renormalization 
property, we need auxiliary results. 


Proposition 6. Let u = u(t, x) be a generalized solution of the problem 
(7.1), (7.2), and let v = v(t,x) € L®(II) be a generalized solution of the 
homogeneous problem (4.7), (4.8) with initial function vg = vo(x). Then 
w = uv is a generalized solution of the problem (7.1), (7.2) with initial data 
Wo = uovo and source function fv. 
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PROOF. As was shown in the proof of Theorem 3, there exists a 
bounded in L° (II) sequence vy = v(t, x) of Lipschitz continuous gener- 
alized solutions of the problem (4.7), (4.8) such that A(viy); + B(Uk)e = 0 
a.e. on IL, and vy — v, vg (0,2) — vo as k — oo in the spaces Li.,.(II, dm) 
and L} (R, du) respectively. Let h = h(t, x) € Cg? (II). Then hv, is a func- 
tion with compact support in II and hup € WŁ (II). It is clear that one can 
choose test functions of such a kind in Definition 4. By (7.3), we have 


f|Auvkhi + Buvghs + fvrh]dtdx 
I 


HAA (vx): + B(vx)s]uhdtda + f A(0, x)uo(z)vi (0, z)h(0, x)dx = 0. 
R 
Since A(vi), + B(vy); = 0 a.e. on Tj we have 


nc + Buh, + fvih]dtda + / A(0, z)uo(z)v; (0, x)h(0, z)dx = 0. 
i 


Passing to the limit in this equality as k — oo (using, for example, the 
Lebesgue theorem on dominated convergence), we conclude that for all h € 


Cg (1I) 
"nc + Buvh; + fuh|dtdx + J A(0, x)uo(x)v9(x)h(0, z)da = 0, 
i 


i.e., uv is a generalized solution of the problem (7.1), (7.2) with initial data 
uovo and source function fv. 














Corollary 5. For the existence of a generalized solution of (7.1), (7.2) 
it is necessary that f (t, x) — 0 a.e. on the set, where A = 0. 


PROOF. Let E = A^1(0) be the set, where A = 0 and v = v(t, x) be 
the indicator function of E. Then Av — Bv — 0 a.e. on II, which implies 
that v is a generalized solution of the problem (7.1), (7.2) with zero initial 
data A(0,x)v(0,2). Suppose that u = u(t, x) is a generalized solution of 
the problem (7.1), (7.2). By Proposition 6, uv is a generalized solution of 
the problem (7.1), (7.2) with zero initial data and source function fv. In 
particular, (Avu); + (Buu); = fv in D'(II. But Avu = Buu = 0 ae. on 
IL, and we conclude that fv — 0 a.e. on II. 














We see that the problem (7.1), (7.2) can be well-posed only if 
f(t, x) = A(t, x)g(t v) (7.4) 
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with some measurable function g(t,x). Hereinafter, we assume that the 
condition (7.4) is satisfied. 


7.1. The Duhamel principle and properties 
of generalized solutions. 


As was shown in Example 3, for unbounded initial data uo a generalized 
solution of the problem (7.1), (7.2) does not necessarily exist (even if f — 
0). But for bounded uo and g a generalized solution exists and can be 
constructed by approximation arguments in a similar way as in the proof 
of Theorem 1. Another method for proving the existence is the Duhamel 
principle. Let us describe the construction. Without loss of generality, we 
can assume that g = 0 on the set, where A(t,z) = 0. Then g € L**(II). 
Denote by E the set of t > 0 such that for a.e. x € R (t, x) is a Lebesgue 
point of g. It is clear that E is a set of full Lebesgue measure. We also can 
assume that the mapping t > A(t,-) is weakly-* continuous in L^* (IR) (see 
Lemma 1). Let 7 € E, g(t, x) be the function from (7.4), and let v(t, x; T) be 
a generalized solution of the Cauchy problem for the homogeneous equation 
(4.7) in the half-plane t > 7 with initial function g(7,x) (for t = 7). By 
Theorem 1, such a generalized solution exists, and for fixed 7 the function 
v(t, x; T) € L° (I), where IL, = (T, --oo) x R. We first show that v(t, x; T) 
can be chosen to be measurable as a function of all variables (t, x, 7). Denote 
by D the set of (t, z, 7) € II x Ry such that t > 7. 


Lemma 6. There exists a function v(t,v;T) € L?*(D) such that for 
almost all T v(t, x; T) = (t, x; T) almost everywhere on IIL. 


PRoor. We consider the two-dimensional transport equation 
Aw, + Byw, + Bow, 20, t» 0, (x,7) e R?, (7.5) 
with coefficients A = A(t + |r[, z), By = Bt + |r|, x), Bz = 0. One 


can directly verify that the coefficients A, B = (B4, B3) satisfy the con- 
ditions (3.1) and (3.2). By Theorem 1, there exists a generalized solution 
w(t,z,r) € L?*(R, x R?) of the Cauchy problem for Equation (7.5) with 
initial data 

w(0,z,7) = g(Irl, £). (7.6) 


Since By = 0 then the function w(t,x,T) is a generalized solution of the 
one-dimensional Cauchy problem 


A(t 4- T, z)w: + B(t-- T,z)w, =0, w(0,x2) = g(7, x) 
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for all positive 7 from some subset E, C E of full measure. By the unique- 
ness of this generalized solution, w(t,2,7) = v(t + T, z;T) a.e. on II (we 
agree that both functions vanish on the set, where A(t +7,2) = 0). To 
complete the proof, we can set 0(t,2;7) = w(t — T, x, T). 














Now we can prove the following result. 


Theorem 10. Suppose that uo(x) € L® (R, du), g(t, x) € L® (II, dm), 
where g(t,x) is the function from (7.4). Then there exists a generalized 
solution u = u(t,z) € LX. (IL dm) of the problem (7.1), (7.2). Moreover, 
for any p(z) € C'(R) the function p(u) is a generalized solution of the 
problem (7.1), (7.2) with initial function p (ug) and source function p'(u)f 
(the renormalization property). 


PROOF. Since v(t,z;r) € L®(D), for ae. (t,x) € II the function 
v(t, x; T) is bounded and measurable with respect to 7 € (0,t). Therefore, 
we can define the function 

t 
I(t, x) = f vt.a;r)ar. 
0 
It is clear that I(t,z) € L® in any layer (0, T) x R. According to the 
Duhamel principle, we show that l(t,x) is a generalized solution of the 


problem (7.1) with zero initial data. Let h = h(t,x) € Cg (II) be a test 
function. Using the fact that for a.e. r > 0 the function v(t,2;7) is a 
generalized solution of the homogeneous equation (4.7) in the half-plane 
t T with initial function g(, x), we derive that 


noo + Blh,|dtdx 
IH 
= [At oth n + B(t,x)v(t, x; r)h, (t, z)]dtdzdr 


D 


= "i / A(ta)v(tsr)u(t 2) Bü z)o(t 2 T)ha (t, )dtdz ) dr 


0 iT 


2 f J A(T, x)g(r, x)h(r, z)drdz = — J f(t,x)h(t, x)dtda. 
0 R II 


Cauchy Problem for a Transport Equation 67 


Thus, for all h € C% (II) 


J [AIh, + BIh, + fh]dtdz = 0, 
II 


and, according to Definition 4, I(t, x) is a generalized solution of the problem 
(7.1), (7.2) with zero initial data. Let &(t, x) € L?*(IL, dm) be a generalized 
solution of the homogeneous problem (4.7), (4.8). The solution exists by 
Theorem 1. Then the sum 


u(t, x) = ü(t, x) + I(t, x£) = a(t, x) + J u(t, z;T)dT (7.7) 
0 


is a locally bounded generalized solution of the problem (7.1), (7.2). The 
existence is proved. 

To prove the last assertion of the theorem, we suppose that u(t, x) is 
a generalized solution of the problem (7.1), (7.2). Denote by w(t, x; T) the 
generalized solution of the Cauchy problem for the homogeneous equation 
(4.7) considered in I. with initial condition w(r,x) = u(7,x). Then the 
difference u(t, x) — w(t, x; T) is a generalized solution of the problem (7.1), 
(7.2) in the half-plane t > 7 with zero initial data. By formula (7.7) with 
the initial “time” 0 replaced with 7, we have 


t 


u(t, x) — w(t, x; T) = [tss s)ds. 


T 


Therefore, 
t 


w(t, x; T) = u(t, xv) — f vts s)ds. (7.8) 


In view of Theorem 3 and Corollary 1, for any p (z) € C1(R) the function 
p (w(t, x; T))v(t, x; T) is a generalized solution of (4.7) in II. with initial data 
p'(u(r, x))g(r, x). By (7.7), the function 
t 
dit. z) =p(w(t2i0)) + f (utt) dr — (19) 
0 


is a generalized solution of the problem (7.1), (7.2) with source p' (u(t, x)) f (t, x) 
and initial data p (uo(x)). From (7.8) it follows that 
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t 


situato pes ( wa J F sds) u(t A 


- sc ult = j «(tas s)ds) 


A 
in the sense of distributions on D. This implies that for a.e. (t,x) € II 


t 


J rentis usar 


0 
= sula) -v (ut) -f «(tas s)ds) A E T 
0 


From this and (7.9) we obtain the equality p (u(t, £)) = q(t, x). We conclude 
that p (u(t, z)) is a generalized solution of the problem (7.1), (7.2) with the 
source p'(u(t, x)) f (t, x) and initial data p (uo(z)). 














Remark 5. It is clear that Theorem 10 remains valid for source func- 
tions Ag, where g is bounded in any layer Ip = (0, T) x R, T > 0. By (7.7), 
the corresponding generalized solution is also bounded in any layer II. 


Remark 6. For a generalized solution of (7.1) the same trace proper- 
ties (see Remark 2 and Corollary 2) are satisfied as in the homogeneous case. 
For instance, let us show that any bounded generalized solution u = u(t, x) 
of (7.1) in a layer IIp with f = Ag, g € L**(II) is a generalized solution 
of the Cauchy problem (7.1), (7.2) with some initial function uo. For this 
purpose, we take the generalized solution v = v(t, x) of the problem (7.1), 
(7.2) with zero initial data. Then v € L**(IIr, dm) (see Remark 5) and the 
difference u — v is a generalized solution of homogeneous equation (4.7). By 
Remark 2, it admits a weak trace ug € L (R, du). Hence u = u — v + v is 
a generalized solution of the problem (7.1), (7.2) with initial function ug. 


Remark 7. Suppose that the coefficient A satisfies the condition (5.1) 
and uo,g(t,-) € C(R). Then the functions ŭ(t, x) and v(t,z;T) from (7.7) 
must be constant along generalized characteristics (see Section 5): ü(t,x) = 
uo(y(t,x)), where y(t, x) = x(0;t,x) is a source point of the characteristic 
passing through the point (t,x), and similarly v(t,z;T) = g(r;x(r;t,x)). 
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Hence (7.7) reduces to the form (1.6): 
t 
u(t) = ust 2) + f g(rse(rst,«))dr. 
0 


Corollary 6. Let u1, u2 be a generalized solution of the problem (7.1), 
(7.2) with initial data uo) € Ly,.(R,du), uo» € L®(R, du) and source 
functions fı = Agi, f2 = Ago such that fı € Ll,(ID), g2 € L^ (II, dm). 


Then the product ujuo is a generalized solution of the problem (7.1), (7.2) 
with initial function ug1uoa and source function u1 f» + us fi. 


PROOF. In the case ug1,uo2 € L®(R, dyu), g1,g2 € L®(II, dm), the 
conclusion of Corollary 6 easily follows from the equality uyuz = [(ui + 
u2)? — (u1)? — (ua)?]/2 and the renormalization property with p (z) = z?. 
In the general situation, from (7.7) it follows that 

t 
uius = ui(t,x)üu(t, x) + [monta ya, 
0 
where ü(t,z) € L°°(II,dm) is a generalized solution of the homogeneous 
problem (4.7), (4.8) with initial data uo2(x), and v(t, x; T) is a generalized 
solution of (4.7) in the half-plane t > 7 with initial function go(r,x) at 
t = T. By Proposition 6, ui(t,x)u(t,x) is a generalized solution of the 
problem (7.1), (7.2) with initial data uo1uo2 and source function Fy = fu. 
By Proposition 6, w(t,x;T) = ui(t,x)v(t,v;T) is a generalized solution of 
(7.1), (7.2) in the domain t > 7 with initial data ui(r, £)g2(T, x) and source 
function fjv. Let 
t 
J=J(t,x) = E 
0 
h = h(t,z) € C(I). Then, using the identity (7.3) for the generalized 
solution w(t, x; T), which is written as 


/ [A(t, x)w(t, x; T)ha (t, x) + B(t,x)w(t, x; T)ha (t, £) 


tT 


+ fi(t,x)v(t, x; 7)|dtdx + fat. x)ur(T, £)g2(T, z)h(r, x)dx = 0, 
R 


for any test function h € C% (II), we find 
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J [AJh, + BJhaļdtdx 
II 


= t / [A(t autt, as 7)ha(t a) + BC, cott, 2; T)ħa (t, 2)]dtde ) di 


0 t>T 


(/ filt,x)u(t, £; r)h(t, 2d dr 


e 
0 iT 
- f [^ 
0 


[^ T, c)ui (T, x)go (7, x)h(r, x)drda 


=- f( fa GET) jar) filt, z)h(t, x)dtdx — [stat hts dtd, 
T i 


E l 


Thus, for all h € C (II) 


[AJh, + BJhy + Foh|dtdx = 0, 


_ 


where we denote 
t 


apika / v(t,2;7)dr + ux (5, 2) falt, 2) 

0 
and, according to Definition 4, J(t, x) is a generalized solution of the prob- 
lem (7.1), (7.2) with zero initial data and source F>. We conclude that 
uju2 = uŭ + J is a generalized solution of the problem (7.1), (7.2) with 
initial data uo1uo2 and source function Fy + Fo = fius + ui f2. 














Now, we establish one useful growth estimate for a generalized solution 
of the problem (7.1), (7.2). 


Proposition 7. Suppose that ug € L®(R, du), g € L® (Iir, dm) for 


any T > 0, and u = u(t,x) is a generalized solution of the problem (7.1), 
(7.2) with initial data ug and source function f = Ag. Then for a.e. t > 0 


t 
lu(t, -)lloo < [Iuollos + f lg, cdr. (7.10) 
0 
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To simplify the formulation, we agree that the functions ug and u, g vanish 
on the sets, where A(0,-) = 0 and A = 0 respectively. 


PROOF. Consider the set E = [t > O|(t,z) is a Lebesgue point of 
A(t,x), A(t,x)u(t,z) for ae. x € R} similar to (3.5). It is clear that 
E C R, is a set of full measure. Suppose that tọ € E and a function 
(x) € LY (R) n L1 (R, A(to, z)da) is such that || A(to, z)v||1 < 1. 

Take a unique generalized solution v — v(t, x) of the backward Cauchy 
problem (Av), + (Bv); = 0, v(to, £) = U(x) in the strip Il. Taking into 
account Remark 2, we see that v(t, x) satisfies the initial condition v(0, z) — 
vo(a) for some vp € L*(R). By Lemma 1, we can assume that the mapping 
t > A(t,-)v(t,-) is weakly-« continuous on [0, to]. By Corollary 3, for all 
t € [0, to] we have || A(t, )v(t, Jlli < ||A(to.-)vu|1 € 1. By Proposition 6, 
the product uv is a generalized solution of the problem (7.1), (7.2) with 
initial data uovo and source function fv. Moreover, uv takes the Cauchy 
data u(to,x)v at t = to. Indeed, from the condition tp € E and weak 
continuity of A(t,-)u(t,-) it follows that A(t,-)u(t,-) — A(to,-)u(to,-) as 
t — to weakly-* in L (IR) while (see Corollary 2) A(t, z)(v(t,-) — v) —^ 0 in 
Lj, (R). Choose a function p(x) € Cg? (R) such that p(x) = 1 for |z| < 1. 
Multiplying (Auv); + (Buv), = fv = Agv by plax), a > 0, and integrating 
over x € R, we find 


5 [ x x)p(ax)dx = o [Gut oto) 


NI in D'(R). (7.11) 


Now we pass to the limit in this equality as a — 0. Taking into account 
that | Av(t, -)||1 € 1, plax) — 1 as a — 0, and for a.e. t € (0,to) 


a [(Buy(t.2)p!(ax)ae < aN(a) f (A+a)lun))(¢,2)p! (aa)de 


< AN(a)(IlUloo - [Aull * lo" loe + [luelloc * l'll) > 0 as a — 0 








(here, the condition (4.9) and the simple equality 


a f it os Js = | Pw )ldy 


are used), from (7.11) we obtain the relation 


5 [ t es -[ oye. s < la Jlo Av, lli < lat Jll 
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in D'(R). This, together with the weak continuity of Auv(t,-) at the points 
t = 0, to and the inequality || A(0, -)vo||; € 1, implies the inequality 


[^ (to, z)u(to, x de< f A(0,2) 0, x)uo(x)vo(x j+ fua lee dt 
to 

< loli + f Mott. Js 
0 


Since 
sup J Atout oyal a)da|o(x ) € L® (R) n L! (R, A(to, x)dz), 


[Atto zoo <1 = fatto, lacs ado 











the proof is complete. 





7.2. Approximate solutions and renormalized solutions. 


Suppose that uo(x) is an arbitrary measurable function and f = Ag € 
L} (II). We construct a “solution” of the problem (7.1), (7.2) using ap- 
proximation of the input data by sequences of bounded functions. Suppose 
that uon = Uon(x) and gn = gn(t,x) are sequences of bounded functions 
such that uon — uo in measure u = e-l*ldr on R, Ag, > f = Ag in 
Li (II) as n — oo. By Theorem 10, there exists a unique generalized so- 


lution Uun = Un(t,x) of the problem (7.1), (7.2) with initial data uo, and 
source functions Agn. The following assertion justifies the limit procedure. 


Theorem 11. The sequence un converges to a measurable function 
u = u(t,x) in measure m = Ae-*-Vldtdz. This limit function is indepen- 
dent of the choice of sequences uon, gn and for all p(z) € C!(IR) such that 
p(z) and p'(z) are bounded the function p (u(t, )) is a generalized solution 
of the problem (7.1), (7.2) with initial data p (uo) and source function p'(u) f 
(the renormalization property). 


2 
PROOF. Take p(z) = — arc tan z. It is clear that for all u1, u2 € R 
T 
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uz [u1—u2|/2 
UN (ug) zi du 2 du 
ns] m gc 
PU PS T 1 +u? T 1 +u? 
ui —|u1—u3|/2 
= 2p(|u1 — ua|/2). (7.12) 


The function q(z) — 2p(|z|/2) is Lipschitz continuous and the function 
q'(z) = p'(|z|/2) sign(z) is piecewise continuous and bounded with only one 
jump point z = 0. Let us show that q(u, — um) — 0 in L!(II, dm) as 
n,m — oo. Assuming the contrary, we can choose € > 0 and sequences 
Tik Mp — oo such that for vy = Un, — um, 


I ie hit a= (7.13) 


The function vj is a generalized solution of the problem (7.1), (7.2) with 
initial data vog = Uon, — Uom, and source function Fy = Agn, — Agm,- 
By Theorem 10, ¢(vz) is a generalized solution of this problem with initial 
data q(vox) and source term q/(vg)F,. More exactly, q(z) € C'(R) and 
we cannot directly use the renormalization property. To verify that this 
property nevertheless holds, we should approximate q(z) by a sequence of 
smooth functions q-(z), r € N, such that q.(z) — q(z) uniformly on R 
while qL (z) — q'(z) = p'(|z|/2) sign(z) pointwise, and then pass to the limit 
as r — oo in the integral identities (7.3) corresponding to the generalized 
solution q, (v). 


Extracting a subsequence, if necessary, we can assume that the se- 
quence q(vi) converges to some function w € L% (II) weakly-« in L% (II) as 
k — oo. Passing to the limit as k — oo in the identity 


f Actos + Bq(vx)ha +d (vx) Fxh]dtda 
il 


+ f A(0.2)a(vo0n)(0,2)de =0, he cps (I) 
R 
and taking into account the limit relations q(vo,) — 0 in LL,(R) (which 
easily follows from the condition that vog — 0 in measure u and the bound- 


edness and continuity of q), Fe — 0 in LL.(ID, we derive that for all 
h = h(t, x) e CP (ID 


nr + Bwh,|dtdx = 0, 
H 
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ie. w = w(t, x) is a generalized solution of the problem (7.1), (7.2) with 
zero input data. By uniqueness, we have Aw = 0. However, this contradicts 
(7.13), which implies 


J vie amt) >e ask oo. 


Thus, q(u, — Um) > 0 in L!(II, dm) as n, m — oo. From the esti- 
mate (7.12) it follows that the sequence p (un) is fundamental in L! (II, dm). 
Therefore, it converges to a function p = p(t,x) € L^*(II) in this space. 
Let Won, Gn be another pair of sequences possessing the limit properties 
described before the theorem, and let ü, = üUn(t, £) be the correspond- 
ing sequence of generalized solutions to the problem (7.1), (7.2) with input 
data ün, Agn. Then we can generate new sequences ŭon and g, by setting 
üo2& = Uk, üo2k—1 = Ük, Gor = gk, and gox-1 = Jk for k € N. It is clear 
that this sequence satisfies the required approximation properties. There- 
fore, for the corresponding sequence ŭn = ŭn (t, £) of generalized solutions 
of the problem (7.1), (7.2) with input data ŭn, Ag, the sequence p (à, (t, x)) 
converges in L! (IL, dm). Since à»; = up and ŭək—1 = tig, the limit functions 
for p (üs(t,x)) must coincide with p (t,x) m-a.e. on II and, consequently, 
they are independent of the choice of approximation sequences uon and gn. 


It is obvious that |p| € 1 and, extracting a subsequence, we can as- 
sume that p (un) — p m-a.e. on II. Since p(z) € C(R) strictly increases, 
p(+oo) = +1, we see that u,(t,v) — u(t,v) ae. on IL, where u(t,2) = 
p i(p(t,z)) p !(v) = tan(rv/2) and we agree that iunt: tm /2) = oo. 
We show that u(t,x) is finite a.e. on II. Indeed, by Theorem 10, for any 
a > 0 the function p (aun) is a generalized solution of the problem (7.1), 
(7.2) with initial data p (ouo, (z)) and source function ap'(au,)f. Passing 
to the limit as n — oo and then as a — 0, we conclude that a function 
that is equal to +1 on the sets, where u = +00, is a generalized solution of 
the problem (7.1), (7.2) with zero initial and source functions. Therefore, 
this function must coincide with zero, i.e., u(t,x) is finite a.e. on II and 
p = p(u(t,x)). From the condition p (un) > p (u) in L!(IIL, dm) it follows 
that un — u in measure m. Since p = p (u) is independent of the choice of 
the approximation sequence, the same is true for the function u. 

Finally, if p(z) € C!(R) is such that p(z) and p'(z) are bounded, 
then p (un) > p (u) in L! (IL, dm) and p (un) are generalized solutions of the 
problem (7.1), (7.2) with initial data p (uon) and source functions p’ (un) fn- 
Taking into account that p (uon) > p (uo) in LL(R), p'(un) f, > p'(u)f in 
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L} (1I) as n — oo, we can pass to the limit in the identities 


loc 
[^ (un)hi+ Bp (un)he +p! (us) frh|dtdx +| A(0, x)p (uos )h(0, z)dx = 0. 
i R 


We find that for all h € CF (II) 


[^ (u)h, + Bp (u)h, + p' (u) f h|dtda: + [ Ato» (ug)h(0, x)dax = 0, 
H R 


i.e., p (u(t, x)) is a generalized solution of the problem (7.1), (7.2) with initial 
data p (ug) and source function p'(u) f. 














The solutions constructed in Theorem 11 are referred to as approxi- 
mate solutions of the problem (7.1), (7.2). 


Based on the renormalization property, one can naturally expand the 
notion of a renormalized solution to the nonhomogeneous case. 


Definition 5. A measurable function u(t, x) is called a renormalized 
solution of the problem (7.1), (7.2) if for any function p(z) € C!(R) such 
that |p (z)| + |p'(z)| is bounded p(u(t, x)) is a generalized solution of the 
problem (7.1), (7.2) with source p' (u(t, x)) f (t,x) and initial data p (uo(x)). 


As follows from Theorem 11, any approximate solution is a renormal- 
ized solution. In particular, a renormalized solution always exists. To prove 
the uniqueness, we need the following assertion. 


Lemma 7. Let u be a renormalized solution of the problem (7.1), 
(7.2) with measurable initial data uo and source fy = Agi € L1, (II). Let 
v — v(t,x) be a unique generalized solution of the problem (7.1), (7.2) with 
input data vo, f2 = Age, where vg and ga are bounded. Then u — v is a 
renormalized solution of the problem (7.1), (7.2) with corresponding initial 


data ug — vg and source function fy — fo. 


PROOF. We first assume that ug and u are bounded. In this case, the 
renormalization property holds for all p(z) € C!(R) (since the values of 
p(z) and p'(z) are not essential for large |z|). In particular, all the powers 
u^, k = 0,1,2,..., are generalized solutions of the problem (7.1), (7.2) with 
the corresponding input data. By Theorem 10, the same is true for v: all 
the powers v’, | = 0,1,2,..., are generalized solutions of the problem (7.1), 
(7.2). By Corollary 6, u*v! is a generalized solution of the problem (7.1), 
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(7.2) with initial data (uo)*(vo)! and source ku*- 1v! fı +lu*u'—! fo. In turn, 


(u — v)" = 5 Cl Cs grt ter 
1=0 
! 
(Cl E Nm are binomial coefficients) is a generalized solution of the 
\(m — 1)! 


problem (7.1), (7.2) with initial data (wo — vo)” and source function 


m-—1 
f 2, Cs Din - l)u m-—i-1 v! ++ fo c u™ ly! 1 


-mf Y a al y uil — > c : ad jh un-l-kyk 


k-i-1-0 
= mu vy" ‘(fi — fa). 


Thus, u — v satisfies the renormalization properties for p(z) = z™, m = 
0,1,2,.... Then this property is satisfied for any polynomial p(z). Since 
polynomials are dense in C!(R), for any p(z) € C!(IRR) we can choose a 
sequence of polynomials p(z), n € N, such that p,(z) — p (z) and pi, (z) > 
p'(z) as n > coo uniformly on any compact subset of R. Passing to the limit 
as n — oo in the integral identities (7.3) corresponding to the generalized 
solution p, (u — v) and taking into account that u — v is locally bounded, we 
conclude that p (u — v) is a generalized solution of the problem (7.1), (7.2) 
with the corresponding input data. Since p(z) € C1(R) is arbitrary, u — v 
is a renormalized solution. 


For an arbitrary renormalized solution u(t, x) we consider a sequence 
Qn(z) € C1 (R) n L®(R) such that |g,(z)| < 1 and qn(z) > z, q(z) —^ 1 
pointwise as n — oo. Then for u = u(t, x) the functions qn(u) are bounded 
renormalized solutions and, as was proved, the difference g,(u) — v is also a 
renormalized solution. Therefore, for any p (z) € C! (R) such that |p (z)| + 
\p'(z)| < const the function p (qn(u) — v) is a generalized solution of the 
problem (7.1), (7.2) with initial data p (qn(uo) — vo) and source function 
P'(as (u) v) (as lu) fa — fa). It is clear that p (qn (u)—v) > p (u—v), p'(an(u)— 

v)(a; (u) fi — f2) > p (u—v)(f1— fa) in Li, (II) and p (q«(uo) ^ vo) > p (uo— 
vo) in LL. (IR) as n > oc. Taking into account these limit relations, we can 
pass to the limit as n — oo in the integral identities (7.3) corresponding to 
the generalized solution p (qn(u)—v) and derive that p (u—v) is a generalized 
solution of the problem (7.1), (7.2) with initial data p (ug — vo) and source 
function p'(u — v)(fi — f2). Thus, u — v is a renormalized solution. 
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Theorem 12. A renormalized solution of the problem (7.1), (7.2) co- 
incides with the unique approximate solution of this problem. 


PROOF. Let u = u(t,z) and à = ü(t,x) be a renormalized solution 
and an approximate solution of the problem (7.1), (7.2) respectively. We 
show that the difference u — u is a renormalized solution. For this purpose, 
we choose sequences uo, € L®(R), gn € L®(I), n € N, approximating 
the input data uo, Ag in the above sense. Let un = un(t,x) be a unique 
generalized solution of the problem (7.1), (7.2) with input data uon, Agn. 
By Theorem 11, un — à as n — oo in measure m. By Lemma 7, u — un, 
is a renormalized solution which means that for any function p (z) € C!(R) 
such that |p (z)| + |p'(z)| < const the composition p (u — un) is a generalized 
solution of the problem (7.1), (7.2) with initial data p (uo — won) and source 
term p'(u — u&)(f — fn). Passing to the limit as n — oo, we see that 
p(u — ù) is a generalized solution of the problem (7.1), (7.2) with constant 
initial function p (0) and zero source term. Thus, u — ü is a renormalized 
solution of the problem (7.1), (7.2) with zero input data. Applying the 
renormalization property with the function p(z) = z?/(1 + z2), we derive 
that Ap (u — à) = 0 is a unique generalized solution of the problem (7.1), 
(7.2) with zero input data. This implies that Au — Aü. 














Corollary 7. Let uj = ui(t, x), u2 = u2(t, x£) are renormalized solu- 
tions of the problem (7.1), (7.2) with initial data ug1, uoa and source func- 
tions fi = Agi, fa = Aga. Then the following assertions hold. 


(i) For any o, B € R the function ou, + Bus is a renormalized solution 
of the problem (7.1), (7.2) with input data aug: + buoz and afi -4- Bf. Thus, 
renormalized solutions generate a linear space. 


(i) If uoi € uos, fı € fo, then uy € ug m-a.e. on II (comparison 
principle). 

PROOF. It is clear that (i) and (ii) hold for the generalized solution for 
bounded input data. In particular, the comparison principle follows from 
Remark 3 and formula (7.7). By Theorem 12, any renormalized solution can 
be constructed as a limit in measure of such a generalized solution. This 
implies (1) and (ii) in the general case. 














7.3. Renormalized solutions and generalized solutions. 


If u = u(t,x) is a renormalized solution of the problem (7.1), (7.2) and 
Au, Bu € L],(uD, A(0,z)uo(z) € LL,(R), then u is also a generalized 
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solution of the same problem. To prove this assertion, we can use the 
renormalization property with p = p(z) = nz/(n + 2?) and pass to the 
limit as n — oo in the corresponding integral identity. Now, we prove the 
converse assertion. 


Theorem 13. Any generalized solution of the problem (7.1), (7.2) is 
a renormalized solution. 


PROOF. Suppose that u = u(t,r) is a generalized solution of the 
problem (7.1), (7.2), @ = ü(t,x) is a unique renormalized solution of the 
same problem, and v = v(t,x) is a renormalized solution of the problem 
(7.1), (7.2) with input data |uo|, |f|- We need to prove that u = à m-a.e. 
on II. Introduce the cut-off functions uon = max(—n, min(uo(x), n)) and 
gn = Max(—n, min(g(t, x), n)), n € N, and consider the corresponding se- 
quences of generalized solutions Un = Un (t, x), Un = vas (t, x) of the problem 
(7.1), (7.2) with input data uon, fn = Agn and |uo; |, | f| respectively. Since 
the input data are bounded, Un, Un are also bounded in any layer lIr, T > 0. 


By Theorems 11 and 12, the sequences un and v, converge to the 
renormalized solution ü,v in measure m as n — oo. Since —|uon| € uos < 
|uo,| and —|fn| < fn € |f&|, by the comparison principle, we have —v,, < 
tin X Un, i.e., |u,| < v, m-a.e. on II. By Corollary 6, the functions 


us (t, a) 


Win = 1+ v, (t, x)! 


u(t, ax) 


Un = Y uz) 


are generalized solutions of (7.1), (7.2) with initial data 











Uon uo 
1+ |uon|’ 1+ [uos] 
and source functions 
fa fal fa fal 
lon (1-0) "^ lt, l+ ^C 
FO ME fF ME, 
l+u, (149? l+v, dv. ~" 


respectively. 


Note that the difference wn = win — 


Wan is a generalized 


solution of the problem (7.1), (7.2) with initial data 


Won (x) 


Uon — UO 
i + [uon | 
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and source function qn — PnWn, where 


Qm IL ma ^ Pn = Pn(t, £) = Ic vr) 


Let T > 0 and p, = pp(t,x) be a generalized solution of the backward 
Cauchy problem 


(Api + (Bp). 9 pu, p(T, x) - 0. 
It is obvious that p, (T — t, —a) is a generalized solution of the equation 


(A(T t, x)oh H (B(T t, L)P)sx = Dr =t, —2) <0 





with zero initial data. By the comparison principle, p, < 0. Let pon = 
pn (0, x) in the sense of the trace property in Remark 6. Using Corollary 6 
again, we see that w,e?” is a generalized solution of the problem (7.1), (7.2) 
with initial data wo,e^?" and source function (qn — p,wg,)e?^ + we?" pn = 
qne”. By Theorems 11 and 12, pn — p as n — oo in measure m, where 
p — p(t, x) is a renormalized solution of the problem 
(Ap): (Bp) =p = ——— p(T, x) — 0. 

Since pn < 0, we see that e?" < 1. Therefore, e°” — e? in Li (lIr, dm) as 
n — oo. Here, Up = [0,T) x R. Taking into account the above property 
and estimates 























1 Un 
<1, <1, 
lov ` 1+, — 
we find 
qne” = 2 Í oos — 0 as n — oo in LL. (Ir), 
lcu, 
Un — U Un u u—u 
weh = e — _ e eP 
ü l-cv, — — 1+v 
as n — oo in Li,, (Ilr, dm), 
Uon — t 
wo, e^ = — "ef — 0 as n — oo in LL(R, dp). 
1+ [uon 


These relations allow us to pass to the limit in the identity (7.3) corre- 
uc 
sponding to the generalized solution wpe?” and derive that 1 





u 
e? isa 
v 
generalized solution of the problem (7.1), (7.2) with zero input data. By 
uniqueness, this generalized solution must be trivial, i.e., u = U m-a.e. on 
ILr. Since T > 0 is arbitrary, this completes the proof. 
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7.4. Transport equations with linear source term. 


We consider the Cauchy problem for the general linear equation 
(Au); + (Bu)e = fiu + f2, (7.14) 


with initial condition (7.2). A generalized solution of this problem is natu- 
rally defined as a generalized solution of the problem (7.1), (7.2) with source 
function f = fiu + f2. In accordance with the condition (7.4), we assume 
that fi = Agi and f2 = Age. For the sake of simplicity, we suppose that 
uo € L®(R, du) and g1,g2 € L®(II, dm). The main result concerning the 
problem (7.14), (7.2) is formulated as follows. 


Theorem 14. There exists a unique generalized solution of the prob- 
lem (1.14), (7.2). 


PROOF. Let ui = ui(t,x) be a generalized solution of the problem 
(Au) (Bu); — fu w(0,2) =0. (7.15) 


By Theorem 10 and Remark 5, this generalized solution exists and is bounded 
in any layer ILr. Taking into account Remark 5 again, we see that there 
exists a generalized solution ug = u»(t,x) of the problem 


(Au) + (Bu), = foe "^,  u(0,x) = uo(x). 


By Theorem 10 and Corollary 6, the locally bounded function u = uze" 
is a generalized solution of the problem (7.1), (7.2) with initial data uo(x) 
and source function uze”! fı + foe “te = fiu + fo, ie, u = u(t,x) isa 
generalized solution of the problem (7.14), (7.2). 

'To prove the uniqueness of this generalized solution, we consider two 
generalized solutions uj = wi(t,x), ua = ua(t,x) and set ü = u(t, £) — 
us(t,r). Then à is a generalized solution of the homogeneous problem 
(Au), + (Bu); = fiu, u(0,x) = 0. Let u be a generalized solution of the 
problem (7.15). Then u is locally bounded, and, by Theorem 10 and Corol- 
lary 6, the product te” is a generalized solution of the problem (7.1), (7.2) 
with zero initial data and the source e ^" fiù — üe " fı = 0. By uniqueness, 
we conclude that this solution is trivial, i.e., Au; = Au» a.e. on II. 














We give one application of the above results to the system of Keyfitz- 
Kranzer type with a linear tangential source term 


ut + (e(|u])u)s = S(t,x)u, u-u(t,z) € R”, (7.16) 
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where S(t,x) is a skew-symmetric n x n-matrix with bounded measurable 
components. In particular, the Euclidean norm 


l.S (t, )|| < C = const a.e. on II. (7.17) 
We consider the Cauchy problem for the system (7.16) with initial condition 
u(0, x) = uo(x) € L” (R, R”). (7.18) 


The notion of a strong generalized entropy solution of (7.16), (7.18) is de- 
fined similarly to the homogeneous case. Namely, the strong generalized 
entropy solution of (7.16), (7.18) is a vector u = u(t, x) € L& (II, R”) satis- 
fying (7.16) in the sense of distributions, and the conditions (2.4), (2.5). 


Theorem 15. There exists a unique strong generalized entropy solu- 
tion of the problem (7.16), (7.18). 


PROOF. Let r = r(t, x) be a unique generalized entropy solution of the 
scalar problem (2.4). Then the coefficients A = r, B = f(r) = ry(|r|) satisfy 
all our assumptions (see Remark 1). We consider the Cauchy problem for 
the linear system of transport equations 


(Av): + (Bv), = ASv (7.19) 


with initial data 


v(0, 2) = vo(z) = 


uo(x)/ro(x), ro(x) > 0, 
0, ro(x) — 0. 


Let us show that this problem admits a unique generalized solution v — 
v(t,z) € X, where X is a Banach space of vector-valued functions v such 
that e-?C*y € L®(I) with the norm [||v||x = ||e~?C*v||.., where C is the 
constant from the estimate (7.17). It is obvious that a generalized solution 
of the problem (7.19), (7.20) is a fixed point of the mapping F : X — X, 
defined by the requirement that v = F(w) is a generalized solution of the 
Cauchy problem for the system 


(Av), + (Bv); = ASw (7.21) 


with initial data (7.20). Since this problem is decoupled into n independent 
scalar problems like (7.1), (7.2), there exists a unique generalized solution 
v = v(t,2) of this problem and it is bounded in any layer Ir, T > 0 (see 
Theorem 10 and Remark 5). As we show later, v € X and the mapping F 
is well defined. 


We prove that F is a contraction. Suppose that w1,w2 € X and 
vı = F(ui), v2 = F(w2). Then v = vı — v2 is a generalized solution of (7.21) 


(7.20) 
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with zero initial data and w = w — w2. By the renormalization property, 
n 
from Theorem 10 it follows that |v|? = 5 v? is a generalized solution of 
i=1 
the scalar problem (7.1), (7.2) with zero initial data and source function 
n 


f=2A 5 Sijwj;vi = 2A(Sw,v). By (7.10) and the bound |(Sw,v)| < 
ij-1 


||S|| - |u| - |w| < Clo] - |w], for almost all t > 0 we have 


t 
IIo? llo < ?c f letre : [jwtr, llo dr 
0 


co * lle? "wr, loe dr. 


t 
< 2c f e°rJe-?rv(7,.) 
0 


—2Ct 


By the above inequality, for M(t) — ||e v|lr»(n,) we derive 


t 
] 
(M(t))? < 20e |w| x M(t) f erar < 3M(Olwlix; 
0 
which implies that v = vı — vo € X and 


1 
vi — vallx € =||w1ı — w2ļ| x- (7.22) 
2 


If we apply this estimate to wj = w € X, w2 = 0 and take into account 
that v = F(0) € L*(II) C X (as a generalized solution of the homo- 
geneous problem) we find v = F(w) = (vı — v3) + v € X. By (7.22), 
F is a contraction of X. By the Banach theorem, there exists a unique 
fixed point v € X of F, i.e., the problem (7.19), (7.20) has a unique gen- 
eralized solution v = v(t,x). Using again the renormalization property 
from Theorem 10, we find that |v|? is a generalized solution of (7.1), (7.2) 
with initial data |vo|? and source function 2A(Sv,v) = 0. By the identity 
A(0, z)|vo(z)|? = A(0, x) and Theorem 2, A(t, z)|v(t, x)|? = A(t, x) = r(t, x) 
a.e. on II, which implies r?|v|? = r?, i.e., |u| =r € L?*(IT) for u = rv. Since 
Av = u, Bv = q(r)rv = q(|u]))u, and ASv = Srv = Su, we see that 
us t (o(|u|)u)s = Su in D'(II, R”) and the vector u = u(t, x) satisfies (7.16) 
in the sense of distributions. By construction, r — |u| satisfies the con- 
dition (2.4). Finally, the initial condition (2.5) holds, which easily follows 
from Corollary 2 (obviously, the assertion of this corollary remains true for 
generalized solutions of nonhomogeneous problems, see Remark 6). Thus, 
u(t,x) is a strong generalized entropy solution of (7.16), (7.18). To prove 
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the uniqueness of this solution, we only need to repeat arguments from the 


corresponding part of the proof of Theorem 4. 
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Irreducible Chapman-Enskog Projections 
and Navier-Stokes Approximations 


Evgenii Radkevich 


Moscow State University 
Moscow, Russia 


Problems of Navier-Stokes approximations of kinetic equations are studied in 
terms of irreducible Chapman-Enskog projections. Properties of the Chapman- 
Enskog projection for the Cauchy problem for moment approximations of kinetic 
equations and, in particular, the Boltzmann equation and the Boltzmann-Peierls 
equation are described. The existence conditions for Chapman-Enskog projec- 
tions are formulated in terms of the solvability of the Riccati matrix equations for 
which necessary and sufficient existence conditions are obtained. Bibliography: 
25 titles. 


1. Introduction 


In this paper, we consider mathematical aspects arising in the study of the 
system of conservation laws with relaxation [4] 


Ou + Oz f (u,v) = 0, (1.1) 
Qv + Oxg(u, v) + b(u)v = 0, 
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where r c R^", u € Rs, v € R, d = de + d+, b is the relaxation 
d+ x d+-matrix, f(u,v) and g(u,v) are flow de x d-matrix and d+ x d- 
matrix respectively, and de is the number of conservative variables. 

The initial goal was to treat the so-called ultraviolet catastrophe (see, 
for example, [2], [9]), which turned out to be a banal mathematical fact 
caused by “bad” uniform polynomial approximations of internal layer func- 
tions (kink type solutions). However, the analysis of the instability of post- 
Navier-Stokes approximations for moment approximations of kinetic equa- 
tions highlights rigid structural singularities of moment approximations (in 
general, hyperbolic systems with relaxation [4, 18]). This effect is con- 
nected with “basic” dynamics of the processes under consideration at large 
times and the role of conservative and nonequillibrium variables. 


The leading part of the system (1.1) is nonstrictly hyperbolic in the 
sense of the following definition. 


Definition 1.1. We say that (1.1) is a nonstrictly hyperbolic system 
if the characteristic matrix 


d fulu,v) folu, v) 
TE+E ( ai Uy AT) ) (1.2) 


has only real roots T = 7;(€,u,v), j = 1,...,n, where E is the identity 
matrix. 


The nonstrict hyperbolicity condition is satisfied if the system (1.1) is 
simmetrizable (see [8]). 

Let U = (u(t), v(t)) be a homogeneous solution to (1.1) depending only 
on t. Then some dependent variables are conservative, i.e., u = ug = const. 


Definition 1.2. We say that (1.1) is a system with relaxation if the 
origin is an asymptotically stable equilibrium point of the system of ordinary 
differential equations 

dvlt) + b(t, uo) v(t) = 0 


relative to the nonequillibrium variables v(t). 


For an example of a system with relaxation we can take moment sys- 
tems of kinetic equations, which is the simplest hyperbolic regularization of 
the Euler isentropic gas dynamics model [19]. In particular, moment ap- 
proximations of the Boltzmann kinetic equation describing nonequillibrium 
processes in hydrodynamics, the Fokker—Planck equation describing dynam- 
ics of Brownian particles, the Boltzmann-Peierls equation describing heat 
transfer processes in crystals can be regarded as systems with relaxation. 
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As in problems with viscosity, the system (1.1) regularizes discontin- 
uous solutions to the locally equilibrium limit 


ru + Oxf (u, 0) = 0. 


But, unlike the viscous regularization, sufficiently small discontinuities are 
removed in this case. 


The difficulties arising in the study of nonequillibrium processes are 
mostly caused by the behavior of nonequillibrium variables v at large times. 
Comparing exact solutions to the Cauchy problem for kinetic equations with 
their moment approximations, we see that for a reasonably small residue a 
large number of nonequilibrium variables is required. However, a number 
of boundary conditions, that could be reasonable from the physical point of 
view, is not sufficient for worthy formulations of boundary-value problems. 
Therefore, it is necessary to understand how the initial and boundary condi- 
tions should be interpreted. 


The Chapman-Enskog conjecture [3] reads: for well-posed models in 
continuum mechanics the influence of higher order moments is inessential. 
We do not list different versions of the notion of “well-posedness” from the 
physical point of view, but discuss the expression “the influence of higher 
order moments is inessential.” Following Chapman and Enskog, this means 
the following. 


1. Projection. Nonequilibrium variables are expressed in terms of con- 
servative variables, i.e., there exist an operator correspondence 


v = Icngns(u) (1.3) 

such that the system of projections 
dw + ðs f (w,Ilongns(w)) — 0, wg — w? (1.4) 
into the phase space of conservative variables remains in the class of hyper- 


bolic systems with relaxation. 


2. Separation of dynamics. There is an operator connecting the initial 
data of the original system with those of the system of projections 


w? = r(u9, v?) (1.5) 
in such a way that special solutions Ucngns = (w, Icnrns(w)) to the Cauchy 
problem for (1.1) determined by solutions to the Cauchy problem (1.4), 
(1.5) form an attracting invariant manifold (the definition can be found, for 
example, in [1, 6]. 
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In other words, the dynamics of the process must be divided into the 
dynamics in the phase space of conservative variables and the (inessential) 
dynamics in the phase space of all variables (u,v) corresponding to the 
attracting invariant set of special solutions. 


3. Irreducible projections. Projections that are not representable as 
the composition of projections must correspond to the basic (characteristic) 
dynamics of the simulated process. Moreover, if relations for relaxation 
times are different (i.e., the so-called time relaxation ranges are different, 
see [3, 18]), then the corresponding attracting invariant manifolds are also 
different. 


As we will show below, the phase space of irreducible projections can 
contain not only conservative variables, but also the so-called consolidated 
variables, i.e., variables of the phase space of an irreducible Chapman- 
Enskog Projection. 


To understand the nature of the Chapman-Enskog projections, we 
consider, following [3] (see also [4]), a regular asymptotics of the solution 
to the system (1.1) with rigid relaxation and small parameter € > 0. For 
this purpose, we consider the system 


u + Oz f(u, v) = 0, 
iu + O,g(u, v) + TO = 0, 


where £ = 1/Kn, Kn is the Knudsen number. For the sake of simplicity, 
we assume that the matrix b(u) is invertible for all u € R%. Then 


u=Upteurt..., v-—0-ce&wv -c..., 
where v = —b~!(u9)0zg(uo, 0). Formally, we obtain the following equation 
for uo: 

ruo + Oy f (uo, —€ b^! (up) Oxg(uo, 0)) = 0. 
The system 


Ou + Oy f(u, —e b! (u)Ozg(u, 0)) = 0, 


v = —b !(u)O,g(u,0) ou 


is called the Navier-Stokes approximation of (1.1). It is easy to see that 
the stability condition for the linearizations of (1.1) on constants can be 
expressed as follows: the system (1.6) is parabolic and the linearizations of 
(1.6) are stable on constants. However, as was observed in [2], the lineariza- 
tions of the so-called post-Navier-Stokes approximations on constants (e°, 
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e8,...) are unstable. We emphasize that this happens in spite of the sta- 


bility of the linearizations of the original system (1.1) on constants. This 
phenomenon is referred to as the ultraviolet catastrophe. 


What is a reason of this phenomenon? Whether the conjecture of the 
existence of a projection to the phase space of conservative variables fails 
or the Navier-Stokes approximations are not sufficiently well justified? 


2. Linear Analysis 


We describe properties of the Chapman-Enskog projection (1.4) by consid- 
ering a simple example. 


2.1. Boltzmann-Peierls kinetic equation. 


We begin with the simplest phonon gas model [16]. As is known, under the 
assumption that interatomic potentials in crystals are harmonic, vibrations 
of atoms around the equilibrium state can be represented as eigenvibrations 
or eigenmodes. Then N atoms determine 3N eigenmodes with frequencies 
Ws, s = 1,...,3N,. The energy of each mode is given by the relation 
es = (n, + 1/2)hws, ns = 0,1,2,..., where A is the Planck constant and 
ns is the number of s-modes of the energy quantum Aws. Based on the 
classical specific heat theory for dielectric solids, Peierls [16] suggested to 
use the phonon nature for describing heat transfer processes in crystals. 
Within the framework of this approach, we say that there are n, phonons 
with energy ws. The phonons behave themselves as particles subject to 
the Bose statistics. Using a representation of eigenmodes, Peierls showed 
that waves with neighboring wave vectors in the volume [k,k + Ak] can 
be represented as wave packets localized in the space volume |x, x + A x] 
such that |Ak |ó z| = 27. Such a packet contains a number of phonons with 
energy fw(k). hw(k). The function w(k), called a dispersion relation, is, in 
general, nonisotropic and depends on the crystal structure and interatomic 
interaction. Even in the case of the simplest lattices, it is not easy to 
compute w(k). Therefore, the isotropic dispersion relation w = c|k| from 
the Debye phonon model [5]) is often used for calculations; here 


3 

3 1 

a> le kl? = kt + k3 + k3, 
a=1 @ 
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and o denotes three wave modes: one longitudinal and two transverse waves 
propagating with velocities c4. As is known, wave packets propagate with 
group velocity 0w/O0k. The same is true for the corresponding phonons. 
Based on these facts, Peierls conjectured that nonequillibrium variables of 
crystals can be described by analogy with the kinetic theory of gases. The 
state space for phonons is determined by the moment of a phonon hk, its 
position z, t in space and time, and phase density f(x,t, k), which deter- 
mines the number of phonons in a neighborhood of x and k at the moment 
of time t. The time-wise dynamics of gas density is determined by the 
Boltzmann-Peierls kinetic equation 


8f + akw On, f = S(f). 


The collision operator S(f) takes account of collisions between phonons, 
between phonons and lattice defects, and between phonons and crystal 
edges. We recall that there are two different mechanisms of phonon in- 
teraction that contribute to the collision operator: the N- and R-processes 
with which two basic dynamics of heat transfer processes in crystals are 
associated. Both processes conserve energy, while the normal process also 
conserves the moment. The corresponding contributions to S are denoted 
by Sn(f) and Sr(f). In this notation, we can write 


S(f) = Sw(f) + Sr(f), 
J esse f wk) Su ndi = o 


J nsu -o, 
where it may occur 
n hwkjSr(f)dk #0. 


Consequently, e and p; are conservative variables in the N-process, whereas 
only e, generally speaking, is a conservative variable in the R-process. 

The distribution of phonon energy and its flux is described by the 
relations 


e(a, t) a] ħw(k)f(x,t,k) dk, 
Q;(r,t)— | hw(k)O,,w(k) f (z, t, k) dk = c?p;. 


HIgher order moments are introduced in a similar way as in the kinetic 
theory of gases. 
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2.2. Moment approximations of 
the Boltzmann-Peierls kinetic equation. 


Numerical investigations of the phonon model and their comparison with 
experiment [16, 5] show that hyperbolic systems with relaxation written 
in terms of systems of moments of the Boltzmann-Peierls kinetic equation 
serve as a perfect tool for describing heat transfer in crystals. In partic- 
ular, the number of nonequilibrium variables (the number of equations in 
the moment approximation) required to obtain a satisfactory description of 
experimental data was given in [5]: at least forty equations are required in 
the one-dimensional case. 


However, as was mentioned above, the incorporation of higher order 
moments with no direct physical interpretation gives rise to the problem of 
choosing the initial and boundary data. The Chapman-Enskog approach 
allows us to remain within the framework of initial and boundary data only 
for basic variables because the crucial point of this method is to find an 
operator dependence of nonequilibrium variables on consolidated variables 
of an irreducible projection 


We will show that for moment approximations of phonon gas model 
there are only two irreducible projections: to the phase space of the conser- 
vative variable e and to the phase space of the variables (e.p). Thus, for the 
Cauchy problem for the 3-moment system of phonon gas (one-dimensional 
case) we have (see [5, 15]) 


O, e + Opp = 0, 
1 
ip + 0104€ + Or N + —p = 0, (2.1) 
TR 
1 1 1 
ON + a20,p + — = 0, —_ > — 
TNR TNR TR 


with only one conservative variable e for a diffusion process. 


'To pass from the wave process to a diffusion process, we need to study 
the existence conditions for a diffusion Chapman-Enskog projection p — 
q(0.)e, N = n(0,)e, L/TNR = 1/TR+1/Tw to the phase space of conservative 
variable e. Here, 7g > 0 is the relaxation time of the R-normal process and 
TN > 0 is the relaxation time of the N-normal process, a, = c?/3, a2 = 
4c?/(15), c is the Debye sound velocity [15], u and q are pseudodifferential 
operators of at most zero order. 
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2.3. Chapman-Enskog projection. 


'To confirm the appearance of the ultraviolet catastrophe, we consider reg- 
ular asymptotics for the Chapman-Enskog projection of the system (2.1) 
with rigid relaxation at large times: 


Oe + Opp = 0, 
11 
ip + 0104€ + 0, N + — —p = 0, (2.2) 
€ TR 
1 1 
aN + a20,p + — —— N — 0, 
€ TNR 


where £ > 0 is a small parameter. We look for a Chapman-Enskog projec- 
tion in the form 


p = q(£0;) = € qı (Or)e + &"ax(8s)e * ..., (2.3) 
N = N(&0,)e pı (Ore + e?ua(8,)e +... . 


Substituting (2.3) into (2.2) and equating terms at the same powers of e, 
we obtain 


qı = —TRO10;, 


q3 = —TN RÔ H2 + Ong? = — (TN nTRO201 + 0174)O;. 
which imply the so-called Navier-Stokes approximation 
Qe = erg0302e 
and post-Navier-Stokes approximation 
Ope = ergo 02e + e? (TH gTRO203 + o272)02e 
of the Boltzmann-Peierls kinetic equation. The first approximation is stable 


and the second approximation is unstable, whereas the system of moments 
(2.1) is stable. The dispersion equation of the system (2.2) 


D3 = r(r-—_) (- 2) -€ (la + a2)T — a4 : ) 


TNR TR TNR 





= Pp —in Pi — y2P2 = 0, (2.4) 
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where 


P) = wu? — (oi + a2)é), 





F 
P =u a P Py =w; 
TNR t TR 

1 1 1 
— RN 
TNR TR TNRTR 


satisfies the following conditions for the stability of hyperbolic pencils [22, 
23]: 
(1) Po, Pi, and Pz are hyperbolic, 


(2) the roots of neighboring polynomials of the pencil are strictly sep- 
arated. 


Such a situation is often observed in quantum mechanics and statistical 
physics. It is clear that we should take sufficiently many terms in (2.3). 
However, the main question is: How many? 


The study of the regular expansion 
e=egtéeeit+..., p=emt+..., N=epit..., 


shows (see [15]), that the first terms in (2.3) can be collected into the 
following groups: 


p. = Orqn(—€7O2)ec, N = O24n-1(-€7 Oz )ee, (2.5) 


where qw and uy are the Taylor series of the symbols q(—02) and ju(—0?) are 
pseudodifferential operators of order —2 and 0 respectively. Thus, “quanti- 
zation” can be observed: the order of moment + the order of Chapman- 
Enskog projection. We show that (2.5) is realized. 


We formally construct a Chapman-Enskog projection in the linear 
case. Consider the linear system of n equations 
Ou + Ad,u+ Bu = 0, (2.6) 
where A and B are matrices with constant entries such that b;; — 0, i — 
lecce J = becam t= i] = heca Me and Mme LS- ms m, 
is the number of conservative variables. We look for a projection to m 
equations (m > me) in the form 


u= Pue. (2.7) 


The variables of projection ue = (u1,...,Um,0,...,0)7 including the con- 
servative variables or coinciding with conservative variables are said to be 
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consolidated. The matrix corresponding to the operator P has the form 


Pa Pig 
P= ; 2.8 
( Pa P M 
where Pi; = Em is the identity matrix of order m, P55 = 05. is the zero 
quadratic matrix of order n— m. Let the matrix of the operator A = Ai£-- B 


have the form 
Ai Ate 
A= 2.9 
E Ao» ) d 


where Aj; have the same size as the matrices P;;. Since P is a projection, 
P? = P and 


PÓu, + APÓ,u, + BPu, = 0, (2.10) 
Pu, + PAPO,u, + PBPu, = 0. (2.11) 





Subtracting (2.11) from (2.10), we find 
(E — P)(A0, + B)Pu, = 0. (2.12) 
We denote by II the Fourier image of P. Then (2.12) can be written in 
terms of Fourier images as follows: 
(E — ID AI, = 0, (2.13) 
i.e., Alve € Ker(E — II). Representing v € Ker(E —1I) as v? = (vL, vL. m), 


m?) “n-m 


vy € R*, we obtain the equality v, ,, = Ilg1vm. Hence we arrive at the 
system 


Mə: (A11 + A121I21) = A21 + Az?II21, (2.14) 


which completely determines the projection P. 

A situation is interesting from the physical point of view if it is pos- 
sible to pass from the system (2.14) with solutions depending on complex 
parameter € to a system of the same form, but with real-valued solutions 
depending on |£|?. In such a case, the system under consideration remains 
in the class of hyperbolic first order systems with relaxation. Below we 
discuss an algorithm allowing such a passage. 


Definition 2.1. A function 
1 0,4 R 
d(a) — i » T # ur € Is, 
0, «ER, 


where i? = —1, is called a recognizing function. 
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Let Ioi = (1E) Det) eat sieve n—m, l=1,....m> and let Ast = (ar). Then 
for mii € Za we obtain the following quantization system over Zo: 


mi  d(aj) + mgt = daze), 


k=1,...,n—m, j=1,...,n—m, l=1,...,m, t=1,...,m 
d(ags) + mse = d(akt), (2.15) 
K=1,...,.n-—m, s— l,...,m—m, t=1,...,m, 


mag + d(agt) = d(akt); 


k—luon-m;qg-l;;.m,ti-1,4.m. 


The quantization system (2.15) is solvable only if a recognizing func- 
tion is defined for all entries À of the matrix A. Thus, the necessary condition 
for the solvability of the quantization system (2.15) can be formulated as 
follows. 


Condition 2.1. ajjb;j = 0 for all i, j, where A and B are the matrices 
of the system (2.6). 


Proposition 2.1. If the system (2.6) admits projections to m! equa- 
tions and to m? equations, k < mt, k < m?, then mi, = m5, for all j, 
i.e., the solution to the quantization system (2.15) yields the same values 
for mj. 

Proposition 2.2. Let the system (2.6) admit projections to one equa- 
tion and to m equations, 1 < k < m. If uy = (i£)"*pyui in the case of 
the projection to one equation, then mj, = Mji + xp in the case of the 
projection to m equations. 


In the case of the projection to one equation, under some additional 
restrictions, we can formulate the necessary and sufficient solvability condi- 
tions for the system (2.15). 

Proposition 2.3. In the case of the projection to one equation, which 
corresponds to the system (2.14) with Ai. = ai. 4 0, aj! # 0 for all j, 
the quantization system (2.15) is solvable if and only if the following two 
conditions hold: 

Vk : al? 4 0: d(a}?) + d(a2!) + d(a41) = 0(mod 2), (2.16) 
Vj, k : ace #0: d(a27) + d(a2.) + d(a?) + d(a31) = 0(mod 2). (2.17) 


PROOF. In this case, the quantization system (2.15) contains the equal- 


ity mj1 + d(a11) = d(a$!), which yields an expression for m. 
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Lemma 2.1. In the case of the projection to one equation, the quan- 
tization system (2.15) with a11 Æ 0, aj! #0 for all j is solvable if and only 
if a22d(a22) = 0 for all k. 


We note that the system (2.15) is overdetermined and for the solvabil- 
ity of (2.15) it is necessary to impose certain conditions on A and B. 


Now, we reduce the matrix equation to the block form. Equation 
(2.14) determines invariant subspaces that are smooth with respect to |£|?. 
We find the corresponding canonical form of the system (2.6). 


Lemma 2.2. Let an invertible matriz S be divided into blocks Sij, 
i,j = 1,2, where S11 and S22 are quadratic matrices. Suppose that FS = 
SF = E and the matrix F is divided into blocks of the same size. If Si, = E, 
then the matriz Fz is invertible. 


PROOF. Assume the contrary. Since FS = E, we have 
Fo, + P5585, = 0. (2.18) 


Since Fə is not invertible, there is a row h Æ 0 such that hF = 0. Taking 
into account (2.18), we get hF21 = 0. But, in this case, the last rows of 
the matrix F are linearly dependent: there is a row v such that v Æ 0 and 
vF = 0. Consequently, the matrix F is not invertible. However, F is the 
inverse of S, and we arrive at a contradiction. 














Theorem 2.1. If the matrix A is divided into blocks Ajj, i, j, — 1,2, 
then the quadratic matrix equation 


Py Ai2P31 — A22P31 + P2141 — Aoi —0 (2.19) 
is solvable if and only if there exists a matriz S satisfying the following three 
conditions: 

(1) S is invertible, 
(2) Su = E, 
(3) (STIA S)21 = 0. 
PROOF. Assume that there exists a matrix S satisfying conditions (1)— 
(3) and introduce the notation F = S71. Then 


Fy, + F535531 = 0, 
Fo) (Aii + A12921) + Foo(Ao1 + A228921) = 0. 
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Expressing P5, from the first equation and substituting the expression ob- 
tained into the second equation, we find 


Fo5(—S21(Ai1 + Ai2S21)) + F22(^21 + A228521) = 0. 
Since the matrix S satisfies the assumptions of Lemma 2.2, we have 
(—S21(A1i + A12521)) + (A21 + ^22821) = 0, 
i.e., S21 satisfies (2.19). 


Assume that (2.19) is solvable and set S1; = E, S12 = 0, S21 = Pai, 
S59 = E. It is easy to check that there exists the inverse matrix S^! = 
2E -— S. 


The constructed matrix S satisfies conditions (1) and (2). Computing 
(STHA $)21, we find 


(S 1A S); = Foi (Aaa + A128921) + F22(A21 + A22821) 
= (—P31)(Aii + Ai2P21) + (A21 + A22P51) = 0 


since P5, is a solution to (2.19). Thus, condition (3) is also satisfied. 

















'Thus, the existence of a Chapman-Enskog projection is equivalent to 
the reduction of the system to the block form, which allows us to separate 
dynamics. 


2.4. Examples of moment approximations 
for Boltzmann-Peierls equation. 


2.4.1. Projections of three equations to one equation. Making the 
change of variables (t,x) —  (t,x)/rwm, we reduce (2.1) to the case of a 
single parameter q = TN n/7TR < 1: 
re + Ó,p = 0, (2.20) 
Op + arre + ON + qp — 0, 
ON + a30,p + N = 0. 


By definition, 


0 i£ 0 
A—| od£ q i£ |. (2.21) 
0 agit 1 


Then 
= aie _ ( org _({ a 9 
Aui =0, Ai = ( i$ 0 ) , An = 0 , Ag = 1 ` 


agi 
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In this case, the quantization system has a unique solution 
miy=1, ma, =Q. 
The system (2.14) takes the form 
Epi + qpi +p2 oa = 0, 
E? pipz — A2€"pi + pa = 0. 
We set Q = £?p, and Y = €*p. Then 
(Q--qgQ--Y-o£, (Q+1)Y = aQ. 
Consequently, the equation 
(Q+1)(Q+q)Q +€ ((a2 - 01)Q + a1) =0 (2.22) 


has a real-valued monotone decreasing solution, smooth with respect to £?, 
such that Q(0) = 0 and Q(Jg) > - —22 
Q1 T 











as |£| — oo if and only if 
2 





q> aı/(a@ı + Q2). (2.23) 
Using the transformation (e, p, N)! = S(é,p, N )', we reduce the sys- 
tem (2.1) to the block form 
Ove — QE + 0,p = 0, 
&i$ — (Q 4- a) -- AN — 0, (2.24) 
O,N + (az — p3)8,8 + Ñ = 0. 
'The projection equation takes the form 
OAw-Quwu=0 (2.25) 
and 
McheEns = 1, 0, 0)w], 
where w is a solution to the Cauchy problem for (2.25). A solution to the 
Cauchy problem for (2.24) can be represented as U = U; + U2, where U; = 
(1,0,0)' wi € McChEns, w1 is a solution to the Cauchy problem for (2.25) 
with initial condition wi |, o eg U? eng NO)! = S (&, S NUT. 
Ū is a solution to the Cauchy problem for (2.24) with initial condition 
U2|,-o us (0,0 N°)". 
Now, we construct a corrector Ucor € Mcnens such that 


|(U =Ur= Ucor)(t, -)||z2 0g) = o(| (Us + Ucor)(t, -)||z2 Ry). (2.26) 
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Then UChEns = U1 + Ucor € MChEns is the projection of U to the invariant 
manifold Mcnrns determined by (2.25) with initial condition 


wlt=0 = r(e’, p’, N°) = e? T Gari 


We note that the solution Q(|£|?) to the equation for the generating func- 
tion is connected with a purely imaginary root w(|€|?) = —iQ(|£|?) of the 
dispersion equation 
D3(w, €?) = iw (iw + 1)(iv + q) + €7((a2 + a1)iw + 01) 
= (w + iQ)[(iw +q + Q)(iw +1) + (a2 — p3)£?] 20, (2.27) 


where the second factor coincides with the dispersion polynomial of the 
system consisting of the last two equations in (2.24) whose roots w? and wb 
are of boundary-layer type and are conjugate, i.e., iw, = —iWz. Let Rj be 
the corresponding eigenvectors. Then a solution to the Cauchy problem for 
the system 


Op + ôN + (q+ Q(- A) = 0, 
&N + (a2 — p2)Orp + Ñ — 0, 
Pliz = P, N|,-o = N° 


can be written in terms of Fourier images as follows: 


(p, N N)T = C4(£)f(£) ein t + Oo (£) Ra(£) ein t, 


The first component of the solution Uz is written as 


EEE) -f* (C (£) Ras (Ee? + Co(£) Ra 1 (Ee? eM) dr 
0 


t 


= e «e [OL e) (E) feller ated + 


0 
t 


+R fe i(wi +4Q([EI?)) 7 " ar 


0 


= eQélDtietos (e) (e) | eint 9 el) taugr 


og 
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+ C»(£) Ro, (£) en +iQ( |€|?) 7 dr] 


oo 


" ce ig [cs (e), (e) f eHO rar 


t 
oo 


+ OE) Raa (E) | enne T ar}. 


t 


Hence 





cor 


oo 
a. =e (oR (y poem €?) 7 qz 
0 


+ Ca(£) Ra (£) ei(witiQ(|El?)) 7 dr]. 


ocg 


Furthermore, (2.26) holds provided the following integrals are finite: 


f eeann 2 f emm fu 
0 0 


which is true in our case since Im wj + Q > 0 for all € Z 0. 


2.4.2. Projection of (e, p) to the phase space. We consider the pro- 
jection of (e, p) to the phase space. We have 


0 ië (0 
hi ( eo, : AT (e) 


IIj; = (pi, p2), A21 = (0,i£02), A22 = (1) 
We obtain the following system for X = £?pi(|£|?) and Q = £?ps(|£|?): 
X(Q+1) + o3£?Q — 0, 
Q(Q - 1— g) + ar€? — X — 0. 
Then 
Q(Q 1 — Q(Q +1) +E (o + 02)Q + a2) =0. 
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A smooth real-valued monotone decreasing solution to this equation such 
a eee f 
that Q(0) = 0 and Q(|é|2) > ———*— as |£| — oo exists if and only if 
Q3 + ag 


a 
1—q> : 





——— > (1< : 2.28 
O1 T 02 E Q1 T 02 ( ) 


Hence we obtain the inequality opposite to (2.23). The solution Q is con- 
nected with a boundary-layer purely imaginary root w(|£|?) = i(1+ Q(|£|?)) 
of the dispersion equation (2.27). In this case, making the change of vari- 
ables (6,9, N)! = S-! (e, p, N)', we can write the system (2.1) as follows: 
d€ + ôP — Q(—Aje = 0, 
AP + (or + ms + (a - Q(—A))P + ON = 0, 
aÑ + (1+ Q(-A))N =0. 


We have Mcnrns = {(€,p,0,0)', where (6,9)! is a solution to the Cauchy 
problem for the system 











&€ + 0,8 — Q(- A)e = 0, m 
dP + (aa + pi)Ozxe + (q - Q(-A))p = 0. , 


As above, the solution U to the Cauchy problem for (2.4.2) can be repre- 
sented as the sum th + Us, where Ü, € Mcnens is the solution to the 
Cauchy problem for (2.4.2) with initial condition U|,-o = (£9, 99,0)" and 
Üz = Ucor + U3, Toor € Montrs, 


IE = Ü, = cor) (t, Jl r2 (n) = o(|\(O1 + UE :)l r2 (2); t> oo. 


Consequently, the projection of the solution to the Cauchy problem for 
(2.4.2) to the invariant manifold M cChnEns is the vector-valued function 


UcnhEns = Ui F Ucor € M chEns 


determined as the solution to the Cauchy problem for (2.4.2) with initial 
condition Ucnenslt=0 = 7 (e8, p9, N°) = (e? + Por $9 + Por 0)" 


2.5. Diffusion and boundary-layer type 
Chapman-Enskog projections. 

By the above arguments, we obtain the following assertion. 
Proposition 2.4. For 
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there exists a smooth bounded branch Q(|£|?) of a root of the equation 


Q(Q - Q)(Q -- 1) +E ((a1 + o2)Q +a) =0 (2.31) 
stabilizing at infinity as |£| — oo and satisfying the conditions Q(0) = 0 and 
Q'(0) £0. 


From Proposition 2.4 we obtain the following assertion. 





Theorem 2.2. For 
ay 
> naa 2.32 
B diee em (2.32) 


there exists a diffusion type Chapman-Enskog projection 


of the system (2.1) to the phase space of conservative variable e. The Cauchy 
problem for the projection equations (the quotient equation of the Chapman- 
Enskog projection) has the form 


O,w(t, x) — Q(-02)w(t, x) = 0, w| io = w(x) (2.34) 


and is stable in view of the properties of the generating function Q. 


Thus, using the Chapman-Enskog projection, we remain within the 
framework of hyperbolic systems with relaxation. 

The graph of the generating function Q(|€|?) = |€|?pi(\€|?) is pre- 
sented in Fig. 1. The function Q(|£|?) stabilizes to the constant Q(oo) — 
—o1/(o41 + a2) as || — oo and has a clearly expressed interior layer with 
abrupt drop of the profile. Such functions are called kinks. 


Let us write (2.34) in the form 
O,w(t, x) = 02p4 (—02)w(t, x) (2.35) 


Remark 2.1. 1. Functions Q and p; are not well approximated by the 
first terms of the Taylor expansion at the origin in the uniform norm. There- 
fore, there are no satisfactory approximations of solutions even for regular 
asymptotics. This situation is similar to the well-known Gibbs phenomenon 
concerning the nonuniform convergence of partial sums of the Fourier series 
in a neighborhood of a discontinuity point. 


2. The coefficient p;(—02) in (2.35) plays the role of the operator 
diffusion coefficient. The behavior of the solution to the Cauchy problem 
for (2.35) at large times is the same as in the case of the Cauchy problem 
for a parabolic equation. The question on separating dynamics has positive 
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FIGURE 1 


answer in the L?-norm over the cut-sections t = const, which justifies the 
Navier-Stokes approximation at large times. 


3. Making the change Q(|£|?) = iw(|£|?), we transform (2.22) to the 
dispersion polynomial (2.27), and the existence of a generating function Q is 
equivalent to the existence of a branch, smooth in |£|?, of a purely imaginary 
root w(|£|?) of the dispersion equation of diffusion type (2.22), i.e., w(0) = 0 
and w'(0) £0. 


For the inequality opposite to (2.32) the projection has the form 
N = m(-82)e + O,pa(—02)p. (2.36) 


Proposition 2.5. In the parameter range (2.28), there exists a real- 
valued smooth bounded Q(|£|?) branch of a root of the equation 


Q(Q -- 1— q)(Q -- 1) -- €((a1 +. a2)Q + a2) = 0 (2.37) 


stabilizing that stabilizes at infinity, Q(|£|?) > —a2/(ai + a2) as |£| — oo, 
and satisfying the conditions Q(0) = 0 and Q'(0) £0. 


Theorem 2.3. For 





q< (2.38) 


ay + 03 
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there exists a Chapman-Enskog projection of the second sound velocity of the 
system (2.1) to the phase space of (e,p). The system of projection equations 


Ope + Opp = 0, 
1 (2.39) 


Op + (o1 + p1)0se + = 


= Q)p =0 
is a hyperbolic pseudodifferential first order system with relaxation. 


Thus, in this case, we also remain in the class of hyperbolic systems 
with relaxation. 

Indeed, by properties of the generating function Y, the system (2.39) 
is a hyperbolic pseudodifferential first order system with relaxation. The 
corresponding dispersion equation 





Dorens = w(w — ilq — Y)) — (a1  o)£&? =0 (2.40) 
determines a stable hyperbolic pencil provided that 
eitm&^)»0, q- QUE) »0 vil > 0. (2.41) 


The second condition in (2.41) holds because the generating function Q is 
nonnegative. Since Q is monotone, p; monotonnically increases to the limit 
values p? = o» and pı(0) = 0. Thus, pı is a positive kink-like function, 
and the first inequality in (2.41) is obviously satisfied. 
Making the change U = SV, V = (Vi, V2, V3)! , we reduce the system 
(2.1) to the block form 
OV, + ôs V2 = 0, 
3V2 + (o1 + p1)0z Va + (q — Q)Va + ôs V3 = 0, (2.42) 
Vs + (1 — Q)V3 = 0. 


A solution to the Cauchy problem for (2.42) has the form 
V = Wi + Wvo, 


where W, belongs to the invariant manifold McChEns of solutions to the 
Cauchy problem for (2.42) with initial condition W? = (V,V2,0)', v? = 
S^! U?, and Wz is the solution to the Cauchy problem for (2.42) with initial 
condition W = (0,0, V2)". 


From the Duhamel principle, in terms of Fourier images, we can write 


(W3)s Z e 0-9 Ve, 
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nes t 
(Go) =f (eii (t7 Cy (7) Ry + e 7D 05 (7) Ra) dr 


(W3)2 
0 
= 7 e "ATO (T) dr + etm, f e 27 C »(r) dr 
0 0 


oo 


—— J (etC (T)Rı + gien(t-7) O (7)R2)dr, 


t 


where Rj are eigenvectors of the roots w; of the dispersion equation (2.40) 
of the system 


C4 (T) + C2(T) Re = (0, —i£ e 0-9) 1s 
Consequently, the projection of the solution V to the manifold Mcngns is 
represented as the sum 
VohEns = Vi F Voor 
where Voor is the solution to the Cauchy problem for (2.42) with 


oo oo 


V9.); = Ra | e-**C,(7) dr + Ryo | e*""Cs(7) dr, j2 1,2, 
J J J 
0 0 





(Veor)3 = 0. 


We say that the roots w1, wo, w3 = i(1— Q) of the dispersion equation (2.27) 
satisfy the gap condition if Im w3 > Im wj, j = 1,2, for all |£| > 0. For the 
polynomial (2.27) this condition is satisfied. This means the separation of 
dynamics in this case. 

The origin of the term “second sound velocity” could be explained as 
follows. One of the roots of the dispersion equation r(7? — (a1 +a2)) = 0 of 
the leading part of the system (2.1) determines the characteristic velocity 
Jay + a2 < c which is less than the sound velocity in the Debye phonon 
model. We note that the characteristic velocity of the quotient system 
satisfies the relation 


ay t a(|é|/?) < Var + ag VIE| < oo, 


and approaches to the second sound velocity only at high frequencies. 
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2.6. Chapman-Enskog projection and 
Schródinger Approximation 


Following [25], we consider the following extension of the Maxwell system 
(see [12]): 


ud — rot U — BV o — «oU, 
at (2.43) 
Op _ 
ae 
where a, a1, B, Yo, ^1 are constants. The system (2.43) possesses a number 
of remarkable properties. 

We first discuss how the extended hyperbolic Maxwell system (2.43) 
is connected with basic equations in quantum mechanics. Setting o4 = 0, 
B — 0, and yo = 0 in (2.43), we obtain the Maxwell system 


ioi div U — yp, 


um — rot U — f, 


ot 
div U —^p. 
Indeed, introduce the notation a = ,/Ep/c, 
U= Ui =+ iU2, 
where U, = /eE and U2 = FH, 
f= fir tis; 
4m . 4n : 
where fi = e VE jm and f2 = VE Jes 
P= Pı + ipa, 
Ar 4m : : ” 
where p; = —= pe and p2 = —= pm. Then we obtain a “symmetrized 
€ 


Maxwell system which differs from the classical one by the presence of the 
“magnetic” charge pm introduced by Dirac and the “magnetic” flow jm 
introduced by Schwinger. 


If yo = o4 = 0, we have the system 


OU 
ia— =rot U — d p— 
Wa TO PEU p= (2.44) 
div U = 5p. 
Applying div to the first equation in (2.44), we obtain the nonhomogeneous 
Schródinger equation 


iad; div +5 A div U +div f=0. 
1 
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Je 
= ^ and div f = 0, we obtain the so-called free Schrodinger 





1 
Setting m = 5 
equation 
h2 
ih ð; div U + — Adiv U — 0. 
2m 
Thus, div U coincides in limit with the wave Schrodinger function. 


The system (2.44) has the same number of equations as the Dirac 
system, but these systems are not equivalent. We show that the former sys- 
tem is closely connected with the Schrödinger equation, namely, the latter 
appears as the limit of such systems. Depending on the ratio yo /71, we intro- 
duce approximations, called Schródinger approximations, which are similar 
to Navier-Stokes approximations. We use the method of regular asymptotic 
expansions. Consider two cases. 


CASE 1. yo = l/e, € «& 1, yı = O(1). For the longitudinal wave in 
the first approximation, from the first equation in (2.43) we find 
div U = —eB Ap. (2.45) 
From the second equation in (2.43) it follows that 
airo + EB +710 — 0. (2.46) 
As we can see, the system (2.45), (2.46), called a Schródinger approximation, 
is similar to a Navier-Stokes approximation [15, 21]. 
CASE 2. yı = l/e, e «& 1, yo = O(1). From the second equation in 
(2.43) we find 
ediv U = %10. (2.47) 
From the first equation for div U in the first approximation we obtain 
07510, div U + eBAdiv U — yọ71 div U = 0. (2.48) 
In this case, the system (2.47), (2.48) is the Schrödinger approximation. 


In the case ayyo — ayı # 0, two projections are possible: to one 
equation and to three equations. Making the change (o,U)! = S(r,V)!, 
we can consider both cases. Note that the blocks of F AS satisfy the relations 


(FAS); = Aii + A12S21, 


In the case of the projection to one equation, we have 
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Qı o1 Q1 [221 

(ep ip & — £2 
a a a a 

dus (2.49) 

B 62 & (yo & 
a a a 

Bs & à & im 
a a a a 


Therefore, setting 


S21 = (i£i Ri, iĉ2R2, i£s R3)", 
3 
Q = ~ia A128521 = 3 GR; 


j=1 


and using the above formulas, we find 


(FAS) = N 


o1 


_ iyo , rR & | Kiik 8 Vieh 





Q O1 a O1 Q [221 
" . . 2 . 
(FAS)g = Bs) à i&i&2R2 iJo n 165 R2 & 4 i£2€3 R2 
Q O1 Q O1 Q [221 


& | iüfsHs SIS SE 


a Q1 Q Q1 a ay 
From (2.19) it follows that 
aQ?’ — (oy — a170)Q — a blé? = 0. (2.50) 


Thus, if we have the projection to one equation, the system (2.43) can be 
written as 





ia,O,r = div V + (Q(—A) — 1)", (2.51) 
ia &V = rot V — 49V + BN, (2.52) 
1 
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where the Fourier image of Bı has the form 


R 0 0 
0 R O0 |E. (2.53) 
0 0 Rs 


In the new variables, the invariant manifold Mcnens determined by 
the Chapman-Enskog projection is written as M cngss = (1,0,0,0)' r(z, t), 
where r(z,t) is the solution to the Cauchy problem for the equation 

io10,r = (Q(—A) —»i)r (2.54) 
with initial condition ri|, , — r?, (99, U?) = S(r9, V°). 

The second invariant manifold M is determined by the Cauchy prob- 
lem for the system (2.51), (2.52) with initial condition V|,zo = V9, rzo = 
0. The direct sum of these manifolds coincides with the phase space of 
variables (V, r). 

We recall the dispersion equation of the system (2.43): 


D, = ((aw — W)? — |£?) ((aw — y) (aiw = 51) = BIE?) =0. — (2.55) 


In the case of real coefficients a, o1, B, Yo, y1, the second factor in (2.55) 
does not have multiple roots, i.e., 


(aiy + 1)? — 4aaı (7170 — LIEI) = (a1 — oi)? + 4aaı B|£? > 0 


if a4yo — ayı # 0. The factors in (2.55) have a common root for |£| such 








that 
2 
-B'e DE-A) -Eer 
=+\e(2-2)+ (2- Jig - o 
i.e., 





B-B- 


Consequently, for 8 = o4, you — Y1Q # 0 the factors in (2.55) have no 
common roots. 


The dispersion equation of the system (2.51), (2.52) has the form 
ayy -—aQ 
Ds = ((aw ~ 90)? — |g?) (w- SBS). 
QO'1 
We represent the solution to the system (2.51), (2.52) in the form 
(r, V) B (r1,0) + (r2, V2), 
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where rı is the solution to the Cauchy problem for (2.54) with initial con- 
dition r1|s-0 = r° and (ra, V2) is the solution to the Cauchy problem for 
(2.51), (2.52) with initial condition r2|+=0 = 0, V|izo = V°. By the Duhamel 
principle, 
t 
Mei ; Q(—-A) 
ro(a, t) zi etar (7) qi ur (t-7) (div V)|;—. dr. 
0 





In the case of the projection to three equations, we set 
S21 = (i£ P1, i2 P5, ifs P3), 


: 3 
ia 
Q= ndn = X S5. 
j=l 
Further, we replace columns of the matrix A with its rows in the way cor- 
responding to transfer of o to the last position. Then 


yo P BE? Py & " ip&jGoP,  &2 à 13€1€3 P3 


a a a a a a 
(FAS) = EM iB&&2 P, Nm iBE Po & iB&26a P3 
a a a a a a 


t2 " aeaP — 6$ » ip&2G3Po io " ibt? Ps 


a a a a a a 

(FAS)22 = «of = a 

a Q1 
and the equation for Q’ takes the form 
alé? — (ay — e130)Q' — 018Q" = 0, 
which implies 
NI 
Q 


In accordance with the above calculations, we transform the system (2.43) 
to the form 


Q' 


iaQV — rot V +8 V r — 99V +8 B3V, (2.56) 
io10,r = B Q'(-A)r—^r; (2.57) 
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the Fourier image of B» is written as 


P 0 0 
&T| 0 R 0 |. (2.58) 
0 0 B 


Since (U, o)! = S(V,r)! , we have 
M ChEns = {(1,0, 0,0)" Vi F (0; 1, 0,0)" Vo t (0, 0, 1,0)" V3}, 
where V = (V4, V2, V3)! is the solution to the Cauchy problem 


ia V = rotV —yV + 8 BoV, (2.59) 
V|izo = V”, 
(U9, 0°) = S(V9,r?). A solution to the Cauchy problem for the system 
(2.56), (2.57) with initial data (V°,r°)' can be represented in the form 


(Wr) = (Vv, o)T $ Vv, vO, V, ra), 


where V( is the solution to the Cauchy problem for (2.59) and (V2, r2) 
is the solution to the Cauchy problem for the system 2.56, 2.57 with initial 
condition V (2|, = 0, r|;zo = r°. Thus, we obtain M. 
The direct sum of M and Mcngss is the entire phase space of variables 
(V,r). By the Duhamel principle, 
t 
yo (t,x) = J W (t,x; T) dr, 
0 
where W(t, x; T) is the solution to the Cauchy problem for the system (2.59) 
with t T with initial condition W(t, x; T)h=7 = V rẹi=7- 


Thus, if ayı — ai7yo # 0 is an invariant manifold of solutions to the 
Cauchy problem for (2.43) which are generated at large times by the solution 
to the Schrédinger equation (with respect to density o or div U of potential 
solutions). 


For the critical value qer = Yo/71 = a/a1 we have 41a — o4yo = 0 and 
a dispersion equation of the form 


Dy = (0w = 70)? = EP) (Cw)? - SÉ) =0. — Q0 


Thus, we find only wave type roots 


Yo 1 Yo B 
=e 6h eS ea IE 
a a a aai 
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and the passage at large times to the Schrödinger approximation is impos- 
sible. Bifurcation of roots at the critical value qer is expressed by passing a 
boundary-layer root and a diffusion type root of the second factor in (2.60) 
to two wave type roots. In this case, the generating functions have the form 


2, 88 rey [e 2 
Q(é?) = — lel Q'(eP) Vad a 


which leads, as in the phonon gas model, to singularities of the coefficients 
of the projection lə; at |£| = 0. 


Remark 2.2. The question concerning separating dynamics for the 
system (2.43) is more delicate and is not discussed here. 


3. Existence of Chapman-Enskog Projections. 
Necessary and Sufficient Conditions 


'This section is devoted to the solvability conditions for the Riccati matrix 
equation 


Pa A12 P1 — Ao2P21 + P3341 — Aoi = 0 (3.1) 


arising in the study of the Chapman-Enskog projection (see [15, 17, 24]) for 
the Cauchy problem and the mixed problem for moment approximations of 
kinetic equations. Here, P»; is a complex-valued (n — m) x m-matrix, A11 € 
Mq (C); Ag € My m,m(C); Aye € Minjn—m(C), Ago € Mn—mn—m(C), 
n > m, Mi, (C) is a complex-valued l x s-matrix. 

The solvability of the Riccati equation (3.1) is a rather complicated 
question (see, for example, [7]). Even in the case of simple problems con- 
sidered below, it is required to generalize some well-known results. 


Let a matrix P be a solution to the projection problem formulated 
in terms of Fourier images, i.e., let P consist of four blocks Pj; such that 
Py = E, Pig = 0, Poo = 0, and Pz; satisfies (3.1). Our study is based on 
the following assertion. 


Lemma 3.1. A matrix P is a solution to the projection problem if 
and only if 


(E— P)AP — 0, (3.2) 


where E is the identity matrix. 
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PROOF. We compute explicitly the product (E — P)A P. Since the first 
m rows of the matrix (E — P) are zero, the first m rows of the product 
(E — P)A P axe also zero. Since the last n — m columns of the matrix P are 
zero, the last n — m columns of the product (E — P)A P are also zero. For 
((E — P)A P)o1 we have 


(LE — P)A P) 
= (E — P)u (Aii Pii + AP) + (E — P)22(Ao1Pi1 + A22 P21) 
= —Py N11 — Py Aig Pi + Aoi + A22 P21 = 0, 


where the last equality holds in view of (3.1). Thus, (E — P)AP = 0. 
Consequently, the relation (3.2) is a necessary and sufficient condition for 
the solvability of the Riccati matrix equation (3.1). 














3.1. Solvability of matrix equations. 


It is very surprised that for such a classical object as a matrix equation there 
is no complete theory yet! This fact was also remarked in [7]. To a single 
reference on this topic indicated in [7], we can add only two references: [11] 
and [20]. 

Here, we obtain necessary and sufficient conditions for the solvability 
of a general matrix equation of the form (3.1). Thereby we generalize the 
corresponding results of the above-mentioned papers. Since our goal is 
to study Chapman-Enskog projections, we are interested in the case of a 
singular matrix A15, i.e., det A12 = 0. This case was not considered in [7] 
and [11]. 

To give a geometric interpretation, we introduce, following [7], two 
algebraic manifolds, denoted by € and S. The manifold € is the set of 
all second order equations (3.1) over matrices of second order. It consists 
of pairs (B, Q) and coincides with the 8-dimensional affine space C8. The 
manifold S consists of triples (X, B, Q), where X isa solution. It is nonlinear 
and belongs to C!?. Our goal is to describe, under the natural projection 
S — E, the layers over different points or, equivalently, to find a number 
of solutions to a scalar quadratic equation. In a general position, there 
are exactly six preimages of the projection $ — €. However, there are 
points without preimages and, at the same time, there are points with 
infinitely many preimages. For an example we will consider the case, where 
a preimage is a cone. It is natural to try to work out an algorithm for 
determining a number of solutions to a given equation. For a scalar equation 
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such an algorithm is simple: there exists a unique solution provided that 
the discriminant vanishes and there exist two solution otherwise. 


Example 3.1 (see [7]). We consider the quadratic matrix equation 
X?4+BX+Q=0, B,QE Mo2(C). (3.3) 


'To illustrate the unusual character of this classical object, we consider two 
special cases of (3.3). 
a 


1. A matrix ( 
c 


the equation 


) with ad — bc = 0 and a + d = 0 is a solution to 


X? — Q. 


There are infinitely many such matrices, and they form a two-dimensional 
cone in C*. 


2. 'There are no solutions to the equation 


> fd 
GF 


since a matrix has only the zero eigenvalue if the squared matrix possesses 
this property, i.e., X is nilpotent and the squared nilpotent matrix of second 
order vanishes. 


Obviously, both cases are extraordinary. So, the question arises: What 
should be understood as a general position? In the scalar case, the system 
(3.3) consists of four second order equations. By the Bezout theorem, there 
are 24 = 16 solutions in the general position. 


Conjecture 3.1 (see [7]). The matrix equation (3.3) can have a finite 
number of solutions, from 0 to 6, or infinitely many solutions forming a two- 
dimensional cone or a two-dimensional hyperboloid. 


3.1.1. Necessary conditions. 


Proposition 3.1. Let a matrix P31 be a solution to the Riccati equa- 


tion (3.1), and let X = A P, where P = Pu P 
Pa P 
trix of order n, Pi, is the identity matriz of order m, and Pis, P22 are zero 


matrices. Them X is a solution to the quadratic matriz equation 


) is a quadratic ma- 


X*—AX-0. (3.4) 
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Multiplying (3.2) from the left by A and making the change of variables 
X = AP, we obtain (3.4). Thus, the question about the solvability of (3.1) 
is reduced to the case of the system consisting of two equations in (3.4) and 
the equation X — A P. 


Lemma 3.2. Let det (A) £0, and let hi,...,hn be a Jordan basis for 
a matriz X, a solution to Equation (3.4). Then there exists K > 0 such 
that hi,...,hg are a part of a Jordan basis for the matriz A with preserving 
the adjunction order (i.e. if hj is such that Xh; = Ah; - hj 1, then Ah; = 
Ahj+hj-1) and hr4i,...,hn are the eigenvectors corresponding to the zero 
eigenvalue. 


PROOF. Let v be an eigenvector of the unknown matrix X correspond- 
ing to an eigenvalue A. Multiplying (3.4) from the right by v, we find 
A?v — AA v = 0, which implies det (A? E — AA) = 0 since v Æ 0. But, in this 
case, only an eigenvalue of the matrix A or zero can be an eigenvalue of the 
matrix X. Moreover, if A Z 0, from the equation for v it follows that v is an 
eignevector of the matrix A corresponding to the same eigenvalue. If \ = 0, 
then v is arbitrary. 

We show that the matrix .X cannot have Jordan cells of order more 
than 1 corresponding to the zero eigenvalue. Let vı be the adjoined eigen- 
vector corresponding to the zero eigenvalue. Then 


Xv = Avi +v — v. 
Multiplying (3.4) from the right by vı, we find 

Xv—Av=—Av=0, 
ie., v € Ker(A). However, det (A) Z 0 by assumption, and we obtain a 
contradiction. 

Let vi be the first adjoined eigenvector corresponding to a nonzero 
eigenvalue A of the matrix X, ie, Xv = Avi + v, Xv = Av. Then 
Mv, 4-2A v — AA v4 — Av = 0, which implies Av; = Av, + v, i.e., v1 is 
also the first adjoined eigenvector of the matrix A. Similarly, if vj is the 


kth adjoined eigenvector corresponding to an eigenvalue A of the matrix X, 
then the same true for vz relative to the matrix A. 














Definition 3.1. Let A and B be quadratic matrices of the same size, 
and let A be their common eigenvalule. We say that the matrices A and B 
are consistent with respect to A up to k if there exists a bijection ® from 
the set of Jordan cells of the matrix A corresponding to A into the set of 
Jordan cells of the matrix B corresponding to the same A such that 
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1) with an A order cell of the matrix A corresponds to a cell of the 
matrix B of order at least h — k, 


2) if v1, ..., Un is the Jordan chain of length h corresponding to the cell 


K,(A) of the matrix A and w1,...,wr, is the Jordan chain corresponding 
to the cell of order L of the matrix B which is the image of A),(A) under 
the mapping ®, then «4 = v1,...,Wp—k = Un—k- 


Lemma 3.3. Let X be a solution to (3.4). If A = 0 is a common 
eigenvalue of the matrices X and A, then the matrices X and A are consis- 
tent up to 1 with respect to A. 


PROOF. We subsequently consider several variants. Let vo be the eigen- 
vector of the matrix .X corresponding to the Jordan cell of order 1. Then 
the equation for vo implies that vo is arbitrary. Let vı is the first adjoined 
eigenvector of the matrix X corresponding to the eigenvector vo and the 
zero eigenvalue. Multiplying (3.4) from the right by vi, we find 


X?^u -AXv =0, Xvp — Avg — 0, 


which means that vo is an eigenvector of the matrix A corresponding to the 
zero eigenvalue. Further, if vo, ... , vy. ,2 are a part of the Jordan chain of the 
matrix X such that Xv; = vj. 1 (ie., vj correspond to the zero eigenvalue), 
then, multiplying (3.4) from the right by vk+2, we find Xv, — A vy44 = 0, 
which means that vo,...,Up41 are a part of the Jordan chain of the matrix 
A; moreover, A vo = 0 and A vj = vj.., for all j > 0. 














As a consequence, we obtain the following assertion. 


Lemma 3.4. Let det (A) 4 0. If P», is a solution to (3.1), then the 
corresponding matriz X satisfies the following conditions: 


(1) X has exactly n — m zero eigenvalues with corresponding eigenvectors 
ej, j >m, where ej, j > m, are basis vectors with 1 at the jth position, 

(2) every nonzero eigenvalue of X is an eigenvalue of A, 

(3) if hj is an eigenvector of X corresponding to an eigenvalue A, then it 
is an eigenvector of A and Ah; = Ah, 

(4) if hj is an adjoined eigenvector of X , then it is also an adjoined eigen- 
vector of A, and the adjunction order is preserved. 


Lemma 3.5. If the matrix equation (3.1) is solvable, then there exist 
two solutions X1 and X» to the corresponding matrix quadratic equation 


(3.4) such that 
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Xie; =0 Vj >m; 
e; X2=e7A VYj=1,...,m, (3.5) 
A Xa = XA. 


PRoorF. If Pəı is a solution to (3.1), then the corresponding matrix 
P generates two solutions X1 = A P and Xə = PA. Indeed if Pi» is a 
solution to (3.1), then P satisfies (3.2). Multiplying (3.2) from the left by 
A, we see that X1 = AP is a solution to (3.4). Multiplying (3.2) from 
the right by A, we see that Xo = P A is a solution to (3.4). The first and 
second equations in (3.5) follow from the structure of the matrix P. Further, 
XiA— APA — A Xo. 














As a consequence, we obtain the following assertion. 


Proposition 3.2. Let det (A) Z 0. If a solution to (3.1) exists, then 
it can be represented in the form P3, = (A7 1X)a, where the matriz X 
satisfies conditions (1)-(4) of Lemma 3.4. Moreover, since there are finitely 
many matrices satisfying these conditions, the solution (if it exists) to (3.1) 
can be found by enumeration of finitely many variants. 


By Proposition 3.1, if (3.1) has a solution, then the corresponding 
matrix X — AP is a solution to (3.4). Furthermore, since the last n — 
m columns of the matrix P are zero, the basis vectors ej, j > m, sat- 


isfy the condition Xe; — 0. Since for any column (P); of the matrix 
P and j € m we have X(P); # 0 (since det (A) # 0) and the vectors 
(P)i,..-,(P)m, @m+i;-+-+;€n form a basis, we conclude that codim (Ker(X)) = 


m. By Lemma 3.5, we can describe all matrices X corresponding to the so- 
lution P3 to the matrix equation (3.1). 


3.1.2. Sufficient conditions. Using Lemmas 3.4 and 3.5, we can con- 
struct all solutions to the Riccati matrix equation (3.1) with an arbitrary 
matrix A. We describe the corresponding algorithm. 


STEP I. 1. Based on the coefficients of the matrix equation (3.1), we 
construct an equation of the form (3.4). 


2. We solve (3.4) by using the algorithm described in Lemma 3.4 and 
obtain a finite number of classes of solutions X. It is convenient to consider 
only the classes such that Xe; = 0, j = m-F1,...,n, because the remaining 
classes do not correspond to any solution to the original problem in view of 
Lemma 3.5. 
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STEP II. 1. For each of the obtained classes we solve the linear matrix 
equation X — A P with respect to P and obtain a finite (possibly, empty) 
set of classes of solutions P. If this set is empty, the matrix equation (3.1) 
has no solutions. 


2. Among the obtained classes of solutions P we select the classes 
satisfying the conditions 


ej P = eF Vj—1l,..,m, Pe;j-0 Vjom-dl...,n. 


If none of the classes P satisfies these conditions, then the matrix equation 
(3.1) has no solutions. 


3. With each of the selected classes of solutions P we associate a class 
of submatrices P5; (we deal with classes of solutions since the Jordan basis 
for the matrix X can contain arbitrary vectors). The union of all such 
parameter classes is the set of all solutions to the matrix equation (3.1). 


Lemma 3.6. Let det (A) Z 0, and let X be a solution to the ma- 
trix equation (3.4). Suppose that K > 0, the matrix X has Jordan basis 
hi,..., ha, vectors hi,..., hy are a part of a Jordan basis for the matrix A 
with preserving the adjunction order, and hg+1,...,hn are regarded as the 
eigenvectors corresponding to the zero eigenvalue with the Jordan cell of or- 
der 1.. Then hm4i = €m+1;--+, hy = ên implies Xe; =0, j =M+1,...,n. 


PROOF. Let M be the matrix with columns hj, and let J(X) be the 
Jordan form of the matrix X. Then X = MJ(X)M7~!. Substituting this 
expression for X into (3.4), we can write the left-hand side in the form 
MJ*(X)M-1—A MJ(X)M-. Let f(v) = (MJ?(X)M-1—A MJ(X)M-)v. 
Note that f(v) is a linear function. Furthermore, f(h;) = 0 for all j = 
1,...,n. Thus, MJ?(X)M-! -AMJ(X)M-! 20, ie, X = MJ(X)M^! 
is a solution to the matrix equation (3.4). 














Theorem 3.1. Let det A Z 0. Then the matrix equation (3.1) is 
solvable if there exist two solutions X1, Xə to the corresponding quadratic 
matrix equation (3.4) such that 

Xi1ej =0 Vj»m, 
eT X» = eTA Vj =1,...,m, (3.6) 
A X3 = X44. 


PROOF. Assume that there exist two solutions X4 and X2 to the matrix 
equation (3.4) satisfying (3.6). We set P = A~!X,. From the first equation 
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in (3.6) it follows that 
u Pı 0 
da ( Pa 0 ) f 
From the second and third equations in (3.6) it follows that 
& P = eJ ATX = el X3A = ej 3 el ym, 


ie, Pj; = E. Therefore, Pj; = (A^1Xi)ai is a solution to the matrix 
equation (3.1). 














3.1.3. Two examples from |7]. ExAMPLE 1. We consider the following 
special case of the Riccati matrix equation (3.1): 


5 - (3 a: (3:7) 


Then the matrix A has the form 


A= 


O O O O 
O O O OQO 
ooorF 
eo Ho 


Using the above algorithm and Lemma 3.4, we can show that all the eigen- 
values of the matrix X are zero. Moreover, since the Jordan form of the 
matrix A consists of two Jordan cells of order 2, we can find the following 
classes of solutions X to the corresponding quadratic matrix equation (3.4). 


1. The Jordan form of X consists of four cells of order 1. Then X = 0, 
and the Jordan basis is arbitrary. 


2. The Jordan form of X consists of two cells of order 1 and one cell 
of order 2. Then either the eigenvector e; or the eigenvector ez corresponds 
to the cell of order 2. 


3. The Jordan form of X consists of two cells of order 2. Then e; and 
e2 are eigenvectors in the Jordan basis. 


4. The Jordan form of X consists of one cell of order 3 and one cell of 
order 1. Then either the eigenvector e; and the first adjoined eigenvector 
e3 or the eigenvector ez and the first adjoined eigenvector e4 correspond to 
the Jordan cell of order 3. 


5. The Jordan form of X cannot consist of one cell of order 4 in view 
of Lemma 3.4,(3). 
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According In view of Lemma 3.5, for our purpose it suffices to consider 
only those classes for which Xe3 = 0 and Xe4 = 0, i.e., e3 and e4 are 
eigenvectors of the matrix X. Since eg and e4 are not eigenvectors of the 
matrix A, they correspond to the Jordan cells of order 1 by Lemma 3.4, i.e., 
the matrix X has at least two cells of order 1. Thus, it suffices to consider 
only cases 1 and 2. In case 2, we find two different classes of solutions: 


X = 


oooo 
ooog 
D O ST 
© O O 


X= 


oonp o 
Qe oO 
O O G 
coocc 


where a ¥ 0 is an arbitrary parameter. In case 1, we have one class of a 
single solution Xo = 0. 


Using the above algorithm, for every class we find a set of matrices P 
such that X; — A Pj. We have 


0 0 0 0 
Pir Pi2 P13 Pia 


P = ph pr), P393 Pda for class Xo 
^ 0 0 0 0 (pi; arbitrary) 
0 0 0 0 

0 0 0 0 
0 0 0 0 

Bp 0a 00 +P) for class Xi, 
0 0 0 0 
0 0 0 0 
0 0 0 0 

P, = 0000 + Po for class Xə. 
a 0 0 0 


Further, from the conditions eT P = BI. e? P = e Pes = 0, and Pe, = 0 
we find the coefficients p?;. Hence only the classes 
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1000 
0100 
P-loooo] 
0000 
1000 
0100 
A=) 4G wo 0 | 
0 0 0 0 
I 000 
0100 
m=) 9 000 
a 0 0 0 


correspond to a solution to (3.7). This means that all the solutions to (3.7) 
are quadratic matrices of one of the following forms: 


P = 0, 


moreover, in the last two cases, a Æ 0 is arbitrary, i.e., Equation (3.7) has 
infinitely many solutions. 


EXAMPLE 2. We consider the following special case of the Riccati 


matrix equation (3.1): 
0 1 
5 - (5 a: (3.8) 


Then the matrix A has the form 


A= 


ooo 


0 
0 
1 


oor 
ooroe 


0 0 0 


As in Example 1, all the eigenvalues of the matrix A are zero, but, in this 
case, the Jordan form of the matrix A consists of one cell of order 4: e; — 0, 
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€3 — €1, €2 — €3, €4 — eg. As in Example 1, all the eigenvalues of the 
matrix solution X to the corresponding equation (3.4) are zero. Further- 
more, it suffices to look for only those matrices X for which Xea = 0 and 
Xe, = 0. However, since ea and e4 are not eigenvectors of the matrix A, 
they correspond to Jordan cells of order 1 in view of Lemma 3.4. Thus, with 
the solution to the matrix equation (3.8) only two classes can be associated. 


1. Xo — 0. 

2. The Jordan form of X consists of one cell of order 2 with which 
the eigenvector ei is associated and two cells of order 1 with which the 
eigenvalues e3 and e4 are associated. Furthermore, the matrix X has the 
form 


Xi 


ll 
Sooo 
ooog 
oooo 
eoooo 


where a Æ 0 is an arbitrary parameter. 


According to the above algorithm, for the obtained classes we must 
solve the matrix equations X; — A Pj. We find 


pii pio pis pia 
P= 0 0 0 0 for class Xo 
n 0 0 0 0 (p; arbitrary) 
0 0 0 0 
0 0 0 0 
0 0 0 0 
Py = 0 a0 0 + P for class X4. 
0 0 0 0 


The next step of algorithm is the verification of the conditions eT P = 
el, e? P = ES. Pea = 0, Pe, = 0. However, for both matrices Py and P4 
we have eZ P; = 0. Thus, none of the above-selected classes satisfies these 
conditions. Consequently, the matrix equation (3.8) has no solutions. The 
further results on the solvability conditions for the matrix equation (3.1) 
were obtained by my former student Palin [14]. 
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3.2. Solvability of quantization system. 


To discuss results concerning the quantization system (2.15), we need to 
introduce some definitions and notation. 


Definition 3.2. Two columns (A), and (A); of the matrix A are 
connected if there exists s such that a;ías; # 0. Similarly, two rows [A], 
and [A]; are connected if there exists s such that azsais 4 0. 


Definition 3.3. The sth distance between connected columns (A), 
an (A), is defined by the formula 


dist; (CA), (A)1) = d(ask) + d(as.)(mod 2), AskQsl Æ 0. 
The sth distance between rows is defined in a similar way. 


Definition 3.4. If dist,,((A)x, (A)1) = dists,((A)x, (A)z) for all s1, s2, 
As;k4s,1 £0, j = 1,2, then o((A)x, (A)1) = dists, ((A)x, (A)z) is the distance 
between connected columns (A), and (A);. The distance between connected 
rows is defined in a similar way. 


Definition 3.5. 1. A path is a sequence a of columns (rows) such 
that a) and a4+ are connected for all j. The length of path is defined 
by the formula 


n—1 
(a, ...,a™) = V oa, a*+9)(mod 2). 
k=1 


2. If two any paths Sı and S2 connecting columns (rows) a and b have 
the same length, then o(a, b) = (S1) is the distance between a and b. 


Definition 3.6. A set of columns (rows) M is a connection component 
if for any a, b € M there exists a path S connecting a and b and for any S 
there exists a path connecting a € M and b € M. 


Definition 3.7. 1. The size of a connection component is the number, 
diminished by 1, of elements of the maximal path without cycles which starts 
in this component. 


2. The horisontal connection #(A) is the sum of sizes of all connected 
components of a matrix A. The vertical connection #[A] is defined in a 
similar way. 


3. The columns (rows) labeled by k and l are connected in the system 
of matrices A and B if they are connected in at least one of these matrices. 
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Definition 3.8. Let columns labeled by k and l are connected in A 
and B, and let o((A)x,(A):) = o((B)x, (B)1). Then the distance between 
the matrices A and B is consistent. 


For the consistency distance we can introduce the distance between 
rows (columns) of a system of matrices. 


Definition 3.9. 1. A connection matrix component u for the problem 
(2.14) is a set of pairs (i, j) such that for all (i, j), (k,l) € u the rows i and 
k are connected in the system of matrices A1; and A45, the columns j and 
l are connected in the system of matrices A1» and A25. 


2. The problem (2.14) is nondegenerate if (det (A11))? + (det (A22))? > 
0 for every € > 0, and esentially nondegenerate if for any connection matrix 
component j there are i and j such that 


(1) (4,3) € p, 
(2) aj #0, 
(3) there exists s such that (i, s) € u, (a22)? + (ati)? > 0. 


st 


3.2.1. Necessary conditions. We prove two assertions concerning the 
necessary existence conditions for the quantization system (2.15). 


Theorem 3.2. Let the quantization system (2.15) for the nondegen- 
erate problem (2.14) has a solution. Then it is possible to introduce the dis- 
tance between the columns of the system of matrices A15, A22 and between 
rows of the system of matrices A11, A12. Moreover, if mij is a solution to 
the quantization system (2.15), then the following equalities hold: 





Mik = Mix + 0((422)i, (A22)5), (3.9) 
Mij = Mik + e([Aui];; [Ari]e), (3.10) 
Mik = Mjk + O((A12)i, (412);), (3.11) 
Mij = Mik + O([A12];, [412]x). (3.12) 


PRoor. We begin by proving that the it is possible to introduce the 
consistent distance. We consider only the case of columns since the proof 
for rows is the same. 


Assume the contrary, i.e., it is impossible to introduce the distance 
between columns of the system of matrices A12, A22. Then three cases can 
happen. 
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CASE 1. It is impossible to introduce the distance between columns of 
the matrix A15. Then there are i, j, k, and | such that 
d(aj;) + d(ał) 2 0, 
d(a&5) + d(a;7) = 1. 
But (2.15) implies mr; + d(a} 2) + mjs = Mri + d(al2) + mis. Hence mj, = 
mis. Similarly, Mrk + d(a) + Mjs = Mrk + d(al?) + mis, which implies 
Mjs +1 = mis. Thus, mis = mj, = mjs +1, which is impossible. 
CASE 2. It is impossible to introduce the distance between columns 
of the matrix Ag2. Then there are i, j, k, and | such that 
d(a;?) + d(ai?) = 0, 
d(az5) + d(a22) = 1. 
But from the second equation in (2.15) we find d(a77) - mj, = d(a77) mis; 


which implies mj, = mjs. Similarly, d(a5;) + mjs = d(a22) + mis, which 
implies mj, + 1 = mis. Thus, mis = mjs = Mjs + 1, which is impossible. 


CASE 3. The distance is not consistent for the matrices A1» and Ago. 
Then there are i, j, k, and l such that 


d(aj;) + d(al?) = 0, 
d(a5) + d(a??) a 1. 


From (2.15) we find m,;+d(a} 2) +My. = = mr; + d(al2) +mis, which implies 
mjs = Ms. On the other hand. from the Mes equation in (2.15) it 
follows that d(a55) + mjs = d(az?) + mis, which implies mj, + 1 = mis. 
Thus, Mis = mjs = mjs + 1, which is impossible. 

Thus, in each of the above cases, the quantization system (2.15) for 
the problem (2.14) has no solutions. However, by the assumptions of the 
theorem, there exists a solution to the quantization system. Consequently, 
none of the above cases is possible, and the distance can be defined between 
columns of the system of matrices A15, Ago. 

We prove that (3.9)-(3.12) hold. Assume that the columns in the 
Ss Aə labeled by i and j are connected. Then there is s such that 

a2,02; 7- 0, and from (2. I we find d(a27) + mix = d(a2;) + mjx, which 
implies mj, = d(a27) + d(a27) + mjx = o((A22)i, (A22); yf mr. Hence 
(3.9) holds. Let (Ag2);, (Aa be two columns in the same connection 
component (i.e., the distance between them can be defined). Then there 
is a path a,...,a() connecting these columns, i.e., a) = (455); and 
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a = (Ag2);. For any two neighboring columns of this path the equality 
(3.9) is valid. Further, summarizing all such equalities and using the fact 
that the distance is additive in Z2, we conclude that (3.9) holds. 











'The remaining equalities are proved in a similar way. 





Theorem 3.3. Let the quantization system (2.15) for the nondegen- 
erate problem (2.14) has a solution. Then for any connection matrix com- 
ponent p. and all (i, j), (k,l) € u 

Mji + Mik = e([Aui, Ai3]i; [Ai1, A12]k) F o( (A12, A22)5, (A12, A22)1). 
(3.13) 


PROOF. Note that the assumptions of Theorem 3.2 hold and, conse- 
quently, the equalities (3.9)-(3.12) are valid. Since the distance for the 
corresponding pairs of matrices is consistent, we have 


o((A22)i, (422)5) = &((A12)i (A12)5) = o((A12, A22)i, (A12, 422)5); 
e([A12];, [412]7) = eA] [411]5) = elli, Aili [4115 412];): 
Using (3.9) and (3.10), we find 
mj; = mii + 0((422); (A22)0), 
Mik = my + e([Aui]i [A11)i)- 


Summarizing both equalities and taking into account the consistency of 
distance, we obtain the required assertion. 














3.2.2. Sufficient conditions. We prove two assertions concerning the suf- 
ficient solvability conditions for the quantization system. 


Theorem 3.4. Suppose that the problem (2.14) is nondegenerate, 
there exist i and j such that a; # 0, and #(Aj2, ÀAz2) = n — m — 1, 
#|A11, A12] = m — 1. Let the assumptions of Theorem 3.3 be satisfied. Then 
the quantization system (2.15) of the problem (2.14) has a unique solution. 


PROOF. From the conditions on the horizontal and vertical connection 
of the corresponding systems of columns and rows it follows that there is 
the distance between any two columns (rows) of the system of matrices A12, 
A2» (A11, A12). Since the problem (2.14) is nondegenerate, we have either 
det (A11) Æ 0 or det (A22) Æ 0. For the sake of definiteness, we assume that 
det (A23) Z 0. Then there exists s such that a?? Æ 0. Then from the second 
equation in (2.15) we find ms; = d(a7?) + d(a3}). 
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We construct a solution to the quantization system (2.15) by the fol- 
lowing rule: 


mrt = d(az2)+d(az 5) +0([A11, Aral, [Ai1, A12] )+o( (A12, 422)», (A12; 422);). 
It is easy to check that {m,+} is a solution to the quantization system (2.15). 
'Thus, the existence of solutions is proved. 


'The uniqueness of a solution follows from Subsection 2.3 and the fact 
that ms; must be the same for all solutions. 











In the case det (411) Æ 0, the arguments are similar. 





Theorem 3.5. Let the problem (2.14) be essentially nondegenerate, 
and let for any connection -matrix component there exist (i,j) € u such 
that aj; Æ 0. Suppose that the assumptions of Theorem 3.3 are satisfied. 
Then ‘the quantization system (2.15) for the problem (2.14) has a unique 
solution. 


PROOF. We note that any column does not belong to two connection 
components simultaneously. Let u be an arbitrary connection matrix com- 
ponent. By assumption, there exists (i, j) € u such that a2; # 0. Since 
the problem (2.14) is essentially nondegenerate and a nonzero nd of the 
pn Ag, labeled by u is unique, there is s such that ae aj 2 = or 

i #0. For the sake of definiteness, we assume that aj nae o. We set 
Msi = d(a52) + d(a51). Further, for all (t,r) € p we set 


Mre — (a5, ) + d(a%;)+0([Air, Ais]is [A11; A12] )}+0( (412, A22)r, (A12, A22)s). 


Performing the same procedure for all connection matrix components u, we 
obtain a collection (m4) solving the quantization system. We note that 
for every connection matrix component m,; is uniquely determined and, 
consequently, the solution is unique on this component. Hence a solution 
to the quantization system is unique. 














3.2.3. The essentially nondegenerate case. 


Theorem 3.6. Let the problem (2.14) be essentially nondegenerate, 
and let the following conditions hold: 


(1) the distance is defined between columns of the system of matrices A15, 
As and between rows of the system of matrices A11, A1», 


(2) for any connection -matrix component there exists (i,j) € u such 
that ai #0, 
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(3) for any connection u-matriz components and all (i,j), (k,l) € p, 
aak #0 we have 
aa) + dat) 
= e([Aui; Ai2]i [A115 A12]&) + o((A12, 422)5; (A12; A22)1). 


Then the quantization system (2.15) for the problem (2.14) has a unique 
solution. 


Conversely, if the essentially nondegenerate problem (2.14) has a unique 
solution, then conditions (1)-(3) are satisfied. 


PnRoor. The existence and uniqueness of a solution is established in 
the same way as above. If the quantization system of an essentially nonde- 
generate problem has a unique solution, the condition (1) is satisfied. 


We show that condition (2) is satisfied. Assume the contrary. Let u 
be a connection matrix component such that a2; = 0 for all (i,j) € p. By 
the strong nondegeneracy condition, there is s such that (i, s) € u, a5? 4 0 
or a1; #0. For the sake of definiteness, let a2? 7 0. Let (m4) be a solution 
to the quantization system (2.15). We set m/,;; = ms; + 1. Then we set 
Mrt = d(a52)4-d(a2, )--o([Ai1, Aioli, [A11, A12])) F o((A12, A22) v, (A12, A22)s) 


for any (t,r) € u. We consider the collection (m/,) obtained from {m,+} 
by replacing m,4 with mZ, for all (t,r) € u. It is easy to check that this 
collection also yields a solution to (2.15) and does not coincide with {Mrt}, 
i.e., the solution {Mpt} is not unique. WE arrive at a contradiction. 


We show that condition (3) is satisfied. We note that there exist (s, t) 
such that al? Z 0. Let i, j, k, | be such as in condition (3). Then the first 
equation in (2.15) implies 

mjs + d(asz) + mu = d(aj; ), 
mis + d(as) + mu = d(ajy ). 
Adding the last two equalities, we find 
Mis F Mis d Mti F mak = d(a51) + d(aj; ). 
We note that 
Mis + mis = e([Aui, A12]s; [A11 A12]5) T o( (A12, A22)5, (A12, A22)1) 
= o( (A12, A22)5, (A12, A22)1). 


Similarly, 
Mti + ma = (|411, Arg], [A11, A12]5). 
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Adding the last two equalities, we arrive at condition (3). 





3.2.4. Examples of solvable quantization systems. 


Theorem 3.7. The quantization system corresponding to the projec- 
tion to one equation for moment approximations of the Boltzmann-Peierls 
equation has a unique solution. 


PROOF. For the moment system of the Boltzmann-Peierls equation the 
matrix A25 is three-diagonal, i.e., azzaz 4, 10g 4, ., # 0 for all k. Con- 
sequently, in the case of n equations, #(A12,A22) = m — 2. Note that 
#[A11, A12] = 0 since m = 1. Moreover, det (A22) Z 0 since the matrix A2» 
is three-diagonal. Thus, the corresponding problem (2.14) is nondegenrate. 
Furthermore, A21 = (a1i€,0,...,0)", i.e., there exists a pair (i, j) such that 
a; #0. Thus, the assumptions of Theorem 3.6 hold and the corresponding 
quantization system has a unique solution. 














Theorem 3.8. The quantization system corresponding to the projec- 
tion to two equations for moment approximations of the Boltzmann-Peierls 
equation has a unique solution. 


PROOF. In this case, the matrix A25 is three-diagonal, which means 
det (A22) Æ 0 and 3:(A12, A22) — n — 3. Further, since 


0 i£ 

Ay = l : 3.14 
n= que E) (3.14) 
the size of a single connection component for rows of the system of matrices 
A11, A12 is equal to 1. It remains to note that a3} # 0 implies i = 1, j = 2. 
Thus, the assumptions of Theorem 3.6 hold and the corresponding quanti- 
zation system has a unique solution. 














Theorem 3.6 provided us with necessary and sufficient conditions for 
the existence of a unique solution to the quantization system for an essen- 
tially nondegenerate problem. The following natural question arises: What 
happens if the problem (2.14) is not essentially nondegenerate? We consider 
three examples of such a situation: (1) a solution exists, but is not unique; 
(2) there are no solutions, and (3) there exists a unique solution. 


We consider the problem 


(m)a(™)e(2o)(B)-(B)a0 e» 
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In case (1), M = (i£ 0). Then the quantization system is reduced to 
a single equation mz = m4 + 1 which has two different solutions. We note 
that conditions (1)-(3) of Theorem 3.6 hold. 


In case (2), M = (0 i£). Then the quantization system has the form 
mı +mə = 0, m4--1 = 1, m» = 1 and, obviously, has no solutions. However, 
conditions (1)-(3) of Theorem 3.6 hold. 


In case (3), M — (i£ 1). Then the quantization system has the form 
mj -- mo = 1, mı +1 = 0, m2 = 0 and its single solution is mı = 1, mz = 0. 


4. Other Examples of Construction of 
Chapman-Enskog Projections 


4.1. Multi-dimensional case. Hierarchy of moment systems. 


A multi-dimensional linearization of the M order moment system of the 
Boltzmann-Peierls kinetic equation [5] can be written as follows: 


Oe + Os, px = 0, 


1 m 1 
Opp; + z 958 + Os, N (jk) + € = 0, 





2 1 
Nig tO eS e 4.1 
Nis + ge Ons Pi + zr Nes) (4.1) 
n 29 1 B 
Niis.. in) ae j* iy liia Tug ein) =0, 


ty S 29 Se Ong ik = 1,2,:3; 1«nx M. 


Here, we used the notation ôs, p(zi, Oy, , N((4,... i, ,) for symmetric trace- 
less tensors [3]; 6;; is the Kronecker symbol, c is the Debye sound veloc- 
ity [5], and e is the distribution of phonon energy. In (4.1) and below 
we adopt the rule of summation relative repeated indices. For example, 
Oc Pli = Ox; Pi + Oy, pj — 2 diva P ij /n. 

As was proved in [15], this system has only three irreducible Chapman- 
Enskog projections: to the phase space of conservative variable e (diffu- 
sion type projection), to the phase space of moments of order less than 
1 (boundary-layer type projection), and to the phase space of variables e, 
P = (py...,pa)! € R” (projection of the second sound velocity). 
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Theorem 4.1. Letq = TN n/7n € (0,1). Consider a multi-dimensional 
(d = 2,3) moment system of order 2k of the Boltzmann-Peierls equation. 
Then there exist the critical values of parameter q, 

doi < diia (4.2) 

such that the following assertions hold. 

1. For q > di is the pencil of the dispersion equation is diffusively 
connected, i.e., there exists a diffusion type Chapman-Enskog projection 

pj = 05:0: (Vales j = 1, 2, 3, 

reer i” = ðr, ++ Oni, Pir, ui (Wa), lipere = 1,2,3; 2 < k < M, 
in (E), € € Ra, of order -(M — k), k=1,...,M. 
2. Forq < Brai the pencil of the dispersion equation is boundary-layer 


connected, i.e., there exists a bounded curve of stable purely imaginary roots 
of the boundary-layer type dispersion equation stabilizing at infinity. 


with smooth symbols qi, 


jéran 


Due to this theorem, we can find a boundary-layer type Chapman- 
Enskog projection. 


The solvability of the system of algebraic equations for the symbols 
di; ddis sss dissss diss te € {1,...,d}, d = 1,2, is connected with the 
solvability of the equation for the generating function 


Q(lEl?) = &a (£P) +... + Eiaa CEN’), 
where 7 = iQ is a purely imaginary root. 

The question whether (4.2) may be equality remains still open. For 
the system of moments of order 2k+1 = 5, 7,9 the inequality (4.2) becomes 
equality. Thus, for k — 5 we have the critical value 

a2(az + 04) 
azaı + aala + a2)” 


For the system of moments of odd order the proof is similar, but more 
complicated from the technical point of view. There is d k+1) € g; 4, such 
that for 0 < q < Q5 +1) there exists the Chapman-Enskog projection of the 
second sound velocity 


Ni, = Oz, Osa dis TEE i (Va )e 
3 
sl Ori, ee Or, 5 Hii genes ik (V5)Os; Dj; (4.3) 
j=l 
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with smooth symbols qi,,...,i,(€), jj... (€), € € RI, of order -(M — k), 
k — 1,...,M and —1 — (M — k), k = 1,..., M respectively. 


4.2. Chapman-Enskog projection for mixed problem. 


We consider the one-dimensional third order moment system of the Boltzmann- 
Peierls kinetic equation in the quarter space R2 , = ((z, t), >0,t > 0}: 


Ó, e + Ó,p = 0, 

Op + a1 0ze + Ó4N + qp — 0, 
ON + a30,p + ON, +N — 0, 
aN, +030,N +N, — 0, 


(4.4) 


where 


3? 1 4 9 
Qy = S55 a Qi = Fr; Q2 = 


(4j2—1) 3 15479 35 
Denoting U = (e, p, N, Ni)", we can write the system (4.4) in the form 
E -3U + Ag : OU 4- B- U — 0, 


where E is the identity matrix, 


0 1 0 0 0000 
loa 0 1 0 [0800 
TFT qae wd Poo 9 38 
0 0 os 0 0001 


We reduce the system (4.4) to the normal form relative to ôs. For this 
purpose, we multiply the equations from the left by Az!, where 





1 1 
0 — 0 — 
Q1 Q1G3 
zd 1 0 0 0 
A, = 1 


© 
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Then 


i.e., we obtain the system 


oc c 


oO 





1 
Q1G3 
0 0 
1 , 
0 = 
Q3 
1 0 


Bs 0+ AS ðU+B-U 


or 


1 

oze A — (ð; d q) 
Qı 

Orp + o,e = 0, 


1 
8,N + —(8, +1)Nı = 0, 
Q3 


p——— 
Q103 


(ô: + 1)Ni = 0, 


O,Ni = aze + (ô: + 1)N = 0; 


We make the Fourier transform with respect to t and set 
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(4.5) 





"ELA irl 
Q1 0103 
nu iT 0 0 0 
Ay = A; lir +B= ! i 
0 0 wT + 
o3 
—A21T 0 iT+1 0 
The dispersion equation has the form 
s (Ciria , Gre? , ener +) y 
O1 Q3 Q103 


" (ir)ür + (ir +1)? — 0, 


Q103 
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yo) ee ge 
O1 Q3 01053 
1 fp(ir)(ir +a) , Gr-- 1» (ir)(ir + 1)]2 
+ ; [Eee + E E Fay E 
_ fiir e an +4? p 
Q1G3 


- two roots corre- 





Denote by àb. two roots corresponding to “+” and by A, 
.” The eigenvectors take the form 





[NI 


sponding to 

















1 
ir/À 
R= iT (tT + 
on Ern) 
0303 , asíir(ir +q) 
ir 4-1 A(ir 4- 1) 
Since 
1 1 q 2 a2 
2 Le — — 
= 2 ls. (2 O3 za)" 
1 1 q 2 2 2 
+ [= | ( mE LA + O(r^) 


as T — 0, we have 


i 
N= += Or) Ae = 44/—Vir + O(r). 
1 


a un yos 
b as T — 0 take the 


The eigenvectors corresponding to the eigenvalues A3 























form 
—l/oi 








- go to the eigenvec- 





The eigenvectors R+ corresponding to the eigenvalues A4 
tor Rı and the adjoined eigenvector Ri corresponding to the two-multiple 
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eigenvalue A = 0, as T — 0: 





0 
S {a 
-— / = Lo 
Ri = 0 $ Rı mm o 
0 0 
Indeed, 
1 1 
R4 =; 9 q = : , 
=æ + ——0 
: q/o1 0 
d 1 
Ay — R- eine 2V/ai/q 


Vir i (| 9 


2(—4/ d- 0103 + Ja 0 


e 





Proposition 4.1. In a neighborhood of T = 0, there is only one pro- 
jection to the phase space of consolidated variables (e, p). 


By Theorem 3.5, for 7 Z 0 in a neighborhood of 7 = 0 with each pair 
of eigenvectors 


(Hy; RS, (RS , R4), (RS R), (R^, R), (R? ,R}), (RÈ, R?) 


we can associate the projection to the phase space of consolidated variables 
(e,p). But only one projection, corresponding to the pair (R4, R_), is 
continuous as T — 0 when the pair of eigenvalues (Ri, R_) goes to the 
pair (Ri, R4), where R4 is an eigenvector and Rj is an adjoined eigenvector 
corresponding to the eigenvalue A = 0. 


4.2.1. Projection. It is equivalent to look for the projection 
N = pı1 : e + p12 p, 


Nı = pəz : € + p22: p 


or a solution to the matrix equation 


(E — P)ApP = 0, 
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where 
E 0 pii pai2 
P= s P= ! 
( Px 0 ) = ( poi p22 
which is equivalent to the equation 
Pa Ni2 P1 — A22P1 + Poi i1 — A21 = 0, 


where A;;, i,j = 1,2, are the corresponding 2 x 2-blocks of the matrix Aj. 
Making the change of variables U = SU, where 


(S e) 
and multiplying the system 

S0,0 + A,SU — 0 
from the left by S71, where 


s^ -2E-$-( =. od Ji 


—Py, E 
we find 
8,U + S ASÜ, 
where 
SAS = ( Au + Ai2 Pai A12 l 
— Poi A1 + Aa — Por MiP + AgaPo1 — Pi A12 + A22 


Since the lower left block vanishes, we can reduce the system to the 
block form 
8,0 + MoU = 0, 

















where 
M? = SHS 
ir+1 itt+q itt+l itr+1 
i pa  ———— — p22 0 — 
0103 Qı a1 a3 0103 
iT 0 0 0 
= Lf 
0 0 g Zt (—mi m 1) 
Q3 Q1 
j 1 
0 0 iT+1 ila P21 
Q103 


or 
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(i iT+1 ) 
ES 2 


A 1 A P. 
Ore = —— (ô; + 1)poié + 2Jp 
3 Q1 Q103 


aya 
1 a 
= — (ð; + 393 = 0; 
Q103 
sP + (0:)€ = 0, (4.6) 
^ 1 1 ies 
9,8 + —(% + 1)(—pu 1) Ni — 0, 
O3 Qı 
~ A 1 — 
0,N, + (8, + 1)N + —— (ô; + 1)pa M1 = 0. 
Q103 


'The dispersion equation has the form 





iT+1 Qfirtycv iT+1 
det(uE — My) = me + = pa) = (oo E 23] 
103 





a Qı 0103 
ir 4-1 ir 4-1? ,1 

x [n(n - Hra) - € *9- (15, 1] 2o. 4» 
0103 Q3 ay 


If the matrix P5, is a solution to the quadratic matrix equation 
P21 i2 P531 — Age Poi + Poi Ai — A21 = 0, 


Pu Piz 
Px, P 
of order n, Pj, is the identity matrix of order m, and Pis, P22 are zero 
matrices, is a solution to the quadratic matrix equation 


then the matrix X — A P, where P — ( ) P is a square matrix 

















X?—-AX=0. 
Hence 
ir+1 ir+q irtl 
= po = po 0 0 
0103 ay 0103 
iT 0 0 0 
mc irt1 ir+1 
iT ir + 
P21 P22 0 0 
Q3 O3 
—Q24T + (ir + lpu (i T 1)pio 0 0 





We have two zero eigenvalues of the matrix X: A34 = 0. For the corre- 
sponding eigenvectors e3 and e4 we have X ea = 0 and Xe4 = 0. The upper 
left block of the matrix X coincides with the upper left block of the matrix 
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Mb, i.e., 41,2 = A13. Since a unique correct projection is the projection to 
the pair (Ri, R_),, we need to choose a solution P» to the equation 


Pa Ay2P21 — A22 P21 + P3331 — Agi = 0 





such that 41,2 = A19 = A+, Le., 

















iT+1 . Tq irl 
A F P21 À+ iga ir( p22) = 0 
0103 ay 0103 
Since Ay = —A_, we have p21 = 0. Thus, for pj; we have the system 


. 1, . 
(ir + 1)piipzi + — (iT + 1)pz1 = ipio, 
Q10'3 O3 











: l,. E 
(ir + 1)piipz2 + — (iT + 1)p22 = — (iT + q)P11, 
0103 O3 ay 





(ir + 1)p3, — ir p22 — ira + (ir +1)pu = 0, 





Q10/3 


l,. 
(ir + 1)p22p21 — — (iT + q)pai + (ir + 1)p12 = 0 
0103 ay 





or 


1... 1 . 
— (ir + 1)(—pu + 1)pzai = IT p12, 
a3 Qı 





TOA il d. 
— (ir + 1)(—pu + 1)pz2 = c Ae + q)pıı, 
1 











Q3 Cr 
1. a , 
(ir + 1)pj4 — iT p22 — ira + (iT + 1)pıı = 0, 
Q103 
: 1, . 
(ir + 1)p22p21 — — (iT + q)p21 + (iT + 1)p12 = O. 
Q13 ay 


1 
We set Z = —p11 + 1. Then the above system can be written in the form 
ay 
l,. : 
— (ir + 1)Zpz1 = iT p12, 
a3 


1. l,. 
—(ir + 1)Zpo2 = — (iT + g)ar(Z — 1), 
a3 Q1 





(ir + 1)p2, — ir p22 — iro + (ir + 1)oa(Z — 1) = 0, 
Q13 





. l, À 
(ir + 1)po2p21 — — (iT + q)p21 + (iT + 1)pı2 = 0. 
Q103 Q1 
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Since po, = 0, we have pı2 = 0. Now, two equations remain: 


1 1 
— (iT + 1)Zp22 = — (iT + q)aı(Z — 1), 
O3 ay 

iT+1 
P22 = —Q2 + v ea(Z — 1) 0, 





We obtain the quadratic equation with respect to Z: 


3 1 2 1 1 2 
BUE gi (e +i +l) +irta)Z+ir+a=0, 
QZT Q3 


Q31T 
which implies 
l agit | oA 1)? 


Q2 ,. , 
~ Qaa(ir 41)? + Sir +1) + ir a) 


Q31T Q3 









oa (ir + 1)? 22 
Q31T Q3 





. 2 ai(ir +1)? ,. 
(ir +1) +ir a) tir ea). 


From the characteristic equation for the matrix My we find 


iT+1 
13,4 == VZ. 
, mA 


Choosing the sign “+” in the expression for Z, we obtain the case of a 
correct projection 








13,4 = AL, H1,2 = Ax. 
Under the choice “—,” we have 


H3,4 — A+; 1,2 = AL. 








In the case poi # 0, from the equations relative to pi; we can addition- 
ally obtain four solutions corresponding to four remaining partitions of the 
eigenvalues A+, A5. into pairs. 

Let us prove that A = Re(A) — à+) > 0 for all r > 0 (the gap 








as T — 0. 





condition). We have A — 
) WS 


Introduce the notation 





iT 4-1 
a3 


agit(it + q) 
ay (ir + 1) 





NI = 
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agit(it +q) 
oa (ir +1) 





— y (àr 4- 1) 








. Q2 
+ 1T— 
ay 


A direct calculation shows that 


(Z1+ Zo)? =(AL)?, (41 — 22)? = (Az)?. 








Consequently, 


Zi +Z% = AL. -Zi -Z = X 
Z-Z Po em 


Hence A = 2Z». Let us show that Re A > 0 as T — oo. We have 





agit(it +q) 


tire 
ir— 
oa (ir + 1) 


Q1 


SALELE a E de 
oa (ir +1) a ay 


— V(ir+1) 
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l $2 -1—2,/82 82 (q-2 (2 —2,/82) — 2 
~ Cir + e a dH 
a3 


= +0(2), 
202(22 .- 1— 2, /88 + 82) 


. 4 
Since a, = 


1 
3 ag = 1p 9 = 3p 0 <q < 1, a direct calculation shows 
that Re A > 0 as T — oo 


It remains to prove that Re A Z 0 for all r. We have 











Ne ir+1 Dymo Tug) G41) 
a3 oa (ir + 1) 





. Q2 
+ 1T— 
a1 


But Re yz = 0 only if Im (z) = 0 and Re (z) < 0. Denote by z the expression 
under the root sign. Let us prove that Im(z) 4 0 for all r. We have 


asz = ir (ir +q) + 1 — 7? +4207 — ae += 


-4/2 <7? Firg- 2i | 5 a V7 tin 


Assume that 


Im (asz) 2 0 = (q +2 + 22) -2 [OS m9 [a 
01 O1 Q1 a 
where A+iB = 


\/—T? + irq. To find A and B, we can argue as follows. If 
xz +iy = A +iB, then z + iy = z +2 . Hence 
j A+iB, tl y = A? — B? + 2i AB. H 
4&4- B? =r, 2AB=y, 
E 
| 2B' 
4B* + AB»; - y? =0 
p fu? +y? — 2 
EE NN 
In our case, z — —7?, y — rq. Consequently, 


1 
Bt — 72 B? _ AU 
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From the equation Im (a3z) = 0 we have 


1 
B.Cr=B? + ar 


where 
da te 
2, [93 
a1 
" 
and A scr. Raising to square, we have 


2B 2B 
Bt + B?(?q — 17°C?) + aie =0; 
Comparing two equations for B, we conclude that 
T4- rC = -r?, Lo E eiii 
So, only the case 7 = 0 is possible. 


4.2.2. On boundary conditions. Thus, making the change of variables 
U = SU, where 


1 0 0 0 

s-( E 0 )- 0 1 00 
Pa E pi pi 1 0 

pau po» 0 1 





ir 41 
pı2 = p21 =0, pu=ai(Z—-1), p22 = m e1(Z —1)— a2 


a3iT z |- (2 +1) 


o2,. : 
+ Sür ei) tirta) 
A30T a3 





oa (ir + 1)? 
QuiT 


2 ; 
1 
+ 2 ir 4-1) eia) ger 
3 





2 

iT + | ; 
Q3iT ( a) 
we can reduce the system under consideration to the block form 


0,7 + MyÜ = 0, 
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where 
irt+q irt+l iT+1 
DD j———É p22 0 - 
O1 Q103 0103 
iT 0 0 0 
M’ = SAS = ud 
0 0 à SE uri) 
Og Q1 
0 0 ir c1 0 


Then we have the eigenvalues 
jin Pee As; m=, quA 


and the eigenvectors 





1 
1 
iT / uaa 
VT 
Rı2= | m2 |, Raa= 
0 it_f(ittq _ (ittl)p22\ — 103 3,4 
3,4 a1 a 1a3 H3,4 (ir+1)? 
0 
iT rtg — (ir--1)p22 m Q103 
3,4 a1 Q103 H3,4 ir+1 


We represent bounded solutions in the form 
Ü = Ci Rje”? + Co fige "3* 
The original boundary conditions are given by the formula 
B-U = 9, 


bir 01:2 bis bu ) ( 1 ) 
B= ; = : 
( b21 b22 b23 baa d 2 
Making the change of variables U = S Ü , we find 
BÜ =y 


where 


where 


F _ ( bu + bispi + bi4p21 big + bispi2 + bi4P22 bis bia 
B=B-S= 
b21 + b23p11 + b24p21 b22 + b23P12 + beape2 023 bea 


Assume that B is a block matrix: 


b21 = b21 + b23p11 + b24P21 = 0, 
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b22 = b22 + bo3p12 + beapo2 = 0. 


mg) 
p2 


p-(G & RR. 


Then 


where 


0 0 b bz 


NE Cir + Coraz 
Ue (a, 83)" |, - ( 1711 + Coria ) 


C»fa3 

where Ry = (rn, 0)! and R3 = (713,723)! . Hence we obtain the equation 
C» Basi = Q2. 

We write out the Lopatinskii condition Baa Æ 0, i.e., 


; a b23 + b24 # 0. 





T+1 
Hence 
C» = qa/(Ba3f23), 
Ci Buri + Co(Biifis + Bisfa3) = 91, 
i.e. 


Ci Buri = -Ca(Bufis + B1223) + 1- 
We write out the second Lopatinskii condition: 





Buia =bn + bigpi1 + biapai + (b12 + b13P12 + bp) — #0 
and give an example of matrix B satisfying the above conditions: 
B-( 3,010) 
By the gap condition Re (u3 — 11) > 0, we have 
Ü- Ore + C5e 1? (Rae - us), 
where (Rae n3) — o(1). Finally, we have 


U= C,Rie "7 + C5e "1? (fr e 7s) 





1 2(Biifia -Biofo3)N > Q2 —— ün- 
(-* (Bur t Bia ) Rye Mz} Le mn (Rasen Hs)m). 
Bra Bir 11 B2223 DB33T23 
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where 


£ emme (Reni) = o(U,). 
B2223 





4.3. Nonlinear analysis. 


In general, the construction of a nonlinear Chapman-Enskog projection is 
analogous to the construction of an attracting invariant manifold of a dissi- 
pative hyperbolic equation (see [1], [10]). In this paper, we do not discuss 
this analogy in detail. Instead, we demonstrate difficulties arising in the 
justification of Navier-Stokes approximations by considering the simplest 
example. 


We consider the hyperbolic regularization of the one-dimensional isen- 
tropic Euler system 
Ore + Or(ou) = 0, 


alou) + O,(ou? +plo)+aou=0, a>QO, 
0 0 (4.8) 
olt=0 =H 0; ult=o =u, 

















0 0 ,0 
Q >0, gw) (gw t coo, 
where o is a conservative variable and u is a nonequillibrium variable. 


The condition p'(s) > 0 for all s > 0 is the hyperbolicity condition, and 
a > 0 is the relaxation (stability) condition. The system degenerates in a 
vacuum @ = 0. We establish the existence of a global smooth solution to the 
Cauchy problem (4.8) such that the condition of the uniform nondegeneracy 
of the initial distribution of density o? > 0 for all x € R guarantees the 
nondegeneracy of density for any t > 0. 

Our goal is to justify the Navier-Stokes approximation, i.e., in ac- 
cordance with the Chapman-Enskog conjecture, we must show that the 
Navier-Stokes approximation determines asymptotically, at large times, the 
principal part of the solution to the Cauchy problem (4.8). 


For simplicity, we pass to the Lagrange coordinates in (4.8): 


v — Oru = 0, 
Ou + O,p(v) + u = 0, (4.9) 
p(v) <0 


with friction u in the moment equation. Here, v is a conservative variable 
and u is a nonequillibrium variable. This is a model of a compressible fluid 
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in a porous medium. Both systems, (4.8) and (4.9), degenerate in a vacuum 
o = v = Oand are equivalent outside the vacuum. We establish the existence 
of a cl-solution such that v(z,t) > 0 for all t > 0 provided that v°(x) > 0 
for alla € R. (see [21]). 

We consider the smooth initial data (uo(r), vo(z)) — (u*, v^) as 
x — too. As is known, the dissipation prevents the formation of shock 
waves provided that the initial data are not *too sharp" (of mean force in 
the sense of Lax). We are interested in the “diffusion phenomenon" caused 
by wave decay. 

















The Navier-Stokes approximation u — IIys(w), v — w is found from 
the system 


u = Oyp(w), (4.10) 
ðsw = —O2p(w), w|izo = w, (4.11) 
Note that the closure of the first equation in (4.9) is known as the Darcy 
law. Thereby we have justify the Darcy law. 
We look for an approximation of the solution to the Cauchy problem 
(4.8) in the form 
Vas(Z; t) = U(x, t) T Veor(T, t), Uas(X, t) = U(x, t) F Ucor (2, t) 


We find T(x, t), U(x, t) by using the properties of the Navier-Stokes approx- 
imation which is invariant under the transformation (x,t) >  (cr,c?t), 
c 7 0. There exists an automodel solution T(x, t) = y(x + z*/ t), z* € R, 
of the nonlinear diffusion equation (4.11). Here, y(€) is a unique monotone 
bounded solution to the ordinary differential equation 
» 1 1 
p” (£) + ai e =0 (4.12) 
p(y) 


with boundary condition 








ple) — wv, > doo (4.13) 
with the exponential convergence rate, and 
Ie” (€)| + le’) + le) — ot, E > 0] + |p) e^, € « 0| 
< € lo*-g | e9*, 


oo 


y- qmint/p/(e*) Veep >o, f eat =vt ur. 


— oo 
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According to (4.10), we set 


Axp(O(x, t)) 
a(x, t) 


Using the properties of automodel solutions, we obtain the exact decay 
estimates for v: 


laat t) < C |v* —v7| t2, 
laa £I + 020, AI < Clot — 7| 8”, (4.14) 


[8:8,9(,£)| € C|v* — v-| t^ 972. 


u(x,t)-— 


We will show that the shift x, is uniquely determined from the consistency 


condition 
oo 


J (v(x) — p(x + Tx) — Veor(Z, 0))dz —0 


of the initial data v? and the smoothing wave v(z, 0). 
Our next goal is to prove the estimate 
lwt Ola + MC las < C5 0777 
for the residuals 
w(x, t) = v(x, t) — T(x, t) — voor, 
(4.15) 


z(x, t) = u(x,t) — T(x, t) — ucor 


if 





lot — e |+ ju* — ua |+ lo” — B(x, 0) x2 + llu? — Tlx, 0) — ucos (2, 0)]l ga < 9 


with sufficiently small 6. The estimate for 6 is exact. For large jumps the 
solution blows up in finite time. 


4.4. Estimate for residual. 


Now, we introduce the correctors u,o; and Ucor. We study the system in 
variations on the initial approximation u = uU, v = v: 
OtUcor = Os cor = 0, 


Ütucor + A tco: = —Üz[p(v + Veor) — p(v)] — iT. (4.16) 
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We recall that for the leading part of approximations of v the following 
exact decay estimate holds: 


la Oll € C|v* —v | t 2, 
lamt Oll + l029(,£)] Clot —v | t 97, (4.17) 
dao) < Cle | >". 


These estimates yield the correct decay rate of the solution at large times, 
which allows us to extract lower order terms of the system (4.16). 


Based on the estimates (4.17), we make several remarks. 


1. The last estimate in (4.17) implies that Oyu is a lower order term. 





2. Since the limit values agree at x = coo, we see that veo, is a soliton 
type function (i.e., a smooth function such that veo, — 0 as x — +00). The 
same is true for 0, [p(V + Ucor) — p(v)], i.e., it belongs to H?(R) relative to 
the spatial variables. To show that it is also a lower order term, it suffices 
to estimate its decay as t — oc. 





3. Because of the Navier-Stokes approximation, u(x,t) is a soliton 
type function. Consequently, we have a residual with initial condition which 
should be removed by the corrector uo, . 


We construct a corrector as follows. Consider a soliton type function 
oo 
molz) € Cg, J mo(a)da = 1 
— oo 


and define the corrector with respect to the variable v by the formula 
uL — U— 
Uor = == mo(x) € 
a 


Then the corrector for u has the form 


x 


Ucor(X, t) = (u- + J (ut — u™)mo(s)ds) pc 


Then the right-hand side of (4.16) contains lower order terms. For 


w(x, t) = v(x, t) — T(x, t) — veor, 


z(x, t) = u(x, t) — T(x, t) — Ucor, 
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we obtain the system 


ôw — Oz = 0, 


4.18 

iz + On [p(w +7 + e Ucor) — p(v)] + B+ az = 0. ( ) 
We look for a solution to the system (4.18) such that w,z € Cl(Rx 
(0,00)) N C?((0, oo); H?(R)). Now, we can uniquely determine the shift zo 
by the formula 


I (vo(x) — T(x + zo,0))dz = — J Ucor(2, 0) dx = € (4.19) 


As we will show below, this condition is connected with the existence of the 
potential w(x, t) = Oy(z, t), z(x, t) = Opy(a,t). 
Now, we can make the following conclusions. 


1. The corrector Ucor is an exponentially decaying function; moreover, 
the velocity u goes exponentially rapidly to the equilibrium state at infinity 
(the jump [ucor]* of the limit values on x = -oo exponentially tends to 
zero). It is a general fact for nonequillibrium variables. 





2. Exponential decay of correctors of all nonequillibrium variables is 
not a general fact (the soliton part decays slower). As we have shown above, 
for the moment approximations of the kinetic equations of phonon gas some 
higher order moments, called consolidated, give an essential contribution to 
the corrector. Note that consolidated variables are select few nonequilib- 
rium variables admitting the physical interpretation (can be determined by 
experiments). 

'This means that we have to correct Navier-Stokes approximation. In 
this case, we have a more complicated asymptotics in time separation of 
dynamics into an inessential dynamics of the basic part of nonequillibrium 
variables and dynamics of conservative variables and heat flux in the phase 
space, where basic dynamics are separated. 


3. For the Navier-Stokes approximation the consistency condition (4.19) 
determines the initial data w? =x (a+ xo) for the Cauchy problem. Thus, 
we have found the Navier-Stokes approximation Iys of the operator (1.5) 


w? = II(u9, v?) 


connecting the initial data in the Chapman-Enskog projection. 
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4.5. Solvability of the system for residuals. 


We prove the existence of a solution in C! to the system for residuals 
rw — Oz = 0, 
iz + Os [p(w + v -- e^" *w) — p(v)] + A+ az — 0. 


It is easy to see that tit is a potential. We set 


(4.20) 


T 


vlet) = f win. tan. 


— oo 


Then 


Oy =w, Oy = / Orw(n, t)dn = j Osz(n,t)dn = z 
Thus, we obtain the E ET for heroiari 
Py + Oops +T + e" ws) — pO] + ay — — 0:0.(p(7)) = 0, 
y(x, 0) = feo — T(s,0) — Veor(s))ds, (4.21) 
Ory (a, 0) = 1 (a) — U(x, 0) — uco (x). 


The consistency condition (4.19) is equivalent to the condition 


y(z,0) = / [v9 (s) — 9(s, 0) — vcor(s,0)|ds + 0 as z — +0 


—oo 





and follows from the conservation laws. By the definition of ucor, we have 
Oy(z,0) —^ Oasa— -oo. 





Lemma 4.1. Let |u* — wu | + |v" —v-| be so small that 
*—u |v* —v | |ly(@, 0)| gs + lr, 0)] gs < 4 (4.22) 


for sufficiently small à. Then there exists a solution y € C9((0, oo); C?(R)), 
ry € C°((0,00);C1(R)), to the Cauchy problem (4.21) satisfying the esti- 
mate (4.22) for any t > 0 


lu 





The proof of the existence of a smooth solution to the Cauchy problem 
(4.21) is standard. We assume that |u* — u^ | + |v? — v^| is so small that 
(4.22) holds for sufficiently small 6. Then y(x, t) satisfies the estimate (4.22) 
for any t > 0. 





Chapman-Enskog Projections 151 


As a consequence, we obtain the following result. 


Proposition 4.2. Under the assumptions of Lemma 4.1, there exists 
a solution to the Cauchy problem (4.21) such that v —^ v andu — T in the 
following sense: 


lulz, t) — D(a, t) — e" "voz, t)||L2 
+ llu(a, t) — D(z, t) — e^ wes (2, t). = OF), 
||u(a, t) — T(x, t) — e^? "ucar(, t)]l n 


+ |lu(z, t) — U(x, t) — 67 ues (tl. = OF”). 





By the definition of y, 
(u -T e=% usas) C, Ls qo 
+ ||(v — 9 — e^? ws) € CA +T)". 
Using the Sobolev embedding theorem, we find the point-wise decay 


sup(|(u — T — e^ “tcor| (2, t) 
+ |v —9— e tvore, t) « C'ó(14- T) 17. 


We note that the above constructions are rather universal in appli- 
cations to the one-dimensional conservation laws with relaxation. Thus, in 
the case of the one-dimensional 13-moment system of the Boltzmann kinetic 
equation, there exists an automodel solution to the Navier-Stokes approxi- 
mation, which allows us to justify the separation of dynamics and show that 
a special solution, determined by the Chapman-Enskog projection, asymp- 
totically yields the leading part of the solution to the Cauchy problem for 
the 13-moment system at large times. 
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Exponential Mixing for Randomly 
Forced Partial Differential Equations: 
Method of Coupling 


Armen Shirikyan 


University of Cergy-Pontoise 
Cergy-Pontoise, France 


We describe a coupling method that enables one to study ergodic properties of ran- 
dom dynamical systems associated with stochastic partial differential equations. 
A general criterion for the uniqueness of a stationary measure and an exponential 
mixing property are established. The method is illustrated by an example of a 
complex Ginzburg-Landau equation. Bibliography: 30 titles. 


0. Introduction 


The method of coupling was introduced by Doeblin [4] for studying ergodic 
properties of Markov chains. We briefly describe the Doeblin approach in 
the simplest situation. 

Let X be a compact metric space, and let (upk, Pu) be a family of 
Markov chains in X parametrized by the initial point u € X. We denote 
by P,(u,T) the transition function associated with the Markov family, i.e., 


Py(u,D)-P,(u; ET} fork >0,T € Bx, 
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where Bx is the Borel o-algebra on X. Recall that a probability measure u 
on the space (X, Bx) is said to be stationary for (ux, Pu) if 


u(D) = [Pu Dutan for any T € Bx. (0.1) 
26 
Suppose that there is a constant y < 1 such that 
|| Pi (u, +) ^ Pi QU, -)||var <y (0.2) 
for any u, u' € X, where ||- ||var denotes the total variation distance. In this 


case, one can use the following argument to prove that the family (uy, Pu) 
has a unique stationary measure. 

Let (R(u, w', ), R'(u, u',-)) be a pair of random variables depending 
on u,u' € X such that the laws of R and R’ coincide with Pi(u,-) and 
P,(u’,-) respectively and 

P{R(u, u^) Æ R'(u,u^)) = ||Pi(u,-)—Pi(w’,)||var for all u,u' € X. (0.3) 


It can be shown that such random variables exist (see [19]). Denote by Q 
the direct product of countably many independent copies of the probability 
space on which R and R’ are defined and consider a family of Markov 
chains {U;,} in X = X x X given by the rule 
Uo(w) =U; Ux (w) = (R(Ux_1, wk), RI (Up—1, wr)) for k > 1, (0.4) 
where w = (w;,j > 1) € Q denotes the random parameter and U € X is an 
initial point. Writing U = (u,u’) and Up = (ux, u), from (0.2) and (0.3) 
we derive that 
Pu {tsi Z Uki | Fk} <y for any Ue X,k>0, (0.5) 
where Fp denotes the c-algebra generated by U;,..., Uz and the subscript U 


indicates that we consider the trajectory starting from U. Iterating the 
inequality (0.5), we obtain the estimate 


Pu(u, Aur} <Ë for any UE X, k 2 0, (0.6) 
which implies 
[P (u, -) — P(w’, -)|| var <7. (0.7) 


Combining (0.7) with (0.1) and the Kolmogorov-Chapman relation, we 
can easily show that there is at most one stationary measure. Moreover, 


1) It would be easier to observe that the right-hand side of (0.1) defines a contraction 
in the space of probability measures on X (endowed with the total variation distance) 
and therefore has a unique fixed point. However, we use a longer coupling argument 
whose development is applied in the paper. 
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from (0.7) it follows that the sequence {P;,(u,-)} converges to a limiting 
measure u, which is stationary for (uj, Pu). 


The Doeblin argument can be used to prove the uniqueness of a sta- 
tionary measure for stochastic differential equations with nondegenerate 
diffusion on a compact manifold. At the same time, an application of the 
above scheme to stochastic differential equations in R” encounters an obsta- 
cle related to the fact that the phase space of the problem is not compact, 
and inequality (0.2) cannot be satisfied uniformly in u and v', unless some 
restrictive conditions are imposed on the drift. However, one can overcome 
this difficulty with the help of the following modification of the Doeblin 
approach. 

Let X be a separable Banach space with a norm ||- ||, and let (ux, Pu) 
be a family of Markov chains in X. Retaining the above notation, suppose 
that we can find a closed subset B C X for which the two properties below 
are satisfied: 


(i) The inequality (0.2) holds for any u, u' € B and a constant y < 1. 


(ii) The first hitting time 7p of the set B is almost surely finite for any 
initial point u € X, and there is 6 > 0 such that 














E,exp(órpg) «oo forallue X. (0.8) 


Let (R,R’) be the family of random variables in X defined above, and 
let (Ui) be the family of Markov chains given by (0.4). Denote by pn the 
nth instant when the trajectory U; enters the set B :— B x B. Then, 
using (0.2), (0.3), and the strong Markov property, it can be shown that 
(cf. (0.5)) 


P{ttp,41 E Up41|Font SY foranyU € X,nz 1, (0.9) 


where F,„ denotes the c-algebra associated with the Markov time pn. It- 
eration of (0.9) results in (cf. (0.6)) 


Pu[up,4 i7 w,,1) SY” foranyU € X,nz 1. 


Combining this with (0.8), one can prove the inequality (0.7) with a larger 
constant y « 1. Thus, the Doeblin method applies also in the case of 
an unbounded phase space, provided that the inequality (0.2) is satisfied 
on a subset that can be reached exponentially fast from any initial point. 
However, it should be noted that the inequality (0.2) is rather restrictive for 
Markov chains in an infinite-dimensional space. For instance, in the case of 
stochastic partial differential equations, it is satisfied only if the diffusion is 
“very rough." The goal of this paper is to establish a general criterion for 
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the uniqueness of a stationary measure and exponential mixing and to show 
how to apply it to a complex Ginzburg-Landau equation. Without going 
into details, let us describe our scheme in the case of discrete time. 


As before, we consider a Markov family (ux, Pu) in a separable Banach 
space X and denote by P; (u, I) its transition function. Suppose that we can 
construct a family of Markov chains (Up, Pu), Uk = (ux, uj), in the product 
space X such that the laws of ug and uj, under Py, U = (u,w’), coincide 
with P;,(u,-) and P;,(u’,-) respectively, and the following two properties hold 
(cf. properties (i) and (ii) above): 


(à) Let c = min(k > 1: uk — u,]] > yF}, where y < 1 is a positive 
constant and the minimum over the empty set is +00. Then there is 
a subset B C X and positive constants C and a < 1 such that 


Py{o=+oo} 21, Py{o =k} < Ca" forU = (u,u’) € B. 
(i) Let tg = min{k 2 0: Up € B}. Then there is 6 > 0 such that 














Ey exp(órg) «oo forany U c X. 


In this case, the difference P;,(u,-) — Pi(w',-), regarded as a signed measure 
in X, goes to zero in the dual Lipschitz norm ||- ||? exponentially fast. (See 
Notation for the definition of || - ||.) Indeed, from (i’) it follows that, each 
time the process is in B, with probability > 4 we have ø = +00, which 
means that the difference A; = ||u; — u;|| goes to zero exponentially fast. 
Let us consider a sequence of stopping times p; defined by the following rule. 
Denote by po the first hitting time of B (i.e., po = rp). With probability > i 
we have o = +00 for the chain starting from U,,, and in this case we set 
pk = +o for k > 2. Otherwise, we denote by p the first instant after c 
when Upo+k hits B and define pı by the formula p; = po + p. In general, 
if py is already defined, then py41 = pk + p, where p is the first instant 
after c when the chain starting from Up, hits B. As in the case of po, with 
probability > i we have p; = +co for l| > k +1. 


The above construction implies that, if pp < +00 and py44 = +00, 
then Apr+m € y” for all m > 0. Using the strong Markov property and 
assertions (i') and (ii), it can be shown that Py{pp < +oo} < 27*. What 
has been said implies that with probability > 1 — 2-*-! we have 


lux — uzl x y*7^* for all k > px. (0.10) 
Moreover, further analysis enables one to show that 


Pu{k/2 < py < oo] < Cp*, (0.11) 
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where C and 8 < 1 are positive constants. Combining (0.10) and (0.11), we 
see that 


Py (lux — uil > P} «27? 406" fork > 1. 


Thus, the difference ||ug — u} || converges to zero in probability exponentially 
fast. This property implies the uniqueness of a stationary measure. 


Let us mention that the problem of ergodicity for randomly forced 
equations of mathematical physics was in the focus of attention of many 
researchers during the last ten—fifteen years, and first results in this direc- 
tion were obtained in [29, 8, 13, 6, 2]. We refer the reader to the review 
papers [7, 17, 3, 27] and the book [18] for a detailed account of the results 
obtained so far. The coupling technique described above is a modified ver- 
sion of the one used in [14, 15, 25]. Related approaches were also developed 
in [20, 23, 10, 24]. 

'The paper is organized as follows. In Section 1, we give a description of 
random dynamical systems studied in this work and introduce the concept of 
an extension for random dynamical systems. A general criterion (in terms 
of extension) for the uniqueness of a stationary measure and exponential 
mixing is presented in Section 2. In Section 3, we give some simple sufficient 
conditions under which one of the hypotheses of our criterion is satisfied. 
'The fourth section is devoted to the application of these results to complex 
Ginzburg-Landau equation with random perturbation. We also formulate 
an open question. Finally, in Appendix, we present two auxiliary results 
used in the main text. 


Notation. 


Let X be a separable Banach space endowed with its Borel c-algebra Bx. 
Denote by Bg the ball in X of radius R centered at origin, by P(X) the 
set of probability measures on (X, Bx), by C(X) the space of continuous 
functions f : X — R, and by £(X) the space of functions f € C(X) such 


that 
lle = sup [f(u)| + sup / G9 — 091 < oo, 
UuEx użu u _ v| 
where || - || stands for the norm in X. The space P(X) is endowed with 


either the total variation distance, 


lla = [2||var == sup |ui (T) E u2(T)|, 
TeBx 
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or the dual Lipschitz distance, 





lui — walle := sup (f ui) — (f, u2) 
I flle<t 


? 


where (f, u) denotes the integral of the function f with respect to the mea- 
sure u. The space P(X) is complete with respect to both metrics || - ||var 
and ||- ||% (see [5]). 

Let D C R” be a bounded domain with a smooth boundary 0D, and 
let T > 0 be a constant. We use the following functional spaces. 

L? = L?(D,C) is the space of complex-valued square-integrable func- 
tions on D. 

H+ = H'(D,C) is the Sobolev space of order 1. 

Hà = H((D, C) is the space of functions u € H! vanishing on OD. 


C* (0, T; X) is the space of continuous functions u : [0, T] — X that are 
k times continuously differentiable. In the case k = 0, we write C(0, T; X). 


L?(0, T; X) is the space of Bochner-measurable square-integrable func- 
tions on the interval [0, T] with range in X. 


If a and b are real numbers, then a Vb (a ^b) stands for their maximum 
(minimum). For a random variable £ we denote by D(£) its distribution. 
If A is a subset in a given space, then J, stands for its indicator function 
and A® denotes its complement. We denote by R the half-line [0, oo). 


1. Description of the Class of Problems 
1.1. A class of random dynamical systems. 


Let (Q, F, P) be a complete probability space endowed with a filtration F, 
t > 0, and a semigroup of measure-preserving transformations 0, : Q > Q 
such that 0, ME C Fi+3. We always assume that F; is augmented with 
respect to (F, P), i.e., the c-algebra F, contains all P-null sets of F. 


We consider a random dynamical system whose trajectories form a 
Markov process. More precisely, let X be a separable Banach space with 
a norm ||- ||, let By be the Borel o-algebra on X, and let S;(u,w), t > 0, 
w € Q, u € X, be a continuous random dynamical system over 6; (see 
Definitions 1.1.1 and 1.1.2 in [1]). We always assume that the following two 
properties hold. 
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e For almost all w € Q the trajectories S;(u,w), u € X, are continuous 
in t 2 0. 


e For any u € X the random process S;(u,w), t > 0, is Markov with 
respect to the filtration F+, i.e., for any I € Bx and t, s > 0 we have 


P (Stis(u,-) ET | Fy) = P:(S((u, o), T), (1.1) 


where the equality holds for almost all w € Q, and P,(u,T) is the 
transition function defined by the formula 


B(ur)-P[S(u)erTh wex, Te Bx. (1:2) 


In what follows, random dynamical systems satisfying the above properties 
(in particular, the continuity condition with respect to time) will be said to 
be Markov. With every Markov random dynamical system we associate a 
family of Markov processes parametrized by the initial point u € X. To fix 
notation, let us briefly recall the corresponding construction. 


We set 
Q=XxQ, F' = Bx @F, F; = Bx 89 Fa, P, = du @P, 


where 6, € P(X) is the Dirac measure concentrated at u € X and & denotes 
the direct product of measures and o-algebras. For w’ = (u,w) € Q’ we set 


Siw’) = Si(u, w), Oyu" = (Si(u, w), hiw). 


We thus obtain a Feller?) family (57, P^) of homogeneous Markov processes 
in the phase space X with the transition function (1.2) and the correspond- 
ing Markov semigroups 


Bef (u) = J P(ude)f(v) Piu) = J Pilu, T)uldu), (13) 
X X 


where f € Cy(X) and u € P(X). In what follows, we drop the prime from 
the notation and write w, Q, St, F, Fi, 0, instead of w, Q’, St, F', Fi, OF. 


In this paper, we consider the Markov random dynamical system as- 
sociated with the randomly forced complex Ginzburg-Landau equation 


ü — (v - i)^u + iluļPu = h(x) + (t,x), x € D, (1.4) 
— 0, (1.5) 


2) The Feller property of the transition function follows from the continuity 
of St(u,w) with respect to u and the Lebesgue theorem on dominated convergence. 
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where u = u(t,2) is a complex-valued unknown function, D C R” is a 
bounded domain with smooth boundary D, h € L?(D,C) stands for a de- 
terministic function, and ¢(t, x) is a complex-valued colored Wiener process. 
We show that the problem in question has a unique stationary measure and 
possesses a property of exponential mixing. We refer the reader to Sec- 
tion 4.2 for an exact formulation of the result. 


1.2. Extension of random dynamical systems. 


Let X be a separable Banach space, and let S;(u,w) be a Markov random 
dynamical system in X over a semigroup b+. We define the product space 
X — X x X endowed with the usual norm and denote by Bx its Borel 
c-algebra. Write u = (u, u^) and denote by 


Hx:uceu Ik: ure 


the natural projections to the components of u. Let (Q, F, P) be a complete 
probability space endowed with a filtration zs t 2 0, which is assumed to 
be augmented with respect to (F, P), and let 0, : Q 5 Q bea semigroup 
of measure-preserving transformations such that 0, E C ias Consider 
a Markov random dynamical system $;(u,@) in X over 6j. 


Definition 1.1. A Markov random dynamical system S$; in X defined 
on the half-line t > 0 is called an extension of S, if for any u = (u,w) € 
X the distributions of the random processes IIx S;(u,@) and II, Silu, ©) 
regarded as random variables in C(IR.,, X) coincide with those of S;(u,w) 
and S;(u’,w) respectively. 


In what follows, if S; is a random dynamical system and S, is its exten- 
sion, then we denote the corresponding stochastic bases by the same sym- 
bol (Q, £F, IP, Fi, 0+). Moreover, abusing the notation, we write S,(u,w) = 
(Silu, w), Si(u,w)). Finally, we denote by (S;,P,) the family of Markov 
processes associated with S; and parametrized by the initial point u € X. 

We note that, if S, is an extension of S+, then for any f € C(X) and 
u = (u, u^) € X we have 


E uf (Ix S1) = Pif (u), Euf yS) = Pifu’). (1.6) 


This observation, which is a simple consequence of the definition of exten- 
sion, will be important in the next section (see the proof of Theorem 2.3). 


























We also need an auxiliary concept of extension on a finite time inter- 
val. More precisely, let Ri(u,w) = (Ri(u,w), Ri(u,w)) be a continuous 
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Markov random dynamical system defined for t € [0, T], where T > 0 isa 
constant independent of (u,w). (In other words, the properties entering the 
definition of a Markov random dynamical system hold on the interval [0, T]; 
see [1, Definitions 1.1.1 and 1.1.2].) 


Definition 1.2. The random dynamical system R = (Ri, R4) in X 
is called an extension of S, on [0, T] if for any u = (u,u’) € X the distri- 
butions of the random processes R;(u,-) and &;(u,-) regarded as random 
variables in C(0, T; X) coincide with those of S,(u,-) and S;(u’,-) respec- 
tively. 


Given an extension 7, of S, on an interval [0, T], we can iterate it to 
construct an extension defined on the half-line t > 0. To this end, we denote 
by (Q^, FE, Pr, FF. OF), k > 1, a countable family of independent copies of 
the stochastic bases on which R+ is defined. We consider a new stochastic 
basis (Q, F, P, Fi, 04) defined by the following rules. 





e The space 2 is the product of QF, k > 1, and its points are denoted 
by w = (w1,w2, ...). 


The c-algebra F is the direct product of F}, k > 1, completed with 
respect to the product measure P = P! @ P? @---. 


e If t = (k— 1)T +s, where k > 1 is an integer and 0 < s < T, then F; is 
the augmentation (with respect to (F,P)) of the o-algebra generated 
by the sets of the form 

T= {w = (w1,W2,---): Wm € Um for me Le 


where I, € FP for m —1,...,k- 1 and Ik E ZEE Furthermore, the 
shift operator 6; is given by the formula 


biw = 01(w1,02,...) = (05, OF ig a a 


An extension S, on t > 0 is now defined by induction. Namely, for 
O0<t<T we set 

Silu, w) = Ri(u, w1). (1.7) 

If S, is already defined for 0 € t < kT, where k > 1 is an integer, then for 
0 €x s € T we set 


Spr+s(U,w) = R:(Skpr(u, w), wk+1). (1.8) 


It is a matter of direct verification to show that S,(wu,w) is a continuous 
Markov random dynamical system in X over 0, and that it is an extension 
of St. 
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2. Coupling Hypothesis 


2.1. Markov random dynamical system 
satisfying a coupling condition. 


Let (Q, F, P, Fi, 0+) be a stochastic basis satisfying the conditions formu- 
lated in Section 1, let S;(u,w) be a Markov random dynamical system in a 
separable Banach space X, and let P, and $87 be the corresponding Markov 
semigroups (see (1.3)). Recall that u € P(X) is called a stationary measure 
for S,(u,w) if Pžu = n for all t > 0. 


Definition 2.1. We say that S, is exponentially mixing if it has a 
unique stationary measure u € P(X) and there is a constant y > 0 and an 
increasing function V : Ry — R+ such that for any u € X we have 


IP: (u) — ule < V(lule , t2 0. (2.1) 


Let S,(u,w) be an extension of S;(u,w) (see Section 1.2). We fix 
positive constants C, 8 and a closed subset B C X and introduce the 
stopping times 


Tp = Tp(u,w) = inf{t 2 0: S:(u,w) € B}, (2.2) 
o = c(u,w) = inf{t 2 0: ||S(u,w) — S;(u,w)|| > Ce PN, (2.3) 


where u = (u,u’) and the infimum over the empty set is +00. In other 
words, Tg is the first hitting time of the closed set B for the trajectory 
S,(u,w) and o is the first instance when the curves S;(u,w) and S/(u,w) 
“stop converging” to each other exponentially fast. In particular, ifo(u,w) = 
oo, then 


llS;(u, v) — Siu, w| <Ce* fort >0. (2.4) 
Definition 2.2. We say that the random dynamical system S;(u, w) 


satisfies the coupling hypothesis if it has an extension S;(w,w) possessing 
the following properties. 


(i) There is a constant 6 > 0, a closed set B C X, and an increasing 
function g(r) > 1 of the variable r > 0 such that 











E,exp(órg) € G(u) for all u = (u,u’) € X, (2.5) 





where G(u) = g(||u||) + g(]ju' |). 
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(ii) There are positive constants 61, 62, c, K, and q > 1 such that 























Pu{o = oo] > ôi, (2.6) 
Lad lioz) exp(ó20) | X c, (2.7) 
bellico Sa)] <K (2.8) 

for any u € B. 


Any extension of S, satisfying properties (i) and (ii) will be called a mixing 
extension. 


Before formulating the main result of this section, we wish to make 
some comments on the above definition. We take an arbitrary initial point 
u € B. Then, in view of (2.6), with probability > 6, we have ø = oo, and 
therefore, with the same probability, the trajectories S;(u,w) and Si(u,w) 
converge to each other exponentially fast (see (2.4)). On the other hand, 
if they do not, the inequality (2.7) says that the first instant c(u,w) when 
the trajectories “stop converging” to each other is not very large. Moreover, 
by (2.8), we have some control over S;(u,w) at the instant t = o(u,w). 
If the initial point u € X does not belong to B, we cannot claim that 
the above properties hold. However, we know that with probability 1 any 
trajectory hits the set B, and by (2.5), the first hitting time Tg has a finite 
exponential moment. 

These observations make it plausible that for any initial point u € X 
the trajectories S;(u,w) and S;(u,w) converge to each other exponentially 
fast. In fact, we have the following result, whose proof is given in the next 
subsection. 


Theorem 2.3. Let S4(u,w) be a continuous Markov random dynam- 
ical system satisfying the coupling hypothesis, and let S;(u,w) be a mixing 
extension for S+. Then there is a random time £ = ((u,w) such that 


lS: (u, w) — Silu, w| < Cie"? 9709) fort > £(u,w), (2.9) 
«e < Ci (g(lull) + g(Iu']l)), (2.10) 


where u € X is an arbitrary initial point, g(r) is the function in Defini- 
tion 2.2, and C4, a, and B are positive constants independent of u and t. 
If, in addition, there is an increasing function g(r) 2 1, r 2 0, such that 


E, g(lS) < 3(llul) forue X, t z 0, (2.11) 














then S,(u,w) is exponentially mixing, and the inequality (2.1) holds with 
V(r) = 3Ci(g(r) + 2(0)). (2.12) 
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2.2. Proof of Theorem 2.3. 


We first note that the inequalities (2.9), (2.10), and (2.11) imply that S;(u, w) 
is exponentially mixing. Indeed, to prove this, let us show that for any 
u,u' € X we have 
Pu.) - Pew’ || < 30: (gul) + (11D) e7, t>0. (2.13) 
To this end, we fix an arbitrary functional f € £(X) with ||f||; € 1 and 
note that, in view of (1.6), 
|(f, Pe(u,-) = PU. ))| = [E (£059) — f699)| < Eal ECS) - f (50) 


< 2P,(£ » $} + Euf eci ES- ESDI} 
(2.14) 















































In view of (2.10) and the Chebyshev inequality, we have 


Pu{e> $} <Ci(o(llull) + gl) e. (2.15) 
Furthermore, from the condition || f|; € 1 and the inequality (2.9) it follows 


that the second term on the right-hand side of (2.14) does not exceed 
Bt 


E. (Iul: - Si «Cie 7. (2.16) 


Substituting (2.15) and (2.16) into (2.14), we obtain 


|f. Pis) = Pe(u’,-))| < 208 (g(llull) + eI) e^ + Cre“ 7, 


which implies the required inequality (2.13) with y = $(a A 2). 

We now use (2.13) to show that S; is exponentially mixing. Let us fix 
arbitrary points u,u’ € X and a functional f € £(X) such that ||fl|e < 1. 
By the Kolmogorov-Chapman relation and the inequality (2.13), for t < s 
we have 


|f, Pe(u,-) — P,(u',-))| = |S Pan f (Piao) — P,(z, dv)) f(v) 
X X 


« 3C, c7 J P, (u, dz) [9([lull) + ell] 
X 














= 3C1e ' [g(]ull) + Ew g(llSs—ll)]. 
Taking into account (2.11), we conclude that 
||P: (u, ) — Ps (u, | [7 < 3C1 (g([leall) + au ID) e7. (2.17) 


By the Prokhorov theorem (see [5, Corollary 11.5.5]), P(X) is a complete 
metric space with respect to the norm ||- ||ż. Hence Pi(u,-) converges 
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as t — +00 to a measure u € P(X), which does not depend on u and is 
stationary. Setting u’ = 0 in (2.17) and passing to the limit as s — -F-oo, 
we obtain the inequality (2.1) with V given by (2.12). 


Thus, we need to establish the inequalities (2.9) and (2.10). Their 
proof is divided into four steps. 


Step 1. We introduce the stopping time 
pc c TBO Oe = c(u, w) + TB (8 ctas (u, w), Osteen) n (2.18) 


In other words, we wait until the first instant o when the trajectories S, 
and S; “stop converging” to each other and denote by p the first hitting time 
of B after c. Let ô, 01, and 09 be the constants in (2.5), (2.6), and (2.7). 
We claim that for any u € B 


Ó1, (2.19) 
a, (2.20) 














where a < 62/6 and a < 1 are positive constants independent of u. Indeed, 
the definition of p(u,w) (see (2.18)) implies that (p = co} = {0 = ov}, and 
therefore (2.19) is an immediate consequence of (2.6). 

To prove (2.20), we first show that 














buf Iioesu e^] <M for any u € B, (2.21) 
where ó3 — (—0)02^?) and M > 0 is a constant independent of u. Indeed, 
using the relation (2.18), the strong Markov property, and the inequal- 
ity (2.5), we derive 


E u (1155.5 6^] = Eu Io) €" (Es, e™®)} < E(Irzcs:) e G(S;)]. 
Combining this with (2.7) and (2.8), we conclude that 





























i 
q 



































q—1 
Es(It5«3€ 5^) < (Es(11:5599")) * (Eu (I5 0(82)*]) 
< (ct 1 K)$ =: M. 


To derive (2.20), let us set a = ed3 and note that, in view of (2.19) 
and (2.21), we have 


E uldrgospe ^) < (Puls < o9] "T EL fseye e) € (1— $3) EME. 


The right-hand side of this inequality is less than 1 if € > 0 is sufficiently 
small. 
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Step 2. We now consider the iterations of p. Namely, we define a 
sequence of stopping times pj = pk(u,w) by the formulas 


po-— TB. pk-—pk-idtpoO05, ,, kzl. 
We claim that 











E, (Ij), coe?) <a*G(u) for any ue X. (2.22) 





Indeed, since Sp,(u,.)(u,w) € B, the inequality (2.20) and the strong 
Markov property imply that 


Es (Ito, ese") < Buf Its e] t7 uns (lige) 





























X 








a 





~ QAPk—1 k ATB 
: ilta eiae } Ka E,e à 


The required inequality (2.22) follows now from (2.5) and the fact that a < 
ô. 


Step 3. We now note that, if py(w,w) < oo and py41(u,w) = oo for 
an integer k > 0, then 


l| (uo) — Silu) & Ce APH) fort» pe(uyw). — (223) 
For any u € X let us set 
k = k(u,w) =sup{k 2 0 : px(u,w) < oo). 
We wish to show that 
k «oo for P,-almost every w. (2.24) 
To this end, note that, in view of (2.19) and the strong Markov property, 
P,(py < oo) < (1—61)Puf{pr_1 < oo] < (1 — 6,)*Pufpp < oo] < (1— 61)*. 
Hence the Borel-Cantelli lemma implies (2.24). 
Step 4. Let us set 
| Phlu, w) (UW) if k(u,w) < oo, 
c oo if k(u,w) = oc. 


The inequality (2.9) follows immediately from (2.23), the definition of pp, 
and the fact that pe41 = oo. To prove (2.10), we write 






































Eue = Buller} < Dd Eu {oce} < 0—a) !G(u), 
k=0 k=0 


where we used the inequality (2.22) and the fact that ¢(u,w) < oo for Pu- 
a.a. w. This completes the proof of Theorem 2.3. 
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Remark 2.4. Analyzing the proof given above, it is not difficult to 
see that Theorem 2.3 remains valid if o(u,w) is replaced with any other 
stopping time & < c. In other word, if the inequalities (2.6)-(2.9) hold 
with c replaced by 6, then the conclusion of Theorem 2.3 is true. To see 
this, it suffices to repeat the arguments above, replacing everywhere a by 6. 


3. Dissipative Random Dynamical Systems 
and Their Extensions 


In this section, we give sufficient conditions for the existence of an extension 
satisfying the inequality (2.5). These results will be used in the next section 
to prove exponential mixing for the complex Ginzburg-Landau equation. 


3.1. Lyapunov function. 


Let S;(u,w) be a Markov random dynamical system in a separable Banach 
space X, and let F(u) > 1 be a continuous functional on X tending to --oo 
as ||u|| > co. Suppose that S, satisfies the following condition. 


(Hı) Lyapunov function. There are positive constants tx, Rx, Cx, anda < 1 

















such that 
E,F(S,,) €«aF(u) for ||u|| > Rs, (3:1) 
E,F(S;) < C. for ||u| < Rx, t > 0. (3.2) 











In what follows, we call F a Lyapunov function for S+. An important prop- 
erty of a Markov random dynamical system possessing a Lyapunov function 
is that the first hitting time of sufficiently large balls in the phase space 
is almost surely finite for any initial condition and has a finite exponential 
moment. Namely, we have the following result. 


Proposition 3.1. Let S;(u,w) be a Markov random dynamical system 
satisfying Hypothesis (Hı), and let Tr(u,w) be the first hitting time of the 
ball Bg = {u € X :||u|| < R}, where R > R.. Then 


P,[rg <co}=1 foralluc X. (3.3) 


Moreover, there are positive constants 6 and C independent of R and u such 
that 














E, exp(órg) < 1 + CKg F(u), (3.4) 
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where 


Kr= inf F(v). (3.5) 


in 
lvl >R 


Proposition 3.1 can be established by a standard argument (see [22]). 
However, for the sake of completeness, we give its proof. 


PROOF OF PROPOSITION 3.1. Step 1. The result is trivial for ||u|| < R 
since, in this case, TR(u,w) = 0 for P„-almost every w. We fix arbitrary 
u € X with ||u| > R and consider an auxiliary stopping time defined by 
the formula 


T = 7(u,w) = min{t = mt, : ||S;|| < R, m 2 0 is an integer}. 
For any integer k > 0 and v € X we set 
pr(v) = Ey {Itr>rt, y F(S1,)]- (3.6) 


We claim that 
pi(u) <a*F(u) for all k > 0. (3.7) 


Indeed, the Markov property (1.1) and the inequality (3.1) imply that 
prlu) < Euge Eu (S0 19.) | Fue.) } 

= Eu{Iprsne.}Es,., F(S;,)) 

€ aE u Iia F (Ske.)} = ape(u), (3.8) 


where we used the nonnegativity of F and the fact that ||Sxz, || > R 2 R. on 
the set {7 > kt,}. Iterating (3.8) and noting that E u{It7>0}F (S0)} < F(u), 
we arrive at (3.7). 


Step 2. From (3.6) and (3.7) it follows that 
Parc kt} € Kg Bad erort (Sie, )} < a^ KR F(u). (3.9) 


















































Combining this with the Borel-Cantelli lemma, we see that 
Pu{f <oo} =1 foranyuc X. (3.10) 


Furthermore, if 6 > 0 is so small that b := ea < 1, then, by (3.9), we 
have 














R uet? < 1+ XO Eu{Lpraueye" } < 1+ » jeep e (k 7 Ute 
k=1 ich 





eta! 1. ORT Flu), (3.11) 


[43 


<14+ KglF(u) 


x 
ll 


1 
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where C = e®*(1 — b)-1. It remains to note that 7 > TR, and hence (3.10) 
and (3.11) imply (3.3) and (3.4). 











A result similar to Proposition 3.1 is true for any extension of Sy. 
More precisely, let $;(u,w) be an extension of a Markov random dynamical 
system satisfying Hypothesis (Hj), and let ? 


CERCA CR S3 (3.12) 
Let R* > 0 be the smallest constant such that Kg- > 2€-, where a and C, 


1—a 
are the constants in Hypothesis (Hı) and Kg is defined by (3.5). The 
assertion below can be established by repeating the arguments in the proof 


of Proposition 3.1. 








Proposition 3.2. Let S:(u,w) be a Markov random dynamical system 
satisfying Hypothesis (Hı), and let S;(u,w) be its extension. Then there are 
positive constants 6 and C such that for any u € X and R 2 R* we have 


Pu{tr < oo) ^ 1, (3.13) 
E, exp(órg) < 1 + CKR (F(u) + F(w)). (3.14) 














3.2. Dissipation. 


Let S,(u,w) be a continuous Markov random dynamical system in a separa- 
ble Banach space X, and let 7&;(u, 0) be its extension on an interval [0, T]. 
Suppose that 7€, = (R4, R4) satisfies the following condition. 


(H2) Dissipation. For any R > 0 there is a constant q € (0,1) and an 
increasing function e(d) > 0 defined for d > 0 such that for any u = 
(u,u € X with ||u|| V ||u'|| € R and any d > 0 we have 


Pa {Rr (u) V IRA Qus Il < Call V I] V d) > e(d). — (3.15) 


In other words, the dissipation condition (H2) means that for any d > 0, 
with positive probability, any ball in X of radius R > d/q centered at zero 
is pushed into a ball of radius qR by the maps Rr and R4. Therefore, 
it is reasonable to expect that, if S, is the extension of 5, constructed by 
iteration of R; (see (1.7) and (1.8)), then for any initial point u € X the 
trajectory S;(w,w) will hit, in a finite time, any ball of given radius centered 
at zero. We have in fact the following result which shows that the existence 


3) The stopping time (3.12) is different from the one defined in Proposition 3.1 for 
the original random dynamical system. However, we retained the same notation since 
they play similar roles for S; and Si. 
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of a Lyapunov function combined with the dissipation property (H2) implies 
that the first hitting time of any ball centered at zero has a finite exponential 
moment (cf. (2.5)). 


Proposition 3.3. Let S;(u,w) be a Markov random dynamical system 
possessing a Lyapunov function F(u) in the sense of (H4), and let Ri(u, w) 
be its extension defined on an interval [0, T] and satisfying Hypothesis (Ha). 
Then for any d > 0 there are positive constants C and v such that for the 
extension S, constructed by iteration of R we have 


uexp(vra) < C(F(u) + F(w’)), u-(uw)e X, (3.16) 














PRoor. We first describe the main idea, which is well known; for in- 
stance, see Sections 3.7 and 4.2 in [11] or Section 13 in [30]. By Proposi- 
tion 3.2, the first hitting time of the set 

Br={u € X :|u| v ||u'| < R} (3.17) 


has a finite exponential moment for R > R*, and by the dissipation prop- 
erty (H3), each time the process S, is in Br, with positive probability it 
hits B4 in finite (deterministic) time. Combining these two observations 
with the Markov property, we can prove the required result. An accurate 
proof is divided into four steps. 


Step 1. Let R* and q be the constants in Proposition 3.2 and Hy- 
pothesis (H3). We fix arbitrary d > 0 and set lg = min{l > 0: q!R* < d). 
It follows from the inequality (3.15) and the Markov property that for any 
u € Bp» we have 


Pau{ Sur € Ba} > pa := e(d)? > 0. (3.18) 


Step 2. We set T = Tp» and define two sequences of stopping times by 
the formulas 


pi =T, pp=TtlaT, Pm = Pm-1 eT Oils Pm = Pm t lat, m za. 


Consider the events I'm = 15. € Ba forn=1..., m). Let us show that 
for any u € X the sequence P,,(u) = Pu(Tm) satisfies the inequality 


Pm(u) = (1 — pa)”, m2. (3.19) 
Indeed, by the strong Markov property, for any m > 1 we have? 
Puf Son ¢ Ba| Fo} = Psp) {Sur € Ba} X 1-— pa, (3.20) 


4) We write S(p/,,) instead of Sp, to avoid a double subscript. 
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where we used the inequality (3.18) and the fact that Sp, € Bpr». There- 
fore, using again the strong Markov property, we derive 














P, (u) = Bu (1r... P a So, d Bal Fes, )« (1— pa) Pai (u). 


Iterating this inequality and using (3.20) with m = 1, we obtain (3.19). 


Step 3. We now show that for any d > 0 there is a constant K > 1 
such that 














Eue?” <K™(F(u) + F(u), m21, (3.21) 


where 6 > 0 is the constant in (3.14). Indeed, applying the strong Markov 
property and the inequalities (3.14) and (3.2) (with t = I4), we derive 






































E, ePm = li, ia ES(om_1)(€°") } 
< CE, (ef^ (F(Spm_1) + F(S,. .))) 


< C4 e) 4T, {em Esc, (EF (Sur) + F(Si,r)) } 


SlaT 5p. 
C3e?'4* E, e" ?m-1, 
































IN 








where we used the fact that Sp, 
using again (3.14), we obtain (3.21). 


€ Bpr. Iterating this inequality and 


Step 4. We can now prove the inequality (3.16) with sufficiently small 
v > 0. To this end, we define the random integer 


f = min{n > 1: $,, € Ba} 


and note that Tq € pà. Moreover, from (3.19) and the Borel-Cantelli lemma 
it follows that P,(& < oo) = 1 for any u € X. Hence for any v > 0 


oo 


oo 
Ene? « Eue = YE ull mie ha) < Ee” + by Pliny ae") 


n=1 


i 
< Bye + Y Pal ) (Eue? Pm) 










































































K(1+ Ya — pa)? KP) (F(u) + FQ). (3.22) 


Comparing this inequality with (3.19) and (3.21), we see that for a suf- 
ficiently small v > 0 the right-hand side of (3.22) can be estimated by 
C(F(u) + F(u’)). This completes the proof of Proposition 3.3. 
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4. Complex Ginzburg-Landau Equation 
4.1. Cauchy problem and a priori estimates. 


Let D C R” (n = 3 or 4) be a bounded domain with smooth boundary OD, 
and let L? — L?(D,C) be the space of square-integrable complex-valued 
functions on D. We regard L? as a real Hilbert space and endow it with 
the scalar product 


(u,v) = Re | uix) da: 
D 


and the corresponding norm || - |. Let {ej} be a complete set of L?- 
normalized eigenfunctions of the Dirichlet Laplacian, and let {a;} be the 
corresponding set of eigenvalues indexed in an increasing order. 


We consider the problem 


ù — (v - i)^u + iju??u = A(x) + n(t, 2), (4.1) 
ulap =0, 
u(0, z) = uo(z), 


where v > 0 and p > 0 are some constants, h € L? is a deterministic 
function, and ņ is an Ht-valued random force. More precisely, we assume 
that 


nta) = Eeee) Cea) Dubel) 4) 


where 8;(t) = Bji(t) + ißj2(t) are complex-valued independent Brownian 
motions and b; > 0 are some constant satisfying the condition 


oo 
Bı := X at « oo. 
j=l 


In what follows, we always assume that 0 < p € 2. For any function u(t, x) 
let us set 


Eu(t) = |u(t)]. + vf llu(s)|l tds. (4.5) 
0 


The theorem below establishes the well-posedness of the problem (4.1)—(4.3) 
in appropriate functional spaces. We refer the reader to [12, 21, 16, 28] 
for proofs of similar (and more general) results. 
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Theorem 4.1. Suppose that the above-mentioned conditions are ful- 
filled. Let ug be an L?-valued random variable that is independent of ¢ and 
satisfies the condition E||uo||? < oo. Then the following statements hold. 














(i) There is a random process u(t) = u(t, x), t > 0, whose almost every 
trajectory belongs to the space X := C(R4; L?) N L? (R+; Hd) and satisfies 
Equations (4.1) and (4.3) in the sense that 


u(t) = uo + nc + i)Au(s) — i|u(s)"?u(s)) ds - th-- Qt), tz 0. 
0 


Moreover, the random process u(t, x) is adapted to the filtration F; generated 
by uo and G. 

(ii) The process u(t) constructed in (i) is unique in the sense that 
if u(t) is another random process satisfying (i), then with probability 1 we 
have u(t) = u(t) for all t > 0. 

(iii) We have the a priori estimates 

t 
Buh v f |u(s)2ds < Elluol?-- Ct. fortz0, — (46) 
0 









































^ sup(E,,(t) — Lt) > ||uo||? + p} «e "? forp>0, (4.7) 
t20 


where C, L, and x are positive constants independent of ug. 


4.2. Formulation of the result and an open question. 


We denote by S,(uo,w) the solution of (4.1)-(4.3) constructed in Theo- 
rem 4.1. Using a standard argument (see, for example, [12, 21]), it is not 
difficult to show that S,(uo,w) can be regarded as a Markov random dy- 
namical system in L?, and we denote by (u+, Pu) the corresponding Markov 
family (cf. Section 1.1). The transition function and Markov operators asso- 
ciated with (uz, P,,) will be denoted by P;(u, T), Bz, and $F. The following 
theorem is the main result of this section. 


Theorem 4.2. Suppose that the assumptions of Theorem 4.1 are sat- 
isfied amd 

b; #0 for all j > 1. (4.8) 

Then for any v > 0 the Markov random dynamical system associated with 

(4.1), (4.2) has a unique stationary measure u € P(L?). Moreover, there 
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are positive constants C and y such that 
Pfu) — (FW) & COIFA + lul?) for anyt > 0, ue L?, (4.9) 


where f € C(L?) is an arbitrary functional. 


To prove this theorem, we construct an extension S+ for 5, that sat- 
isfies the coupling hypothesis in the sense of Definition 2.2, and the appli- 
cation of Theorem 2.3 will imply the required result. Moreover, using the 
regularizing property for the complex Ginzburg-Landau equation and the 
associated Markov semigroup (see [28, Proposition 4]), it is not difficult 
to show that the stationary measure p is concentrated on the space Ht, 
and the exponential convergence to u holds also for continuous functionals 
on Hj. At the same time, the following question remains open. 


Open Question. The complex Ginzburg-Landau equation is well 
posed in the space Hj for n = 3 or n = 4 and p € —25. Prove the 
uniqueness of a stationary measure and exponential mixing property for 


these values of p. 


The rest of this section is organized as follows. In Section 4.3, we 
construct an extension for S;. Section 4.4 is devoted to verification of Hy- 
potheses (H;) and (H2) (see Section 3). In Section 4.5, we prove the inequal- 
ities (2.6) and (2.7). The proof of Theorem 4.2 is completed in Section 4.6. 


4.3. Construction of an extension. 


We wish to construct an extension for S, that satisfies the coupling hy- 
pothesis described in Definition 2.2. As was explained in Section 1.2, if we 
have an extension Re = (R+, RJ) on a time interval [0, T], then its iteration 
results in an extension defined on the half-line IR,.. Our construction of Ry 
will depend on T > 1 and an integer N > 1. Both parameters will be fixed 
later. 


Step 1. Let Hy be the 2N-dimensional subspace in L? spanned by 
the vectors ej, iej, 1 < j € N, and let He be its orthogonal complement 
in L?. Denote by Py and Qy the orthogonal projections in L? onto the 
subspaces Hy and Hj; respectively. 


We set v = Pyu, w = Qyu and rewrite Equation (1.4) in the form 
o—(v+i)Av+ Fy(v +w) = Pyh 4 e(t), (4.10) 
ib — (v 4- i)w + Gy (v +w) = Qwh + (t), (4.11) 
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where p = PG, Y = Qué, Fy(u) = iPx (\ul??u), Gy (u) = iQ (luu). 
Equations (4.10) and (4.11) are supplemented with the initial conditions 


v(0) = vo, (4.12) 
w(0) — wo, (4.13) 


where v9 € Hy and wo € Hj. Using standard arguments, it is not dif- 
ficult to check that for any functions wo € Hi, v € C(0,T; Hy), v € 
C(0,T; H} N H1) the problem (4.11), (4.13) has a unique solution w € 
Xn (T) := C(0,T; Hi) n L?(0, T; Hb; HA). We denote by 


W : Hy x C(0,T; Hy) x C(0,T; Hi N Ht) Xw(T), (wo,v,v) => w, 


the resolving operator for the problem (4.11), (4.13) and by W its restriction 
to the time t. The operators W and W; are uniformly Lipschitz with respect 
to (wo,v,W) on bounded subsets, and it is easy to see that YV(wo, v, v) 
depends only on the restriction of v and v to the interval (0, t]. 


Step 2. We now fix an arbitrary function x € C?*(IR) such that 0 < 
x <1, x(t) = 1 for t € 0, x(t) = 0 for t > 1. Let us take any initial points 
uo, ug € L? and set fw(uo,ug) = Pn (uh — uo). Denote by Ar(uo, uh) and 
Ap (uo, up) the laws of the processes 


(aco) C eie emn) ann 


respectively, where u(t) = Si(uo,w) and u(t) = Si(up,w). Thus, Àr (uo, up) 
and A(uo,up) are probability measures on the separable Banach space 
C(0, T; L?). Let (U (uo, up), U' (uo, up)) be a maximal coupling for (Ar(uo, uh), 
X (uo, u5)).? By Proposition 5.2, such a pair of random variables exists and 
is a measurable function of its arguments. Let 


Ri(uo, up) = PNU: + Wi(Qu uo, PNU, QNU), (4.15) 
Ri (uo, ug) = PNU: + fw (uo, Uo) x(t) 
t Wi(Qn uo, PNU’ + fn (uo, up) x. QNU’), (4.16) 


where U, stands for the restriction of U(uo,ug) to the time t and Uj is 
defined in a similar way. We claim that 7€; = (R+, R4) is an extension of S, 
on the interval [0, T]. 


5) See Section 5.2 for the definition of maximal coupling. 
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Indeed, we need to show that the laws of the processes (/,(uo, up) } 
and {R; (uo, u5)) coincide with those of {.5;(uo,w)} and {S;(ug, w)} respec- 
tively. To this end, let us set X (T) = C(0, T; L°) n L?(0, T; H1) and intro- 
duce an operator T : Hy x C(0,T; Hw) x C(0, T; Hi; Hd) — X(T) by the 
relation 


T (wo, v, vj) — v + W(wo, v, v). (4.17) 
The definition of W implies that 
{S:(uo,w), t € [0, T]) = T (Quo, Py. (uo, w), QxcC()). (4.18) 


Thus, the law of (S,,t € [0, T]] coincides with the image of the law of 
the first process in (4.14) under the mapping T(Qxwuo,:,-). Furthermore, 
from (4.15) it follows that the distribution D(R. (uo, ug)) is the image of 
Am (uo, ug) under T(Qxwuo, :,-). By construction, the law of the first process 
in (4.14) coincides with Ar(uo, up), and we conclude that D(R.(uo, u9)) = 
D(S.(uo,-)). A similar argument proves that D(' (uo, up)) = DUS. (up, -)). 

Our next goal is to check that Hypotheses (Hı) and (H2) are satisfied 
for S, and R. In view of Propositions 3.2 and 3.3, this will imply that 
property (i) of Definition 2.2 is true for the extension S$;. 


4.4. Lyapunov function and dissipation. 


We show that S, satisfies Hypothesis (H4) with F(u) = ||u||? and any t. > 0. 
Indeed, from (4.6) and the Gronwall inequality it follows that 











wi (Si) <e F(u)--Cv!, #20. 





In particular, fixing any constant a € (e "'*, 1), we see that (3.1) and (3.2) 
hold with 
C 1/2 
R= (5) , O =R?+Cr". 
v(a — e-vt«) 

We now show that the extension R+ satisfies Hypothesis (H2) for suf- 
ficiently large N and T. Note that, in view of (4.8), the distribution of 
{C(t),0 < t € T) is a nondegenerate Gaussian measure on C(0, T; Hj). 
Combining this with the obvious property of approximate controllability 
of the complex Ginzburg-Landau equation (1.4) with a control force ¢ € 
C1(0, T; HÀ), for any R > 0, q € (0,1), and d > 0 we can find a(R, q, d) > 0 
such that (see, for example, [8, 26]) 


P.tlSr(u. -)] < (allull) Vd} > a(R,q,d) for any u € L?, |u| < R. (4.19) 
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Moreover, using the existence of a Lyapunov function for S+, the constant 
o(R,q,d) can be made independent of T > 1. Since R is an extension 
for S+, we conclude from (4.19) that 


Puf{\|Rr(u,w’)|| < Callull) V d} > a(R, q, d), 

Pu {Ru u|] < (allu'll) V d} > a(R, q, d) 
for any (u, u’) € L? x L? with ||u|| V ||u’|| < R. The inequalities (4.20) would 
imply (3.15) with e(d) = a(R,q,d)? and any T > 1, if the processes Ry 


and Ri, were independent. However, this is not the case, and we have to 
proceed differently. 


(4.20) 


Step 1. To prove (3.15), it suffices to show that for any 6 > 0 there is 
cs > 0 such that 


Ps = Paf{|[Rr(u u')] V [Rr uD] & aul V ul) +5} 2 cs (4.21) 


for u, u' € Br, where qı € (0,1) is a constant and Bg denotes the ball in L? 
of radius R centered at origin. Indeed, suppose that (4.21) is already proved 
and fix any d > 0. Setting 6 = = T. +d and q = Ln , we derive 








qilvl| +6 = i Vd for any v € L?. 


It follows that the probability on the left-hand side of (3.15) is bounded 
below by Ps. Since 6 depends only on d and q1, this proves (3.15). 


Step 2. We now prove (4.21). In view of the existence of a Lyapunov 
function for S+, we can assume that u, u' € Br, for some R, > 0. Introduce 
the events 


Gs = {||Rr(u,v’)|| < a (llull v ||w']]) +8}, 
G5 = {|Ro(u, wl < a (llull v [|w']]) +8}, 
E, = {Er(t) + Er (t) < 2(R2 + Lt) + p for all t > 0}, 


where E, is defined by (4.5). We need to estimate from below the expression 
Pu(GsG). It follows from (4.19) that 


Pu(Gs) > x5, Pu(Gs) 2 x5 for any u,u’ € Br,, (4.22) 


IN IX 
mx 


where xs > 0 is a constant independent of u, u’, and T. Moreover, the 
inequality (4.7) implies that 


P,(Ej))21—50, for any u,v' € Br,, (4.23) 
where 8, — 0 as p — oc. Now recall that (see (4.15) and (4.16)) 
Ri (u, u’) = YT (Qnu, U), Ry (u, u’) =% (Qu, U' E fv (u, u^)x), (4.24) 
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where (U, U") is a maximal coupling for the pair (Ar (u, u’), Mp(u, u')), the 
operator Y is defined in (4.17), Y; stands for its restriction to the time t, 
and fw(u,u) = [e n (uu , Without loss of generality, we can assume that 


Pu(G5joN°) € Pu(Gsj2N), (4.25) 


where NV = {U(u,u’) 4 U'(u,u’)} and N* denotes the complement of M. 
The case in which the opposite inequality is satisfied can be treated by a 
similar argument. 


Suppose that we already shown that 
Gsj2E,N° C GGs for any p> 0 and T > Tp, (4.26) 
where T, > 1 depends only on p. In this case, we can write 
Pu(GsGs) = Pu(GsGyNn°) + Pu(GsGyNn) 
Pu(GsGsEpN®) + Pu(Gs | N)Pu (Gs | N)PuQN) 
Pu (Gsja ESN) + Pu (GaN )Pu (GN), 


where we used the inclusion (4.26) and the independence of U and U” con- 
ditioned on M. Combining this inequality with (4.23), we derive 


P.(65G5) > Pu(Goy2N°) -PA(GSN)P(GSN) - A. (427) 
We claim that if p > 0 is so large that 8, < 875/27 then (4.21) holds with 
= 8753/2: Indeed, if P,(G5/5N*) > I2 then (4.21) follows immedi- 


ately from (4.27). In the opposite case, the inequalities (4.22) and (4.25) 
imply that 


3 
45/9 € Pu(G5/2)Pu(Go2) < Pu(Gs/2N)Pu(Gs 2M) + 1m 























v v 


Hence 
1 
Pu (GN) Pu (GN) > Pu(GsjoN)Pu(Gs oN) > 16m 


Combining this with (4.27), we obtain (4.21) with c; = $26 /». 
Step 3. It remains to prove (4.26). The construction implies that if 
w € N®, then the processes &;(u, u’) and R}(u, u’) belong to the space V(T) 
and satisfy Equation (1.4) with some right-hand sides C, C € C(0, T; Hd). 
Moreover, we have the relations (cf. (5.1), (5.2)) 
PN R(u, u') = PNR; (u, wd) — fy (u, u)x(t), (4.28) 


QuC(t) = QuC'(t) (4.29) 
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for 0 < t < T. Furthermore, if wv € G5/5 E, then 
t 
[s IP + IR DP) ds < AR? + Lt) +p, 0 «tT, (4.30) 
0 
[Rr(u, u’)|| < 8/2 + a (lull v ||). (4.31) 
Applying Proposition 5.3 and using (4.28) and (4.30), we see that 
[Re(u, u^) — Riu, u^] = Qn (Ri (u, u’) — Ri (u, u’))|| 
€ Ci exp{—van4i(t — 1) + Cit + 2R? + plu — wv |, 
where Cj > 0 is a constant independent of u, u’, and N. It follows that 
if N is sufficiently large, then for any p > 0 we can choose T, > 1 such that 
|Rr(u,u’) —R>(u,u’)|| <È fo u,u’ € Br,, T > Tp. (4.32) 
Combining this with (4.31), we obtain the inequality 
[Rr (us wu’) V Rz vl & ax (lull V Iul) +4, 
which shows that G5/2E,N° C GsG;. This completes the verification of 
Hypothesis (H2). 


4.5. Squeezing: verification of (2.6) and (2.7). 


We recall that the extension S, = (S+, S4) is obtained by the iteration of 
Ri = (Ra, R4) and that the random processes S;(u,w) and S; (u, w) satisfy 
Equation (1.4) with some right-hand sides ¢ = (t, u, u') and ¢ = C(t, u, u’) 
respectively. Introduce the Markov times 
c1(u, uw) inf(t > 0: PN S, z Pu S, — fu(u, u)x(t) or Quel) # Que (0); 
o2(u,w)= inf(t 2 0: £s (t) + Es: (t) 2 || wll? + 2(L + M)t + 2p}, 
where M and p are positive parameters which will be chosen later. We set 
a(u,w) = a1(u,w) ^ es (u,w). 

The Foias—Prodi estimate (5.3) implies that if N >> 1 and u, u' € By, then 
(cf. the derivation of (4.32)) 

\|S:(u,w) — Si(u,w)|| <Ce* for0<t<G(u,w), (4.33) 


where C > 0 does not depend on u and u’. It follows that 6 € c, where c 
is defined by the relation (2.3) with 6 = 1. We show that if N > 1, p» 1, 
and B — B4 x B4 with d « 1, then 6 satisfies (2.6) and (2.7). 
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Step 1. We set Qk = {G(u,w) € In}, Ik = [(k — 1)T, kT]. Suppose 
that we already shown that 


Pu(Qz) <2e77* foranykz1,uc B. (4.34) 


In this case, we can write 





Pu{G = 00} =1- X  Pu(Qx) 21-25 2e ?* =: ô > 0, 
k=1 k=1 


oo 


Eu (11555565?) < $ P. (Qu)e*T* «25 e OBE < K, 
k=1 k=1 














where 62 < T. Thus, it suffices to prove (4.34). 

Step 2. To prove (4.34), we need the following result. Recall that the 
measures Arp (u, u’) and X. (u, u’) are defined in Section 4.3. 

Proposition 4.3. There is an integer No Z 1 such that if N > No, 
then : : 

|Ar(u, u^) — Arlu, w^) |... < Qe E Ode" (4.35) 

for any u, u' € Bg such that ||u — u'|| x d. Here, Cn, C, and c are positive 
constants independent of R and d.9) 


The proof of this result is based on a well-known argument using the 
Girsanov theorem (see [6, 15]). The case of the complex Ginzburg-Landau 
equation is technically more complicated; however, the main ideas remain 
the same, and therefore we omit the proof. We refer the reader to [28, 
Proposition 3] for a weaker version of (4.35). 

The inequality (4.34) is proved by induction on k. Denote by A; the 
set of w € € for which Py S, = Py S; — fulu, u’) x(t), Qn¢(t) = QuC' (t) for 
t € Iy. For k = 1 we have 

Qi = {02 = (0, T]} U Aj. (4.36) 
From (4.7) it follows that 
Puf{oo € [0,T]) «2e "^ xe? for p> 4/x. (4.37) 


Furthermore, Proposition 4.3 and the definition of maximal coupling imply 
that 


Pu (AE) quce + Ona”. (4.38) 
The right-hand side of this inequality is smaller than e~? if 
R»ctuce4d quy) 5.9. (4.39) 


9) However, they may depend on T. 
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Combining (4.36)-(4.38), we arrive at (4.34) for k = 1. 


We now assume that k = l 4-1 > 2 and the inequality (4.34) is es- 
tablished for 1 € k < l. Denote by re the intersection of A,,...,A;. We 
have 


Qua C {02 € Lal U Dia, (4.40) 


where Di41 = Ai Aj 40 (o2 > (L-1)T). Let us estimate the probabilities 
of the events on the right-hand side of (4.40). The inequality (4.7) implies 


Place a) ede MO g e720), (4.41) 
provided that 
M 22/x, p>4/x. (4.42) 
Furthermore, using the inequality (4.34) for 0 € k < l, we derive 
P,(Ain {02 2 IT}) > P,(6 >IT} 21— 2 gp =I (4.43) 
k=1 


for u € B. The Foias-Prodi inequality (5.3) implies that for any P > 0 
and sufficiently large N we have (cf. the derivation of (4.32)) 


[Sir] V |Sirll < Ci(e + MTI)!72, 
I| Sir — Sil < < Cad eC»? dis 


on the set Aj N {o2 > IT}, where C, and Co are positive constants inde- 
pendent of N, d, and l. Applying now the Markov property and using the 
inequalities (4.35) and (4.43), we obtain 


Pu M. Pu (Afi |A N (o2 2 IT}) Pa (AN {02 2 IT}) 
< Ce-* CLOPTD LO Cad exp{ p(CC?+ C2)+(CC2?M — P)TI}. (4.44) 
The right-hand side of this inequality is smaller than e-?(-*D if 
mC+? 


co? (4.45) 
P>CC?M+2, d< (CnC) e-*(CCitO0n-1 


M > (2cC?T)*, p> 


Note that the conditions imposed on the parameters M, p, P, and d by the 
inequalities (4.39), (4.42), and (4.45) are compatible. Combining (4.40), 
(4.41), and (4.44), we arrive at (4.34) for k = l +1. This completes the 
proof of (4.34). 
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4.6. Completion of the proof of Theorem 4.2. 


We have thus shown that the random dynamical system associated with 
the complex Ginzburg-Landau equation (4.2) possesses an extension S$; = 
(St, Si) that satisfies (2.5)-(2.7) with o = 6, B = Bax Ba, g(r) = r°, where 
d > 0 is sufficiently small. If we show that 


Euf lacol Sal} € K for any u € B, (4.46) 














where K and q are positive constants independent of u, then the application 
of Theorem 2.3 and Remark 2.4 will prove that the problem (4.2), (4.3) 
possesses a unique stationary measure u € P(L?) and the inequality (4.9) 
holds. 


To prove (4.46), note that if ¢ < oo, then 
|Sell? + IShI? < 2(d? + LG) - p. for u,u' € B. 
It follows that 





Sall’ < Cq(6? +1) for any q » 1, 
where C, > 0 depends only on L, d, and p. Multiplying this inequality 
by I¢<oo}, taking the mean value, and using (2.7), we arrive at (4.46). The 
proof of Theorem 4.2 is complete. 


5. Appendix 
5.1. Maximal coupling of measures. 


Let X be a Polish space, and let u, u’ be two probability Borel measures 
on X. Recall that a pair (£,&') of X-valued random variables defined on 
the same probability space is called a coupling for (u, u’) if D(£) = u and 
D(£) = y. 

Definition 5.1. A coupling (£, €) for (u, w’) is said to be maximal if 


P{E # E = || pe E | var 
and the random variables € and £' conditioned on the event M = (€ 4 £') 
are independent, i.e., P(£ € D,£ € IY | N} = P{Eé € TIN} P{E e I’ | N} 
for any T,I’ € Bx. 


In Section 4.3, we have used the following result on the existence of 
maximal coupling for measures depending on a parameter. Let Y bea 
Polish space endowed with its Borel o-algebra By, and let (uy)ycey be a 
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family of measures on X. We say that uy measurable depends on y € Y if 
the function y — p (D) is (By, Bg)-measurable for any T € Bx. 


Proposition 5.2. Let {uy}, {uy} C P(X) be two families that mea- 
surably depend on y € Y. Then there is a probability space (Q,F,P) and 
two measurable functions £ : Y x Q > X and & : Y x Q — X such that 
(Ely, -), € (y,-)) is a maximal coupling for (uy, uw) for any y € Y. 


In the case X = R”, the proof can be found in [14]. In the general case, 
it suffices to use the fact that any Polish space is measurably isomorphic 
to (IR, Bg). 


5.2. Foias—Prodi estimate. 


In this section, we present an estimate for the difference between two solu- 
tions of the problem (1.4), (1.5) in which C : Ry — H! is a deterministic 
continuous function. Recall that (e;) C H is the complete set of eigenfunc- 
tions for the Dirichlet Laplacian in the domain D, Hy is the 2N-dimensional 
subspace in L? generated by {e;,ie;,1 < j < N}, and Hy is the orthogonal 
complement of Hy in L?. Denote by Py : L? > Hy and Qy : L2 > Hg 
the corresponding orthogonal projections. 

The following result provides a Foiag-Prodi type estimate for the dif- 
ference between two solutions whose projections to Hy coincide (cf. [9]). 
The proof can be found in [28, Section 4].? 


Proposition 5.3. Let n = 3 or 4, let p < 2. and let 
u31,ug € X(T) = C(0, T; L°) N L? (0, T; Hg) 


be two solutions of the problem (1.4), (1.5) that correspond to deterministic 
functions (1, € C(0, T; Hd) and h € L?(D,C). Suppose that 


Pyui(t) = Pyus(t) for to 
Qui (t) = QnGa(t) for 0 


t<T, (5.1) 
(5.2) 
where to € [0, T] and N > 1 is an integer. Then there is a constant C > 0 


independent of ui, u2, to, and N such that 


7) The estimate established in (28] is slightly different. However, a similar argument 
enables one to prove (5.3). 
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|| Qu (ux (t) — u2(t))||? < exp{—vawyit + a(0) (Ies — u2(0))||? 


+ 


Cerensstotatto (un(a) 1+|lu2(s)lļ1)6”72~°|]| Pv) ~ua(s)Ras) 
0 


(5.3) 


for 0 € t X T, where 


T. 


8. 


t 


q(t) — c [üt + [ua (s)]It + 1) ds. 


0 
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On Problem of Stability 
of Equilibrium Figures of Uniformly 
Rotating Viscous Incompressible Liquid 


Vsevolod Solonnikov 


V. A. Steklov Mathematical Institute RAS 
St.-Petersburg, Russia 


Recent results on the stability of a rotating capillary viscous incompressible liquid 
bounded by a free surface are presented. It is established that the regime of a rigid 
rotation is stable if the second variation of the energy functional is positive definite 
and is instable if the second variation can take negative values. The proof is based 
on the study of the spectrum of the corresponding linear problem. Extensions of 
these results to the multi-dimansional case are discussed. Bibliography: 26 titles. 


1. Introduction 


We study the stability of some special solutions of the free boundary prob- 
lem for the Navier-Stokes equations governing the evolution of an isolated 
mass of a viscous incompressible liquid subjected to the capillary and self- 
gravitation forces. The problem consists in the determination of a bounded 
domain Q, € R3, the velocity vector field v(z,t) = (v1, v2,v3), and the 
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pressure function p(a,t), x € Q:, satisfying the relations 
v; + (v -Vv — vV?v 4- Vp — 0, 
V-v=0, cEM, t>0, (1.1) 
T(v,p)n = (o H(z,t) + xU(z,t)n, V,—v-.n, xer = OM, 
v(r,0)— volz), xE f). 
Here, v and o are positive constant coefficients of viscosity and the surface 


tension respectively, x > 0 is a gravitational constant, T(v,p) = —pl + 
vS(v) is the stress tensor, 


Qvj + a 
Ox, — Quj/ j,k=1,2,3 


S(v) = ( 


is the doubled rate-of-strain tensor, H is the doubled mean curvature of I', 
negative for convex domains, V, is the velocity of evolution of T+ in the 
direction of the exterior normal n, and 


dz 


i-a 


U(a,t) = 
9, 


is the Newtonian potential depending on the unknown domain (y. The 
density of a liquid is assumed to be equal to one. The domain Qo is given. 


'The solvability of this problem in a finite time interval is proved in 
[14]. In the present paper, we are concerned with the stability of the solu- 
tion corresponding to the rigid rotation of a liquid about the x3-axis with 
constant angular velocity w. In this case, the velocity and pressure are given 
by the formula 


V (x) = w(ea x x) = w(—z2,21,0), 

w? (1.2) 
P(z) = Tle’? + po 
where z' = (x1, 22,0), po = const, and ea is a unit vector directed along the 
x3-axis. The domain F occupied by the rotating liquid, called an equilibrium 
figure, is determined by the equation 


2 
oH + T pa + d + po — 0, reg-87. (1.3) 


where H is the doubled mean curvature of G and 
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dz 
U(x) = eem 


F 





Let N(x) be the exterior normal to G. If F is axially symmetric with 
respect to the z3-axis, then 


V(x): N(x) = w(e3 xz): N(r) 20, «EG, (1.4) 


which means that Q; = F is independent of t and the functions (1.2) given in 
F represent a stationary solution of the problem (1.1). If F is nonsymmetric, 
then equation (1.3) determines a one parameter family of equilibrium figures 
Fg obtained by rotation of one of them, Fo, around the x3-axis of the angle 
6. In this case functions (1.2) given in F.44,, define a periodic solution of 
(1.1). The function V, = V - N|g is different from identical zero. 


'The problem of the stability of equilibrium figures of rotating liquid 
has drawn attention of many generations of great mathematicians, begin- 
ning with I.Newton. The review of results obtained in the past and of some 
recent contributions can be found in [1, 7]. A generally accepted criterion 
of the stability of F is the positivity of the second variation ô? R of the 
energy functional 


2 
d. 
R-se —5—À — —-z[[uz—-»m r=a0 as 
2 f e 25)da 22 e - y 


xi + 


Q 


with respect to the normal deformation of G. By Q we mean a domain 
in R? close to F with the same volume |Q| and the same position of the 
barycenter as F, T = 0€), |T| = measT', and 


B= «fei + z2)dx 


F 


is the magnitude of the total angular momentum of the rotating liquid. We 
show that if ôR > 0, then the problem (1.1) with vo close to V and Qo 
close to F is solvable in the infinite time interval t > 0 and the solution 
tends to the rigid rotation as t — oo. If 0? R can take negative values, then 
for some initial data (vo, Qo) arbitrarily close to (V, F) the solution of the 
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problem (1.1) leaves sooner or later a certain neighborhood of (V, F). The 
proof of these assertions, the exact form of which will be given below, rests 
upon the analysis of a linearized problem. 


The fact that the rigid rotation (1.2) can be the limit for the solution 
of the problem (1.1) as t — oo was discovered in [12, 13] in the case of 
a slow motion. As was shown in [10], the convergence of the solution of 
the problem (1.1) to this limit is exponential. In [11], the condition of the 
smallness of V was replaced with the condition of positivity of the second 
variation of the functional 


w? x dx 
Q 2 2 


under the assumption that F and Q, are star-shaped domains (the func- 
tional G is also considered very often in the theory of equilibrium figures). 
In [21], the functional R was invoked, which is more natural for the free 
motion of the liquid, and the class of domains F was significantly enlarged. 
This has required some modifications of the proofs. Concerning F, the axial 
symmetry was always assumed. The case of nonsymmetric F was consid- 
ered in [20]. In all these papers, the stability of the rigid rotation under the 
assumption 6?R > 0 was established. 


The instability of the solution (1.2) when the second variation of R 
can take negative values was proved in [24, 22]. The proof rests upon 
the analysis of the spectrum of the linearized problem that turns out to 
contain a finite number of eigenvalues with positive real parts. The proof 
of this fact given in [23] is based on the idea of Kopachevskii presented 
in [4, Ch. 9]: at first, the existence of such eigenvalues is established for 
a large viscosity coefficient v, and then it is shown that they cannot leave 
the right complex half-plane when this coefficient is changed continuously. 
Another proof given in [25, 26] for o = 0 rests upon the application of 
the Pontryagin-M. Krein-Langer-Azizov theorem on the invariant spaces 
of dissipative operators in the Pontryagin space with indefinite metrics. 
Unfortunately, the proof in [25] contains an error; it was corrected in [26]. 


In what follows, a short exposition of these results is given and, in 
Section 6, their possible extension to the case of higher spatial dimension 
n is discussed. Some arguments are made more transparent. The proof 
of stability presented in Sections 4 and 5 is different from that given in 
[21, 20]; it is based on the study of the spectrum of the linearized problem. 
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The results of [26] are presented for the case o. > 0. The case n > 3, 
although it has no physical meaning, is interesting from the mathematical 
point of view, in particular, due to the fact that the set of rigid motions is 
much more rich than in the three-dimensional case. We restrict ourselves 
to the extension of Theorem 4.1 on the stability of rigid motion to the case 
of arbitrary n. The case, where this motion is unstable, is studied in the 
forthcoming paper of the author and Padula. 


We work in the Hólder spaces of functions because it is easier to esti- 
mate the nonlinear terms in the Holder norms. In this way, we also avoid 
an application of embedding theorems depending on n. But the same type 
of analysis could be carried out in the Sobolev spaces, as it is done, for in- 
stance, in [13]. Important estimates of solutions of related linear problems 
in the Hólder norms are obtained in [15, 16]. The proof of these estimates 
is omitted. 


2. Auxiliary Relations and Transformation 
of Problem (1.1) 


We start with the proof of some useful relations for the equilibrium figure 
defined by Equation (1.3). It is always assumed to be a bounded domain 
in R? with connected smooth boundary. Following Lyapunov [6], we show 
that the vector of the total angular momentum of rotating liquid, 


B= Je x V(a)dz, (2.1) 


F 


is directed along the x3-axis. Multiplying (1.3) by N;z3 — Naz;, j = 1,2,, 
integrating over G, and taking into account the equations 


23 
fex )UN;za — Navj;)dS = ui c = - 85) dede 
= Xj l 23 — X3 = 
zt ar =Z eae 
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and 


[HON = N32;)dS = ] exei = xj;Agu3)dS = 0, 
G G 


where Ag is the Laplace-Beltrami operator on G, we find 


? o 
AE E =u? | nite =0, j=1,2. 
F 


F 
Hence 
Je x Vdr = Bes, 
F 
where 
Be uf la" [^ da. 
F 


Similarly, multiplying (1.3) by N; and integrating, we obtain the equation 


u? [sys — 0, 


F 


which shows that the barycenter of F is located at the axis of rotation. 
Without loss of generality, we can assume that this equation is satisfied 
also for j = 3, i.e., that the barycenter coincides with the origin of the 
coordinate system z1, %2, %3. Finally, the multiplication of (1.3) by x - N 
and integration leads to the expression for po: 


2c|g| 5 2 1/2 / 
= = => d. Uds). 
Po 3|F| 6|F | (w 7 |z'|^dz + J ) 





For ø = 0 it was obtained in [6]. 


In fact, po is the Lagrange multiplier corresponding to the prescription 
of the volume of F; other multipliers corresponding to the prescription of 
the position of the barycenter vanish (see [17]). 


If F is axially symmetric, then 


] om =0. (2.2) 


F 
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In the case of the absence of symmetry, this equation can be satisfied by 
rotation of the equilibrium figure about the x3-axis of a certain appropriate 
angle 0. Indeed, if x = Z(0)y, where 


cos? —sinéd 0 
Z(0)— | sin@ cos0 0 |, (2.3) 
0 0 1 


then @ is determined from 





frma = cos sind f ui y2)dy + (cos? 0 — sin? 0) | muedy =o. (2.4) 
Fo Fo Fo 


Now, we go back to the problem (1.1) and recall that the solution 
of this problem satisfies the following “conservation laws” which are easily 
verified: 


[Qe] = [Qo], 
J ee = foras, 
Qi Qo 


Je x v(x, t))dx = Je x vo(x))dz. 


Qi Qo 


Since we study the problem of stability of a given equilibrium figure F, we 
should assume that 


[Qo] = IF |, 


J ees = [Vea - 0, 


Qo F 


fe x volx))dz = fe x V (x))dz = fes. 
Q F 


As a consequence, we have 


[Qe] = |F], (2.5) 
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[eae =0;, $—1,2,3, (2.6) 
9, 
foeda = 0, (2.7) 
Qi 


ECT imde w f ns) awSdsedghb 2444 que 
Or F 
where 7, (x) = e; x x, and e; is a unit vector directed along the z;-axis. 
From now on until Section 5 we assume that F is axially symmetric. 


It is convenient to work with the problem for the perturbations of the 
velocity and pressure, 


v,(r,t)-— v(x,t) - V(x), p,(a,t) = p(a,t) — P(x), 


written in the coordinate system rotating about the x3-axis with the angular 
velocity w. We introduce new coordinates y; and new unknown functions 
(w, q) by the formulas 


z = Z(wt)y, 
w(y,t) = £ '(wt)v.(Z(wt)y, t), 
q(y.t) = pr(Z(wt)y, t) 


and transform the problem (1.1) into 


w+ (w- V)w t+ 2u(e3 x w) — vV^w 4 Vq — 0, 


(2.9) 
V-w=0, yen, t»0, 
2 
w 
T(w,p)n' = (oH (y) + Ex + xU’ (y, t) + po)n', (2.10) 
V =w- n’, yer, 
(2.11) 


w(y,0) = vo(y) - V (y) = wo(y), v € ùo, 


where €, = Z-1(wt)OQ,, T} = 00, n’ is the exterior normal to I", and 
t t t t 
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= / ly — z| dz. 
à; 


The conditions (2.5)-(2.8) take the form 
I% = |F], 


fuas =0, i=1,2,3, (2.12) 


Q; 
nt = 0, 
Qt 


/ w(y, 0 -m(y)dy-Fu J E — v f na(2) - m (2)dz 
9 oO F 
eds i= 1,2,3. (2.13) 


To the solution (1.2) of the problem (1.1) there corresponds the zero 
solution of the problem (2.9)-(2.13) whose stability we should analyze. 


In what follows, we consider only this last problem, without address- 
ing to the problem (1.1) any more. Therefore, we return to the previous 
notation: we omit primes and denote by x a point of Q; = €. Further, we 
write (2.9)-(2.13) as the nonlinear problem in a fixed domain F for w, q 
and one more unknown function p given on G. We assume that Qo (and €, 
t > 0) is sufficiently close to F and, as a consequence, I, can be prescribed 
by the equation 


r=y+N(y)ply,t), ve (2.14) 


with a small function p(y,t) given on G. We extend N and p from G into F 
with the preservation of class and so that the extended functions N* and 
p* satisfy the conditions 


Ó " u 
avN (z,t)|g — 0, 


à 2.15 
Žele =, n 


Ip C Olexqe) Si « 1. 
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We map F onto 2; by the transformation 
x =y + N* (y) (y,t) = epy), ve-. (2.16) 


If ô is small enough, then the transformation (2.16) is invertible. Let £ = 
(=) be the Jacobi matrix of this transformation with entries 
y 


ð 
lij = dij + a, No. t) (2.17) 
Yj 


and the determinant L. By l and Lija i.j = 1,2,3,, we denote the entries 
of the inverse matrix L7! and the cofactor matrix £ = L£-1 respectively. It 
is clear that the mapping e, transforms the operator V; into V= £o S. 
where L-T = (£-1)" and T means transposition; moreover, we have 


3 
2 Zin m 
Oy; 
and, as a consequence, 
0=LL-TV, - wly,t) = LTV, -© = V, Lo, 
where w(y,t) = w(e,(y),t). Since 
Ou(y.t) _ Pwet) | 3. Ow(r, t) 
Ot B Ot OXk 


k=1 


Op" (y,t 
Ne E 
_ Ow(z,t) y: Op* 


we can write the basic system of Equations (2.9) in the form 
ð 0p ei m ye ls vu 
+ Qu(e3 x w) -—vV-Vo+VG=0, Vy- Lù —0, (2.18) 


where q(y; t) = q(ep(y), t). 
The dynamic boundary condition (2.10) can be written in the following 
equivalent form (in the case n(e,)- N (y) > 0, i.e., for small p): 


IIoILS(w(z, t))n = 0, 
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2 
—q(x, t) + vn: S(w)n = oH (x) + =e"? + xU (x,t) + po. 
Here, 
IIh — h — n(n- h), loh — h — N(N - h). 
We also note that n(e,(y)) is related to N(y) by 


£T N(y) 


neo = ENG 
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(2.19) 


(2.20) 


and that S(w) = Vzw+ (Vzw)? is transformed by the mapping (2.16) into 


S(w(ep(y),t)) = Vevey), t) + (Vwleply), 0). 
Hence we can make use of (1.3) and write (2.19) as 


IlpILS(@(y,t))L7N 20, ye, 


- Gy, t) vn : 8()n = (o(H (x) — y) 


+ (lal? — IP) + (Ut) —Uty))) 





x=ep(y) 


where n is the vector field (2.20). 


(2.21) 


By (2.20), the kinematic boundary condition V, = ww: n is equivalent 


to the following equality: 


— d(y.t)- £T N(y) 
pi(y, t) = NG) LFN) FEN(y) ” y € g. 


From the calculations carried out in [17] it follows that 


3 n 
A fa) Op ON, 
Y EN = Nj(y)A(y, p) - (1 — pH(y)) p. PS, 
ð Ó ð 
j=l Yj Ym Yj 


m=1 


Aly, p) = N- ÊN =1- pH(y)) + p’K(y) 


(2.22) 


(2.23) 


(2.24) 


200 Vsevolod Solonnikov 


and K is the Gaussian curvature of G. Hence (2.22) is equivalent to the 
following equality: 


pry, t) =w: NC p) 


MG. "s jaba ue m (2.25) 


ym Oy; 





Now, we pass to the conditions (2.12) and (2.13). In terms of p, (2.12) 
can be written as 


[ewrds=0, futu.rds=0, icizs (2.26) 
G G 


(see [17]), where 


ply, p) =p— Pn) + P Kt) 
(2.27) 


2 3 4 
vig p) = e pui + Ni) (S - Hy) Pkt). 


Finally, the orthogonality conditions (2.13) take the form 


J di (y,t)Ldy — 0, 


/ Lw(y,t) milep(y))dy = —w J Lns(ep(y), t) - n:(ep(y))dy — (2.98) 


F F 


7 / njG)-mg)dy, i—1,2,3. 
F 


Hence the problem (2.9)—(2.13) is transformed into (2.18), (2.21), (2.25), 
(2.26), and (2.28). 


We can now write the corresponding linearized problem. For this 
we should omit all the nonlinear terms with respect to (w,gq,) in (2.18), 
(2.21), (2.25) and replace the differences H(e,(y)) — (y) etc. with their 
first variations with respect to p. We use the well known formula 


(Hes) — 9) = LH (coplu))|_, = Apt) "ts Gps). (2.29) 
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where bi(y) = H?(y) — 2K(y) = c?(y) is the sum of squares of principal 
curvatures of G, as well as 





ge P - wil c = NO yot (20) 
&U(e, 9). -u)) = p + fA, an 
G 
&( | sear — | sendy) = f rts. os, (2:32) 
n F G 


(see [17, 18]). As a result, we obtain the following linear problem for v(x, t), 
p(z,t), x € F, and p(a,t), x EG: 


v +2w(e3 x v) -vV?v - Vp 0, V-v=0, TEF, 
IloS(v)N — 0, 
N -T(v,p)N + Bop = 0, (2.33) 
pr=vu-N, p(r,0) — polz), EG, 
v(z,0)-— volz), LEF. 


By Bo we mean an integro-differential operator on G defined by 





Bop = —oAg plz, t) — o(x) p(x, t) — x / enm (2.34) 
G 
with T a 
b(a) = o(H* (2) - 2K(2)) + Srl t te) (2.35) 


Equations (2.33) should be supplemented with the orthogonality conditions 


J fw =0, J rotas =0, i1—12,3, (2.36) 
G 
foeda =0, 
F 


ECT - n;(x)dz +0 f oie. tns) -n,(x)dS =0, i=1,2,3, (2.37) 
F G 
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obtained by the linearization of (2.26), (2.28). It can be easily verified that 
if these conditions hold at the initial moment t = 0 for (vo, po), then they 
are satisfied for all t > 0. 


3. Linear Problem 


We start with some important definitions and auxiliary relations. If the 
surface T = ðQ in (1.5) is defined by Equation (2.4): x = y+ N(y)p(y). 
then the functional R can be considered as the functional depending on p 
and its first and second variations are defined by 








ôR = Cons | gue ae | 
B ds P s=0" i ds? P s=0 
Let us introduce the operators 
u? n (x)|? 
Bp = Bop + IT [ jn, yas (3.1) 
Iris ll cy 
G 
and 
ES 1 
Bp = Bp- = | Boas. (3.2) 
G 
It is not hard to verify that 
eR = | py) Boy)as 
G 
(see [17, 18, 21]). Thus, if 
[eas =0, 
G 
then 
PR= | ov)Bo)as = | o()Bowas. (3.3) 
G G 


Moreover, due to (1.3), 6R = 0, which means that (1.3) is the Euler equation 
for R. 
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For an arbitrary vector field n(x) = a x x + b of rigid motion with 
a,b = const we have 


Bo(n: N) = B(n- N) = -o?a' - n(x), zeg. (3.4) 


Let 
S= fe — z2)dS = fe — z2)dS = nc cos Q + 2» sin q)? — z2)dx 
F F F 


for all v € [0, 27). Since 


J Ben: Nin Nas =u? f scam Nas 68. 
G 


(3.5) 
[em -N)n,-NdS = -w? | zsm . NdS = w?S, 
g G 
the condition 7 
S0 (3.6) 
is necessary for the positivity of ô? R, and we assume that it is satisfied. 


Arbitrary p € L2(G) can be represented in the form 


ple) = pole) + pr(e) (3.7) 
where 
pola) = S! (m (2) ING) l p(y)usyzdS — m(2) - N (x) J ply)usindS) 
G G 


and pı satisfies the orthogonality conditions 
J e eovanas = J ammas =0. (3.8) 
G G 


The proof of these statements can be found in [20, 23]. In particular, (3.7) 
follows from the elementary formulas already used in (3.5), namely, 


fmo - N(x)z2x3dS = S, [ro - N(x)zızzdS = —S, 
G G 
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[ue - N(x)xıxzzdS = [re -N(a)xqa3dS = 0. 
G G 


Equation (3.7) defines a nonorthogonal projection Q onto the subspace of 
L(G) satisfying conditions (3.8): p1 = Qp. 
Let us consider the nonhomogeneous linear problem 
v; + 2w(es x v) - vV?v + Vp = f (x,t), 
V-iv=f=V-F, wef, 
IIpS(v)N = b(x,t), N-T(v,p)N+ Bop = d(z,t), (3.9) 
pe—v: N =g(z,t), p(z,0)—po(z) EG, 
v(x, 0) = volz), LEF. 


The following theorem on the solvability of this problem in anisotropic 
Hölder spaces is of a fundamental importance. 


Theorem 3.1. Let the data of the problem (2.1)-(2.5) satisfy the 
following assumptions: f(-,t) € C°(F), a € (0,1), f(.t) e C'T*(F), 
F(t) € C*(F) for allt € [0, T], be Chor Gy ), Gr =G x [0, T], 

[0 


d(-,t) € Crt), g(t) € pg ) for all t € , T], vo E CHF), 
po € C?**(G). Let the compatibility conditions 
V -volx) = f(z,0) b(x,t)- N(x) —0, 
o(z) = f(a,0),  b(z,t) - IN (a) (3.10) 


IIpS (vo) N(x) = b(2,0), v€G 


be satisfied. Then the problem (3.9) has a unique solution v(-,t) € C?* ^ (F) 
with v;,(-,t) € C^ (7), p(-,t) € C1* *(7), p(-,t) € C8*%(G) for all t € [0,1], 
and the inequality 

Y(v,p, p) < c(t)Mi (3.11) 


holds for arbitrary t € [0, T], c(t) being a nondecreasing function of t, 


Yi(v, p, p) = sup |vi(^ 7)|c« (z) + sup |v(-, r)] 2*5 (7) 
TSt T«t 





+ sup |p(-,7)|c1te(Fy) + Sup lo t)| esso (gy (3.12) 


TSt 


and 


Mi = sup |f(-,7)|oe(F) + |blor+aa+a2(a,) + sup |f, T)lev- on) 
TSt TSt 
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+ sup |Fi(-,7)|oe(F) + sup |d(-, 7)|c1+2(g) 
TK TK 


+ sup l9(-, T)loz+e(g) + |Volc2ta(Fy + |Polos+e(g)- (3.13) 


The proof of this theorem (see [24]) relies on the analysis of the 
initial-boundary value problem for the Stokes equation with the nonstan- 
dard boundary conditions 

IIpS(v).N = b(z,t), 
t 
N-T(v)N-oN- Ac | vis. dr = d(z,t) (3.14) 
0 


carried out in [15, 16]. Note that the orthogonality conditions (2.36), (2.37) 
are not required here. 


If f 20, / 20, b=0, d=0, g= 0, then (3.11) implies 








lv(-, t)lezeo m + lel t)lese (o) 
< c(t)(|volcz-(z) + |Polc3s+e(g)) Vt < T. (3.15) 
It turns out that in the case of positivity of °R the solution of the same 


problem in the subspace (2.36), (2.37) satisfies (3.15) with c(t) = e-"t, 
b — const > 0. To prove this, we should consider the spectral problem 


Av + 2w(e3 x v) -vV?^v - Vp 20, V-v=0, TEF, 


IIoS(v)N — 0, 
N -T(v,p)N + Bop = 0, 
Ap=vu-N, «eG, (3.16) 
[owas = 0, J oumas =0, i= 1,2,3, (3.17) 
G G 
[o — 0, 
F 
[ mis +o f omi) mu =0, 1=1,2,3. Gam) 
F G 


We assume that the spectral parameter A is a complex number and v, p, p 
are complex-valued functions. Following [3, 8], we can write Equations 
(3.16) in an abstract form 

Ap = Ay, (3.18) 
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where o = (v, p)?. We take the orthogonal in L2(F) projection P; of the 
equation 
Av + 2u(es x v) - vV?v - Vp « 0 


onto the space J of divergence-free vector fields defined in F and obtain 
dv + wP3(e3 x v) - vV?v - Vs =0 


where s is a harmonic function in satisfying the same boundary condition 
as p: 
s(a,t) 2vN(x): S(v)N + Bop(x,t), weg. 


We set A= (Aij)i,j—1,2 so that 
Ap = (Av + A12p, Azv)", 
A110 = —2wPy(es x v) + vNV?v = V 51, 


Aji2p = —V 835, 
Azv =v- Nig, A22p = 0. 


By s; we mean harmonic functions in F satisfying the conditions 
si(z,t) =vN(a)-S(v)N(x), so = Bop(a,t), «eG, 


so that sı +s2 = s. Thus, the pressure is excluded. For the domain of A we 
can choose a subspace of the Sobolev space W3(F) x Wi / *(G) characterized 


by the conditions 
V.:v(r)-0, IloS(v)N(z)|g =0 (3.187) 
and the orthogonality conditions (3.17), (3.17') . If (v, p, p) satisfy (3.16)- 


(3.17), then (v, p) satisfy (3.18) and, conversely, to every solution (v, p) of 
(3.18) corresponds the solution (v, p, p) of (3.16)-(3.17") with p= s+ s', 


V?s'(z,t) = C20 : (e3 x V), 2EF, s'eg —0. 





The evolution problem (3.9), (3.17), (3.17) (with f = 0, f = 0, b = 0, 
d — 0, g — 0) is equivalent to 





——Ap=0, lio = qo € (vo, po)”. (3.19) 


Operator A possesses the following properties. 
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1. The range R(A) of A is the set of functions F = (f,g)? C Le(F) x 
Ww; i (G) satisfying the conditions 


V- f(z) =0, «ef, 


] swas = 0, J sumas =f. 7=1235; 
G 
/ f(z)dz — 0, 
F 


fro -n;(a)da +o f gma) :m(x)dS =0; i= 1,2,3. (3.20) 
F G 


2. If ReA > a > 1, then the equation Ay— Ay = F is uniquely solvable 
for arbitrary F € R(A) and the solution satisfies the inequality 


Allel + llellwace) + Allelws2g) + Well ws/2(9) 
< e(a) (Ifl + lllw); (3.21) 
moreover, if F € R(A) N (WE(F) x WI*?"?(g)) for all 1 > 0, then e € 
D(A) n (WI? (F) x W} (G)) and 
Aole Helle +A olwg + lolis 


< ca) (1 flaco +F HAEl +l) (8-22 


The operator (AJ — A)T}, Red > a, is compact. 


3. The spectrum of A consists of a countable number of eigenvalues 
with the only accumulation point at infinity. Purely imaginary non-zero A 
belong to a resolvent set of A. A = 0 can be an eigenvalue; the corresponding 
eigenfunctions are of the form y = (d3(p)n3, p)? with p € KerB, i.e., Bp = 
0, (da is defined below in (3.24)) and there are no associated eigenfunctions. 


4. If the form (3.3) is positive definite on the set of functions p satis- 
fying (2.36), then all the eigenvalues of A have the negative real part. 


5. If the form (3.3) can take negative values for some p satisfying 
(2.36), then A has a finite number of eigenvalues with the positive real part. 


The proofs of these statements can be found in [23, 19]. We restrict 
ourselves to the presentation of their main ideas. We concentrate on the 
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properties of the spectrum of A. The properties mentioned in Assertions 
3 and 4 are verified in an elementary way. Let v,p,p be a solution of the 
problem (3.16)-(3.17^). By (3.17^), 


where 
w 


dj(p) = - J p(z)ms(z) - n, (2)dS (3.24) 


Le 
Init / 


and vt is a solenoidal vector field orthogonal to arbitrary n(x) = a x a+b. 
Multiplying the first equation in (3.16) by v, integrating over F, and taking 
into account the boundary conditions, we obtain 


" V 
Allie 2 f (iatis) f ABopdS+ ISO. = 0. (8:25) 
F G 
which implies 


3 
7 V 
ReA (Io Ic + GP Inl, + f PBoodS) + ISOR, =O. 
j=l G 

(3.26) 
If ReA > 0 and 6?R > 0, then (3.26) yields p = 0, v = 0. If Reà = 0 
and \ Æ 0, from (3.26) it follows that S(v+) = 0. By the Korn inequality, 

+ = 0, and (3.16) reduces to 


3 3 
AM dim; + 2w(es x M dj) + Vp 20, ve, (3.27) 
j=l j=l 
3 
Ap = 5 djn,;(x):N(z), «eG. (3.28) 


The last equation implies 


_ = 2 
Ady = M jp ue 
Imi Talla 


Applying the operation rot to (3.27), we obtain 
Adi = wdo, Adz = —wdi. (3.30) 
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From (3.29) and (3.30) we conclude that dı = dz = 0. Hence p = 0, Vp = 0, 
p|g — 0, p = 0, which is required to prove. 


If \ = 0, then the same argument yields 


3 
v; =0, v= X dn: 
j=l 


The condition (3.28), i.e., 


2 
So da(p)na()- N(z)|g =0 
a=1 
implies di = d2 = 0. Hence v = d3n3. Equations (3.16) yield Vp = 2d3wa’, 
p = wda|z'|? + C, and 
—p+ Bop = Bop — daw|z|2 -C = Bp- C —0, x€8, 


ie., Bp = 0. Let yı = (vı, p1)! be an associated eigenfunction, i.e., let 
pı satisfy Ay; = qo, where qo = (d3(p0)n3(x), po)? is an eigenfunction 
(consequently, po € KerB). This means that (vi, p1, p1) satisfy the relations 


2u(es x v1) - vV?vi + Vpı = d3(p0)n3(z), V-v120, TEF, 
IIoS(vi)AN = 0, 
N. T(v1,p1)N + Bop = 0, 


vi- N = f, tE G 
and the orthogonality conditions (3.17), (3.17), so 


3 
vi = vj *- Y dj(p1)m;. 


j=l 
The functions u1 = vi — d3(p1)73, $1 = pı — daw|z'|? — C1, pi satisfy 
2w(e3 x u1) - vV?ui + Vs1 = d3(po)n3(x), 
Vane. LEF, 


TIoS(tu1).N = 0, N. T (ui, s1)N + Bp = 0, 
ur: N=p, EG 


(3.31) 
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(if the constant C1 is chosen in an appropriate way) and 


J s = 0, J umas =0, i=1,2,3, 
G 


f eire fnt mss o. 


F F 


J w (2) - no (2)dz +w j| mins (2) Nola) =0, o=1,2 
F G 


We have again vt = 0 and 
2 
ui: N|g = M do(o1)na: Nig = poa). 
a=1 


Since po € KerB is orthogonal to x73 and to 1223, we can use (3.5) 
and prove that da(p1) = 0. Hence po = 0, yı satisfies Ay; = 0 and belongs 
to the subspace of eigenfunctions qo. It follows that the dimension of the 
root space of A at the point A = 0 is equal to dim KerB. 


Let us turn to Statement 5. We assume that the form (3.3) can take 
negative values for some p satisfying (3.17). We should conclude that the 
spectral problem (3.16)-(3.17^) (or (3.18)) has nontrivial solutions for some 
A with Red > 0. It is convenient to pass from (3.16)-(3.17") to the problem 

Au + 2w(e3 x u) — vV?^u + Vq = —Ad3(p)n3(x) = —da(u- N)ms, 
V-u=0, TEF, 
IIpS(u)N = 0, (3.32) 
N -T(u,q)N + Bp — 0, 
Ap—cu:N, «eG, 





T p(y)dS — 0, J Amain $2125; (3.33) 
G G 


n — 0, fro - nz(x)dz = 0, (3.34) 
$ 
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fuo modru | amle) maso, 11,2, (8.35) 
F G 


where u = v—d3(p)n3(x) and q = p—wd3(p)|x’|? + const (a similar passage 


was already done; see (3.31)). 
We introduce the following spaces: 
H: the subspace of functions p € La(G) satisfying (3.33); 
KerB: the set of functions p € HN W3(G) satisfying Bp - 0; 
Ho = H 9 KerB; 


J: the subspace of J (ie., of the space of solenoidal vector fields 
u € L2(F)) whose elements satisfy (3.34); 


Hı: the subspace of functions p € Ho satisfying the additional orthog- 
onality conditions 


G 
X= J x Ho; 
Y: subspace of elements Y = (u, p)" € X satisfying the conditions 


no :m;da +0 f oam) :N(z)dS =0, j=1,2, 
G 


Z=Jx H. 


We denote by P, P), and P, the orthogonal projections onto J. , Ho, 
and H respectively. We set 


(iu) | u(2)-ua(z)dz, (P1, p2)g = i pr (2)52(2)dS 
F G 
and 
(V1, 2)x = (u1, u2)F + (P1, P2)g 


where v); = (uj, pj)", j = 1,2. We recall that all the functions are complex- 
valued and the scalar products are Hermitian. 
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Since 2wP;(e3 x u) = 2wP(es x u) — d3(u- N)n3, we can write the 
problem (3.32)-(3.35) in the form 


Au + 2wP(e3 x u) -vV^u4- Vr 20, V-u=0, z€Z7, 
V?^r-0, «EF, 
rig 2 v N - S(u)N + Bp, (3.36) 
IIyS(u)N — 0, 
Ap=u:N, «eG, 


plus the orthogonality conditions (3.33)-(3.35). Moreover, we modify the 
last equation in (3.36) and consider the auxiliary spectral problem 


Nu + 2wP(e3 x u) -vV^u-- Vr 20, V-u=0, «ref, 
V?r=0, LEF, 
rig 2 vN - S(u)N + Bp, (3.37) 
IIoS(u)N — 0, 
Ap=Pou-N, «eG, 


complemented with (3.33)-(3.35). If (u, q, p) is a solution of the last problem 
with a nonzero A, then (u, q, o--A 1 (I— Po) u-N) is a solution of the problem 
(3.33)-(3.36) with the same A. 


The problem (3.33)-(3.35), (3.37) can be also written in an abstract 
form similar to (3.18), namely, 


Ay = A'Y, 
where Y = (u, p), A’ = (Aj;)i,j=1,2, So that 
Any = (Aut Atop, Anu), 
Alu = —2wP(e3 x u) -vV?u — Vsi, Alap = —Vsa, 
Azu = Pyu:N|g, A500 
and s,, s2 are harmonic functions in F satisfying the boundary conditions 
si(z,t) =vN(a)-S(u)N(x), so—Bp(mt) weg. 
For the domain D(A’) of A’ we take the set of elements y = (u,p)* € 


(W2(X)nJ)x (W3 (G) N Ho) satisfying the conditions 
TIpS(u)N(x)|g =0 
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and the orthogonality conditions (3.35). If € D(A’), then A'v € Y. 


We use the decomposition (3.7) of arbitrary p € H. If p € Ho, i.e., 
p = Pop, then p = Popo + PoQp. As was shown [26], PoQp is uniquely 
representable as PoQp = PQr with r = P\Qp € Hı. Hence 


P=Popo+ PQr Ype Ho, r=PiQp. 
Moreover, by (3.4), we have 
(Bp, p)a = (BPopo, Popo) + (BPQr, PoQr)¢ = (Bpo, poo + (BQr, Qr)c 
- ut 2 
= | fo z)zjzads| + (BQr, Qr)g. 
j= 


If (3.6) holds, then the first term on the right-hand side is nonnegative, 
which shows that 
(Bp, p)g > (BQr, Qr)g. (3.37') 
In particular, if the form (3.3) is negative for some p € Ho, then the same 
is true for (BQr, Qr)g, which means that the elliptic operator 
B, = P,Q*BQP, 


has a finite number of negative eigenvalues AO? and a countable number of 
positive eigenvalues ACH. It can be shown that KerB; = Ø (see [26]). For 





— 


arbitrary r € Hı N W3(G), taking into account the multiplicity of Ae , we 
have 


Bra (r, pk )o Pk + p» AU V(r, ong PE 
k=m-+1 


where p(x) are eigenfunctions of Bı. The spaces 


H_ —Span(gi,...,qm«), H+ = Span(Ym41,..-) 


are orthogonal to each other and H- 6 H} = Ho. We introduce the or- 
thogonal projections onto these spaces P_, P, and the operators |B| and 
|B,|!/? defined by the standard formulas 


[Bile = M IA Io prp YO MP (0, ve) we, 
k—1 k—m-4-1 


|B:|*/2p = 12 (o, ok) Or + " MM? (5 pk )gy. 
k=1 k—m-4-1 
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It is easy to verify that 
By = |B,|"/?8| Bi)", (3.38) 


where S = P, — P... It is clear that (Sr,r)g < 0 for nonzero r € H_ and 
(Sr,r)g > 0 for nonzero r € Hy. 


Now, we pass to the spaces X, Y, Z. By (3.35), an arbitrary element 
V = (u, p)! € Y can be represented in the form 


(u, p)” = (u, PoQp + Popo)? = (u, PoQr + PoXxu)” = £o, 
where r = P1Qp € Hi, o = (u,r)? € Z, 


Eu = (WS) (n N J u(z) : m(z)dz — na: N / u(z) -m (x)dz), 
F F 


I 0 
£- ( ps uo 


The element y € Z is expressed in terms of w by o = My, where 


I 0 
M=( 4 Por 


We have LMY = i, MLy = v and 


and 


ll = lulz) + lellžao) < eallellx < ellz- 


Let 


I 0 s 
ar 8) B, = £* BE. 


A direct computation shows that 


5 a i Y*BnQ I4-x*Bx x*BQ 
1-— = 


-( QBS oes | 


= diag(I + X* BY, B1) 


Q* P,BX Q* PJBP)Q 


because Q* BX = 0 and X* BQ — 0. By (3.38), 
Bı = DID, 
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where D = diag(I,|B,|!/?) and J = diag(I + X* BY, S). This operator is 
bounded, selfadjoint, invertible and 


(J,9)x = lulia) + (wu) + (Sr, r)g; (3.38/) 


where y = (u,r)” is an arbitrary element of Z and 
A 1 2 2 
q(u) = (BXu,Xu)g = 32. | no -ndz >0. 
j=l F 


Hence (Jy, p)x <0 for v in a finite- dimensional space Z_ = 0 x H_ and 
(7, p)x > 0 for p € Z} = Jx Hy. The spaces Z_, Z, are orthogonal and 
Z- @® Z, = Z. The Hilbert space with the indefinite scalar product (Jo, v) 
possessing the above properties is referred to as the Pontryagin space [4]. 


It is easy to check (see [26]) that for arbitrary v € D(A’) 

Re(BA'wy, w)x < 0. 

Let Ay = MA'L, v = Ly. We have 
(BA, v)x = (BLMA'Ly, Ly)x = (B1419, 9) x 
= (DIDA1D "Dy, p)x = (JIDA Dx, x) x, 

where x = Dy € Z. It follows that the operator —iDA,;D~1 = A» satisfies 
the inequality 

Im(J Azx, x)x > 0 
for arbitrary x € Z, i.e., it is ,/-dissipative in the Pontryagin space Z. 
Since the spectrum of A (and of A2) is discrete, it is maximal dissipative, 


and we can apply the M. Krein-Langer-Azizov theorem [5, 2]. According 
to this theorem, A» has m-dimensional invariant space L C Z and all the 


eigenvalues of 4| have nonpositive imaginary part. As a consequence, 
E 

A’ has a finite-dimensional invariant subspace L’ C Y and the eigenvalues 

of A’ 


done above for the operator A, it is possible to show that they cannot be 
purely imaginary, and this proves Assertion 5. We have thus shown that 
the “instability index” of the operator A is equal to m. 


have nonnegative real part. In exactly the same way as it was 





REMARK. If (3.6) does not hold and Se 0, then Assertion 5 takes the 
following form: If (BQr, Qr)g can be negative for some r € Hı, then the 
operator A has a finite number of eigenvalues with positive real part. The 
above arguments are still valid, although the inequality (3.37') cannot be 
used any more and the form q(u) in (3.38’) is not positive. It vanishes for 
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u in the space J+ C J orthogonal to 7, and N and is negative for nonzero 
u € Jo J+. Hence the definition of Z should be modified as follows: 


Zy=J}xH,, Z.-(JoJt)x H.. 





Let us go back to the evolution linear problem (2.33), (3.36), (2.37). 
Assume that ó?R > 0. Then the spectrum of A is located in the left 
complex half-plane, and from semigroup theory it follows that the solution 
of the problem (3.19) satisfies the inequality 


olor) + los llus e & ce ^ (volre) + leol) (3-39) 
2 (F) 2 (F) 


with a certain positive bı. In [10]-[18], [20, 21], inequalities of this type 
are obtained by construction of a special “generalized energy." This method 
is presented below in Section 6. With the help of a local estimate for the 
problem (3.19) it is possible to deduce from (3.39) the inequality (3.15) with 
c(t) = e^",, as it was done in [17]-[21]. 


Theorem 3.2. If à? R » 0 for arbitrary p satisfying (3.33), then the 
problem (2.33), (2.36), (2.37) with vo satisfying the compatibility conditions 


V -vo = 0, IloS(vo)NN |g —0 


is solvable in the infinite time interval t > 0, and 
yv. q, p) = vis tes qn + lul, tos cn) 
+ IpCt)leves cm) + los t)loste(g) 
< ce " (Ivo|cz«« (zx + |poloste(g)) (3.40) 


with the constants independent of t. 


PROOF. We obtain estimate (3.40) that is uniform with respect to 
t. The solvability of the problem (2.33), (2.26), (2.37) in the infinite time 
interval follows from this estimate and Theorem 3.1. Let to > 1, A € (0,1/2) 
and let Ca (t) be a smooth cut-off function of time such that QA(t) = 1 for 


PEST 
t > to- 1E A, Q(t) = 0fort < to—1+A/2, E | 


u = vC, T = Por, q = pCy satisfy the relations 





| < cA-*. The functions 


uz + 2w(e3 x u) -vV^u-- Vq =v, V-u=0, 
MoS(u)N =0, 
N -T(u,4)N + Bor = 0, 
re—u:N =p r(ztg—1)20, reG, 
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u(r,ío—1)-20, LEF. 





Let 
Yuau(v,p,p)-— sup [vil T)]ee (n) + sup |v(-, 7) |c2te(F) 
TE(t1,t2) TE(ti,te) 
+ sup Ip, T)|e1te(F) + sup lol, t)|os+e(g). 
T €(t1,t2) TE(ti,te) 
By (3.11), 


Yip—1+A,to (v,p,p) € Yig—14+2/2,to (uq, T) 


€«c( sup [vloer + sup  leGuloze(z) 
TE(to—1,to) TE(to—1,to) 


< c(A7* sup lvlo«z)-- A7 sup _—_|plc2+e(g)) 
TE(to—1+A/2,to) T€(to—1,to) 


with the constant independent of to. 


Using the interpolation inequalities, we can estimate the norms on the 
right-hand side by higher order norms 


lv(-,T)lozte(F),  le(5t)lesee(g) 


and by the L5-norms of the same functions. We find 


Yto—1+A,to (v, p. p) < EYto—1+A/2,to (v. p, p) 


*cXU( sup lulz) + sup lella) 
T€(to—1,to) T€(to—1,to) 


with some M > 0. This implies 
y) < 2" ey(4/2) + K, 
where y(A) = AMY; 11x44 (v, p, p) and 


K=c( sup Jjelr,z-c sup [lpliz.cg))- 
TE(to—1,to) TE(to—1,to) 


Choosing € < 2-M-1, we obtain 
y() € Su 2) +K<...<2K. 
Setting A = 1/2 and using (3.31), we find 
|viCsto)]le ce) + |v(-, to)|o2+e(F) + |p(- to)le (x + lel, to)les- (e) 


<cK < ce™™ (luo|l rcg; + ||poll 1, (e))- 
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This inequality, together with (3.15) in the case tọ < 1, yields the desired 
estimate (3.40). 














In the case considered in statement 5 above, the problem (2.33), (2.36). 
(2.37) has a finite-dimensional subspace of solutions exponentially growing 
as t — oo. It is clear that they are smooth functions of x and t. 


4. Stability and Instability of Zero Solution 
of Problem (2.9)-(2.13) 


Using (2.18), (2.21), (2.25), we can write the problem (2.9)-(2.13) in the 
form (3.9), namely, 


w; + 2u(es x w) - vV?v + Vq =f, 
V-w=f=V- F, ver 
IoS(w)N = b, 
N -T(w,4)N + Bop = d, (4.1) 
p—=w:N=g, ply,0)=poly), ye, 


w(y,0) = wolep(y)), YEF, 
where f, f, F, b, d, g are nonlinear functions of w, p, p: 
f =pi(L-1N*- Vyw — (Low: Vyw + v(V^w — Vw) + (V -— V), 
f=(U-L7)V-w, 
F — (I — £yw, 
b = IIo(IoS(w)N — IIS(w)£7 N), (4.2) 


d —w(N - S(w)N — £T N|-?2£T N - Stw)£T N) + (sti) —'H(y)) 


(a P — p PP) + (U (e,t) —U))) |... uy + Bor 
— v(N - S(w)N — |£* N|?2£T N - S(w)LTN) 

+ (eH (x) — H(y) — oòl(H (2) — H(y))) 

SEP — ly? — às — I'P) 
+ 


x(U (x,t) — U(y) — ôU (x,t) —U(y)))) 


z—ep(y) 
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WO uap Po ao) 


j=1 


(we omitted the tilde over w and q). The orthogonality conditions (2.26), 
(2.28) can be written as 


J ply, tds = I(t), J p(y,DwdS =k; #=1,2,3, — (43) 


G G 


Í w(y,t)dy = m(t), 


F 


ii w(y,t)-ny)dy tw I state nes eM E A 


F 


Q 


where 


mj(t) = / w(y,t)(1 — L)dz, (4.5) 
M;(t) = 


(wy, t) miu) — Lew(y.t) ms (ep) du + ( (f nsu naly 
F 


Lms(ep(u))«m(elu) ay + [ p(y. m.) - s(u)ds) 


G 


I ed 


= fwv — Lw(y,t) - ni(ep(y)))dy 
F 
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F 


-e( f tas(eoty))-m(entu)ay — f ms) mao 


F 


eo f imstestu)) meson — f ms): noa). 
F 


The initial data (wo, po) (we write wo(y) instead of wo(e,(y))) satisfy these 
conditions at t = 0; moreover, the compatibility conditions also hold: 


b(y,t)- N(y) 2-0, V-wo= fo, IloS(wo)N = bo(y) (4.6) 
with fo = f i-o and bo = bl:=0- 


We need to estimate the nonlinear terms (4.2). We assume that the 
extension p* of p into F is made by a linear operation such that (2.15) holds, 





IP" C. Olesse cn) < elpCt)les (oy; 
(4.7) 
lo: (-, t)]ez-e cz) S clpe(-, t)|c2+e(g) 
and N* is smooth enough. 
Proposition 4.1. If (4.7) holds and 
sup |w(-, t)|c2-«(7) + sup |p(-, t)|os-(g) € £1, (4.8) 
t<T t<T 


where £ is a certain sufficiently small positive number, then the functions 
(4.2) satisfy the inequalities 


“uP |f (wq, p) T)leo cn) + aup |f (w, p)|o1te(F) 


+ sup | Fr(w, p)|ca(r) + |b(w, p)|c1+a.a+0)/2(@,) 


TEL 








+ sup |d(w, p)|c1+e(g) + sup lg(w, p)|cz*«(gy < cY? (w, q, p), (4.9) 


where Gy = G x [0,t] and t € [0,T] is arbitrary. Moreover, if (w1, pı) and 
(w2, p2) satisfy (4.8), then 


aup |f (wi, q, 1) — f (wa, G2, p2)|ca(F) ep |f (w1, pi) — f (wa; p2)|cite(F) 
Tat TS 


+ sup |F (wi, p1) - Fi(w2, p2)|ca(F) +|b(w1, p1)— b( wa, p2)| ees o2 (6) 
TK 


+ sup |d(w1, p1) — d(wa, p2)|c1+a (g) + BUE |g(wi, p1) — g(w2, p2)lcz-(g) 


TK TS 





< cYi (wi — w2, qı — q2, 91 — pz) (Yi(wi, qi; pi) + Yi(we, qe, p2)). (4.10) 
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The proof of (4.9), (4.10) is transparent but lengthy and is omitted 
(see [18, 21, 16]). Proposition 4.1 and Theorem 3.1 allow one to prove the 
local solvability of the problem (4.1). We will use the following proposition. 


Proposition 4.2. For arbitrary T > 0 there exists a number £3(T) > 
0 such that, in the case 
|wo|cz*e(z) + lpoles*e(g) € €2 (4.11) 


the problem (4.1) with initial data wo € C?*°(F), po € C9**(G) satisfying 
the compatibility conditions 


V : wo = f (wo, po) = foly), lloS(w)NN = b(wo, po) = bo(y), (4.12) 
is uniquely solvable in the interval of timet € [0, T] and the solution satisfies 
the inequality 


Yi(w, q, p) < c(|wo|ez*«(7j + |polcs*(g)); (4.13) 


where Y, is defined in (3.12). 


The conditions (4.14) are equivalent to the compatibility conditions 
V. Wo = 0, S (wwo)no = No (No . S (wwo)no = 


in the problem (2.9)-(2.11) (no is the normal to To). Along with (4.1), we 
consider the problem 


w; --2w(es x w) — vV?v + Vq = f(w' +w, q +4,’ +p) 
Vw — flw +w, p +p)=V: F(w +w, P +p), YEF, 
IIoS(w)NN =b(w + w, p' +p), (4.14) 
N -T(w,q)N + Bop = d(w' + w, p' + p), 
pr—w:-N=g(w'+w,p'+p), ply,0)=poly), ye, 
w(y,0)=woly), yeF, 
Proposition 4.3. For arbitrary T > 0 there exist numbers €2(T) > 0 
and £3(T) > 0 such that, in the case 
|wolc2+a(F) + |poloste(g) € E2, 


Yi(w', q’, p) E £3 
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the problem (4.14) with initial data wo € C?*°(F), po € C?+° (G) satisfying 
the compatibility conditions 


V - wo = f(w'|t=0 + wo, p'|i-o + po) 

IIoS(w)N = b(w'|i-o + wo, p'|i-o + po) (4.15) 
is uniquely solvable in the interval of timet € [0, T] and the solution satisfies 
the inequality 

Yı(w, q, p) < ¢(\woloz+a(F) + |polestaig) + Y? (w, q’, p) (4.16) 
The proof can be carried out by successive approximations on the basis 


of estimates (3.11), (4.9), (4.10). Note that the orthogonality conditions are 
not required in the last two propositions. 


The following proposition is an analog of Proposition 2.2 in [24]. 


Proposition 4.4. For arbitrary number l vectors l,m, M a function 
fo € C1** (7) and a tangential vector field bo € C1+° (G), i.e., such that b- 
N — 0, there exist r € C?* ^(G) and u € C?*°(F) satisfying the conditions 


[oss =. 


G 
J vas —li, i—1,2,3, (4.17) 
G 

J «tim. 

F 


[wu modu +e [runs mas = Ms inna 
F G 


V u(x) = folz), LEF (4.18) 
HoS(u)N (x) = bo(x), LEG 


and the inequality 
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Irloste(g) + [uice cn) 


c(l + |] + |[m| + |M] + |foles« ox) + |Bolcite(gy). (4.19) 


PROOF. We put 
IN(y)-y 
je ucl NG >, YEG. 


This function satisfies (4.17). Next, we construct the vector field u(y) 
satisfying the equations 


V-u(y)=foly), yeG, wi(y): N(y) - fly) ye, 
with 


f) = “Siar f eee (f ntn m) No) 


and the inequality 


[uilcz-e(z) S e(| foleiar) + files) € e(|folorte¢r) + |m]). 
It is clear that 


frtas=f tnd, [ ovas = f ftit e m. 
g F g F 


On the other hand, 
[A )y;dS = poe Dude | aithn i — 1,2,3. 


[uow =m 


F 


Hence 


Now, we argue as in Proposition 2.2 in [24] and construct u2 € 
C?*%(F) such that 


ToS (u2).N(y) = bo(y) — HoS(ui)N (y) = b'(y). 
We take it in the form u2(y) = roté(y,t) with @ € C?*^(-) satisfying the 
conditions 
O® O 


Bly) = ay = 9 ayz = P) x NU), y EG, 
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and the estimate 
|Blcataczy < elb!|cita(gy. 
It is clear that w2(y) = 0 on G and 





moreover, 
Oua(y) 9? (y, t) 
— N — 
ON (y) x ON? , y € G, 
sibtndatulics AN c8] e uota 
p ON g |— 
Qu» j 1 
MoS(u2)N = 3r = N x lb xN|-b, y cg. 


Finally, we set 


3 
us(y) = Y) Mirote;A(y) 
i=l 


where A € Cg? (F), 
/ A(y)dy — 1/2 


F 
and 


Mi, -M- / (ua (9) + ua(9)) - mo) dy — w J r(u)na(y)- m, (y)dS. 
F G 


Since rotr; = 2e;, we have 


3 
] «o “ni(y)dy = 5 M;e; +e; = Mi. 
F j=1 


We also have the estimate 


Juslorte(r) < c |M]. 
y= 


= 


The above-defined function r(y) and u = «4 + u2 + us satisfy all the 
necessary requirements. 














Now, we pass to the analysis of the stability of the zero solution of the 
problem (4.1)-(4.4). 
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Theorem 4.1. If the form 


J pB pdS 


G 


is positive definite for all p satisfying (3.17), then the problem (4.1)-(4.4) 
with the initial data satisfying the smallness condition 





Mo = |poles*e(g) + |Wolc2ta(F) SE «1 (4.19) 


as well as the orthogonality and compatibility conditions (4.3) -(4.6) for t = 0 
has a unique solution w(-,t) € C?*°(F) with wi(.,t) € C^(7), q(,t) € 
C1**(7), p(-,t) e C8+°(G) for all t > 0, that satisfies the inequality 


yv, p,p) <e "Mo, b= const >0 (4.20) 
(yz(v, p, p) is defined in (3.40)). 


PROOF. We look for (w, q, p) in the form 
w=w +w", q-q-4qd', p=p +e", (4.21) 
where (w, q', p') is a solution of the linear problem 
w, + 2w(ea x w) — vV?w' + Vd — 0, 
V-w'=0, yEF, 
IIoS(w')NN = 0, (4.22) 
N -T(w')N + Bop! — 0, 
p,—w'-N=0, p(w0)—p(y) v€G, 
w'(y,0)=woly), yeF, 


and (w”,p”, p") is a solution of the nonlinear problem 
wy + 2w(e3 x w") — vV^w" + Vq" = f(w - w",q' +", p +0"), 
Vw" = flw +w", p t p") V. Fw +w", +p"), YEF, 
IIoS(w")N = b(w' +w”, p +p"), (4.23) 
N -T(w")N + Bop" = d(w' + w”, p' + p^), 
p; — w^ iN — g(w' cw", p E p^), p"(y,0) = poly), u € €, 
w"(y,0) = wily), yeF. 


We define (p"(y),wo(y)) as in Proposition 4.4 with | = 1(0), 1 = 1(0), 
m = m(0), M = M(0), fo(x) = fo(x,0), bo(x) = b(x,0), where (0), 
1(0), m(0), M(0) are the same functions as in (4.3), (4.4) (with t=0) and 
fo(z, t), b(x, t) are the functions in the compatibility conditions (4.6). From 
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(4.19) and the definition of /(0), 1(0), m(0), M(0), fo(x), bo(x) it follows 
that 


leo les-e(g) + |wolo2+a() < €1(|Polos+a(g) + |Wolo2ta(xy)”, (4.24) 
The differences 


Poly) = poly) — poly), 
wo(y) = wo(y) — wo(y) 


satisfy the homogeneous compatibility and orthogonality conditions 


V- wy) =0, ye F, MoS(wo)N] = 0, 
/ po(y)dS = 0, IL )udS =0, i—1,2,3, 
g 
wo (4.25) 


n(y)dS =0, i= 1,2,3. 


fer 
[inm treo [it 


Hence the problem (4.22) is E in an infinite time interval t > 0 and 
the solution satisfies the inequality 


ylw, q', p") < ce" (|pplos+a(gy + |wolozte(F)) € c2e7™ Mo, 
Yr (w/, q', p) € c2 Mo. (4.26) 
We fix T' in such a way that 
1 
TN LUN : 


and require 
co Mo x €3(T), ci Ma x E2 
Then 
IPo lcs (g) F |wolozta(F) X62, Yr(w',q', p) < es, 
and we can use Proposition 4.3. By this proposition, the problem (4.23) is 
solvable in the time interval (0, T) and, by (4.16), (4.24), and (4.26), 
Yr (w", q", p”) < cs Me, 
which implies 


1 
— Mo + c3 Me. 


yr (w, q, p) <S 3 
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Now, if we subject £ to one more restriction 


1 
C3€ < 3? 


3 
then 
yr (w, q, p) < 3 Mo. 

Since (w(x, t), p(x,t)) satisfy the conditions (4.3), (4.4) with t = T, the 
equations 

V-w(2,T) = f(r,T) IloS(w(r,T))N(x) = b(2,T, ) (4.27) 
and the inequality 
2 
3 ? 
we can repeat the above procedure in the interval t € [T, 2T] etc. and show 
at the end that 


loC; T)|esc«(g) + |wl-, T)|cata (Fy € 


ak 
Ux (w, q, p) E (3) Mo, k= l; $2 


which implies (4.20). 














Let us consider the case of the instability of the zero solution of the 
problem (4.1)-(4.4). 


Theorem 4.2. Let (3.6) be satisfied, and let the form 


J pBpdS 

g 
take negative values for some p satisfying (3.17). Then there exist initial 
data (wo, po) with arbitrarily small norm (4.11) such that the corresponding 


solution of (4.1)-(4.4) leaves sooner or later a certain neighborhood of zero, 
i.e., for somet » 0, » 0 


lo; t)lo3+e(g) + |w(-, t)|ozta(F) 2 €. 


PROOF. We again represent the solution in the form (4.21) and con- 
sider the problem (4.22), (4.25) as the Cauchy problem (3.19) with the 
initial condition 

lico = 9" = (wo, po)”. 
We introduce the space H = C?*°(F) x C?*^(G) of elements y = (w, p) 
with the norm 
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else = |wlortacr) + lplos+ag) 


and the subspace Ho C H whose elements satisfy the compatibility and 
orthogonality conditions (4.25). Equation 


dp 
2 c.i 
gi 
has a finite-dimensional set of solutions (w’, p') € Ho growing exponentially 


as t > oo. For arbitrary fixed T > 0 the spectrum of the operator V = e7^, 


c (V), consists of two parts, 01(V) and o2(V), where e1(V) is a finite set of 
eigenvalues u € C with |u| > 1, whereas the eigenvalues u € o3(V) satisfy 
|| < 1. By the Riesz formula, V can be represented in the form V = V,+ Vo 
where 


1 
Vk -— fu- V)"du, k=1,2, 
2ri 


Yk 


and 7, are nonintersecting contours enclosing c; (V). Replacing Vi with 


1 

n. n I— lg 

VW = zg | I-V) da 
YL 


if necessary (i.e., choosing T large enough), it is possible to satisfy the 
inequalities 
Mila > bildlx, b >1 Wen, 
[Vollu € 02 < bı. 


With the above-defined decomposition of V we can associate the decompo- 
sition of the space Ho into the direct sum 


Ho = Hı + H3. 


The operators 


1 
Pi I—WV)d k —1,2 
"iai (I-V) du, E 
Yk 


are the projections onto Hz, and the following relations hold: 
BEÓGBBIO P = Px, 
Vk = VkPk = PkVk, PiV2 = P2Vi =0. 
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We assume that the solution of the problem (4.1)-(4.4) is defined for 
all t > 0 and satisfies the inequality 


lolu € ce < min(e2(T),e3(T)) Vt 20 (4.28) 


with small e > 0 subjected to the restrictions given below, and we show that 
this is not possible if the initial data yo Æ 0 satisfy the additional constraint 


IP: Reoln 2 2|P2Q¢oln, (4.29) 


where Ryo = (wh, ph). From (2.24) and (4.29) it follows that 
leo — Reolu < elyol%, 
lyolu < |PiRyvoln + |PoRyln + |po — Feo (4.30) 
< |PReoln + eleol < 51P Rech + cieļyoln; 
and, if 
eie < 1/2, (4.31) 


then 
lpoln < 3| Pi Rgo|n- (4.32) 


Let W and W' be operators making correspond to qo the solutions of 
the problems (4.1)-(4.4) and (4.23) respectively at the moment t = T: 


(w, p)? li=r = W qo, (w", p") |. m = W' vo. 
It is clear that 
Wyo = V Roo + W'og. 


We show that if £ is sufficiently small, then yı = W o also satisfies 
(4.29). Since 


P4 RW po = P (R = I)W qo + Pi Vi Rigo + P, RW' oo 
= V P, Roo + Pi(R- I)W po + PLRW' po 
and 
P RW po = Vo P4 Ryo + P2(R- I)W po + PoRW'¢o, 
we have, by (4.29) and (4.32), 
| P RW volun E 2| P5 RW voln 
> bi|Pi Ryo|n — 205 | P5 Ro|u — |P. RW’ pon — 2| P3 RW' voln 
- |R. (R - DW oo] — 2] P2(R — DW poln 
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> (bi — ba)|PiRyoln — calvolt > (b — b2 — 8c2¢)|PrRyoln > 
if 
by — bg — 3c2€ > 0. (4.33) 
Finally, we estimate P; RW qo from below, again with the help of (4.29), 
(4.32): 
| P. RW poln > |V Pi Rigo] — |PiRW' poln — |PACR — DW eolit 
> by| Pi Ro] — caleol, > (b1 — 3cs&)| PLRgoln. 
We assume that 
bY = by — 3ege > 1. (4.34) 
Then 
| P, RW poļu > 03| Ps Rogo. 

Since o, = (w(x, T), p(x, T)) satisfies the conditions (4.3), (4.4), (4.27), 
(4.29) for t = T, we can repeat our argument for the time interval (T, 2T") 
and then for t € (kT,(k+1)T), k > 0. Then we arrive at the follow- 
ing conclusion: If (4.28) holds with € satisfying (4.31), (4.33), (4.34), then 
Pk = Qiexr, k > 1, satisfy (4.29) and 

|P Rx |i > 03 | Pi Roin 
which implies 
|P Ryrln > bY |PrReoln. 
For large k this contradicts (4.28), which proves the theorem. 














5. Case of Nonsymmetric F 


If F does not possess the property of axial symmetry with respect to the 
x3-axis, then Equation (1.3) defines a one-parameter family of equilibrium 
figures, Fg, obtained by rotation of the angle 0 of one of them, Fo, about 
the x3-axis. It is clear that 0 € R and 7945, = Fo. The condition ó?R > 0 
cannot hold for all p satisfying (2.36) because B(n3:N) = 0 and g4- IN 40 
for nonsymmetric F. In this case, (2.36) should be supplemented with one 
more condition 


J eins Nas =o. (5.1) 


G 
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and the main result consists in the following: The regime of rigid rotation, 
where (v,p) are given by (1.2) and €; = Gur+y, is stable if the form (3.3) 
is positive definite for all p satisfying (2.36), (5.1) and unstable if the form 
(3.3) can take negative values for some p satisfying the above conditions. 


If the surface T; is close to a certain Gg, then it is also close to Gg with 
6’ — 0 small, and the problem arises how to choose an optimal representation 
of T; in the form (2.14), i.e 


T: = {x =y + N(y)poly,t), ye Go}. (5.2) 


We make such a choice minimizing the integral 


/ p2(z)dS (5.3) 


G 


among all the possible representations (5.2). The following proposition is 
proved in [22]. 


Proposition 5.1. Let T, be represented by the equation 


T: = {x =y + N(y)ply,t), y € Go}, (5.4) 
with p satisfying 
loC;t)lex (go) << T. (5.5) 


Then there exists a function 0(t) such that T; can be given by (5.2) with 
0 — 0(t) and the integral (5.3) takes a minimal value. The function 0(t) is 
defined for all t for which V, stays in a certain 6,-neighborhood U of Go and 


POET: jie yt das. (5.6) 
Go (t) 


We give the main ideas of the proof. Let us consider a fixed closed 
surface [ given by the equation 


x =y + N(y)ply) 


and the rotated surface [(A) = Z(A)T ,where Z is the matrix (2.3). If r(A) 
is contained in U (which is the case for small A), then it is prescribed by a 
similar equation 


r(A) = {z + N(z)p(z, A) = X(z,3, 2 € Go =G} (5.7) 
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where X(z,A) = Z(A)z and « = y+ N(y)p(y) € I. We look for the value 
Ao of A such that the function 


= J * 9». Xs 
G 


vanishes for A = Ao: f(Ao) = 0. For the derivative p the formula 


Op(z, A) 
Or 





= 13(z) - N(z) + h(z, p(z, A)) : Vap(z, A) (5.8) 
with 

s (X (2,4)) — IN ()UN (2) : ms (X (z, ))) 
A(z, p) 


+ pe y EBEE A von) 


h(z,p) = (1 — pH(z)) 


was obtained in [20, 22]. This allows us to conclude that for small p the 
derivative 


y= fo (2,3) -- ale 3)psa (2, NES 
G 


is bounded from below: 


1 
> 5 fins: )?dS > 0. 
G 


Since 


1F(0)| = | J oorh- ods| < dilet 
G 


the equation f(A) = 0 has a unique solution A = Ag in a certain interval 
JA] € A1, if p is small enough. Hence the functional 


I(X) = f Penas 


G 


attains the unique minimum in this interval. 
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Let us consider one-parameter family of surfaces T; given by (5.4) with 
small p,and the family T;(A) = Z(A)T; given by (5.7) with p = p(z,t,A). 
There exists the value Ag = A(t) such that 


ft, A) = feet Nat, A)dS = 0 (5.9) 
G 


for A = A(t). Differentiating (5.9) we obtain f; + Az fx = 0, i.e., 


J (Pipa + ppre)dS 

fS t) g 

ee 5.10 
Fa(A, t) m [€ + pprr)dS = 


g A-A(t) 





At) = — 


where the derivatives p; and px, are computed with A fixed. The angle 
O(t) mentioned in the statement of the proposition is related to A by 0(t) = 
— A(t), so (5.6) follows from (5.10), (5.8). 


Now, we consider the free boundary problem (2.9)-(2.13) with the 
initial data satisfying the assumptions of Theorem 4.1 and, in addition, the 
condition (5.9), i.e., 


J po(y) (s - N(y) --h(y,po(u))- Vgpo(y)d$ —0. (8.11) 
Co 


'This problem has a unique solution defined on some finite time interval 
(0, T). Let A(t) be the function constructed in Proposition 5.1 for the family 
Ty. We make the change of variables 


z= Z(A(t))z, 


which maps Q; onto m= Z(A(t))Q: and T; onto = 0€, and we introduce 
the functions 
D(z, t) = Z(Xt))w(Z ! Q(0)2, t), 


q(z,t) = a(£  Q(0)2.t). 


An elementary calculation shows that w and q satisfy the relations 
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Ti + (© - V)& + 2u(ea x ©) — X(t)(ea x ©) 


+ A(t)(ns(2) - V) — vV*à + Và — 0, 





V.d—0, zece(h, t»0, 
~ 2 ~ 
T (à, Dm = (oH (z) + Te + xU (s.t) + po), (5.12) 
V, = D- A+A) A(z), 2 ET, 
w(z,0) = volz), zc Qo. 


Here, 7i is the exterior normal to T4, H(z) is the doubled mean curvature 
of T; and 


(y, = / ly — «| dy. 
Q 


The surface T', is given by 
z=y+tN(y)ply,t), yEeG=Go (5.13) 


where p(y, t) = p(y, t, A(t)). The orthogonality and compatibility conditions 
remain unchanged. By the definition of A(t), we have 


fre t)(n3--N(z) + h(z,p(z,t))- Veplz, tds = 0. (5.14) 
Go 


The time derivative of A(t) is expressed by formula (5.10), where p, = 
pi(z, t, A(t)) and pz, are calculated with A fixed. In particular, due to (2.22), 


we have 
w(z,t)- £T N(z) 


NG). FPN (2) ; EG. (5.15) 


pis t) = 


The corresponding linearized problem has the form 
vi + Qw(e3 x v) - vV?v + Vp — 0, 
V-v=0, «Ef, 
T(v,p)N + N Bop = 0, (5.16) 


pi =v: N — ho(z) , ho(z)v(z): N(z)d$, «eG 
G 


p(z,0)-— po(r) cEG, v(r,0)—vo(z) TEF, 
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[rds =o, [ends =o. t= 1,23, 
G G 


[vis =o. ] imas f ons nas =o. i= 1,2,3, (5.17) 
G 


J ole. tss = 0, (5.18) 
G 
where (z)- N(2) 
u n3 zx): x 
Tu a Nia 


It coincides with (2.33)—(2.37) for symmetric F. Equation (5.18) is obtained 
by the linearization of (5.14). If (5.18) is satisfied at t = 0 for po, then it 
holds for all t > 0. 


Theorem 5.1. Assume that the form 


J Boas 

G 
is positive definite for all p satisfying the conditions (2.36), (5.1). Then 
the problem (5.12) with the initial data satisfying the smallness condition 
(4.19’), the compatibility and orthogonality conditions (4.3)-(4.6), and the 
condition (5.11) has a unique solution w(-,t) € C?*°(F) with wi(-,t) € 
C°(F), q(,t) € Cl**(F), pl-,t) e C2*°(G) for all t 2 0 that satisfies the 
inequality 

yl, J, P) « e " Mo, b= const > 0. (5.19) 


The surface T, is given by Equation (5.13). The function 0(t) — —A(t) is 
defined for all t > 0 and satisfies the inequality (5.6) with p = p. 


'This theorem is proved in the same way as Theorem 4.1. We make the 
transformation (2.16) (with p replaced by p) and write the problem (5.12) 
in the form similar to (4.1), namely, 

w: --2u(es x w) - vV^w + Vq =f, 
V.w-—-f-W-.F, yEF, 
IIloS(w)IN = b, 
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N-T(w,q)N + Bop = d, (5.20) 
p—w:N- hole) f ha(z)u -NdS + g, 
G 


p(y,0) = poly), YES, 
w(y,0) = woleply)), v€-F 


(as above, we denote by w,q, p the transformed functions). The functions 
f. f, F, b, d, and g have the form 


f = (C N* - Vyw — (Cw. V)w + v(V^w — V^w) 
+ (V - V)a At)(es x w) — A(t)(ns(eo(2)) : Vw, 


f=U-LT)V-w, F-(I-£)w 
b = IIo(IoS(w)N — IIS(w)£7 N), (5.21) 
d- v(N - S(w)N — |EN ETN - S(w)£* N) 


+ (0H (æ) — Hly) — eG) — 9) + SP = WP 


és P w'P)) + AU (v, t) =U (y) — 9(U (x,t) —U(y)))) 





z=ep (y) 





^. Op Nm 
g =— A~} (y, p) 1 wy (320 - ty) ap ai. =) 
j=l m OY; 


+ AL (t)73(€p(z)) - m + ho(z) J w - NhodS. 


The orthogonality conditions have the same form (4.3)-(4.5), but, in addi- 
tion, we have 


J phodS = / po(ho — por)dS = lo(t) 


G G 


where po is expressed by (5.8). The functions (5.21) satisfy the inequalities 
(4.9) and (4.10). 
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Propositions 4.2 and 4.3 remain true for the nonlinear problem (5.20), 
(5.21). Proposition 4.4 should be slightly modified because, in addition to 
(4.17) and (4.18), we should guarantee 


n = Io (0) = lo. 
G 


The function r should be taken in the form 


_ IN(y)-y 1 . / 
ru) =F p N(y)+Uho(y), yeg 


with 


"-u09)- f hoy) (So + gt NW) ds 
G 


The rest of the proof of this proposition is unchanged. 


We look for the solution of the problem (5.20), (5.21) in the form 
(4.21) where (w’,q’, p) is a solution to a linear problem 


wi, + 2w(e3 x w) — vV?w' + Vq = 0, 
V.w'-0, y€ £F, (5.22) 
TIpS(w’)N = 0, 
N -T(w')N + Bop! = 0, 


p= w- N — ho [ wf Nhods, 
G 


p'(y,0)= poly), YES, 
w'(y,0)=woly), yeF, 
and (w", p", p") is a solution of the nonlinear problem 
wi! + 2w(es x w”) EM VvV? w” + Vq" = fiw +w”, q +q", p +p"), 
View = f(w' +w", p t g^) V. F(w' +w", +o), ye fF, 
IIoS(ww")N = b(w' + w", p! 4- p"), (5.23) 
N. T(w")N 4 Bop" = d(w' +w”, o + diy. 
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p; — w" N+ [wn -NhodS = g(w' + w”, p + p”), 
G 


p'(y,0) = poly), ye, 
w"(y,0)=woly), ye F. 
We define (p" (y), wg (y)) as in a modified Proposition 4.4 with | = 1(0), 
l = 1(0), m = m(0), M = M(0), folz) = fo(x,0), bo(x) = b(x,0). 
lo = lo(0). It is clear that the differences 
Poly) = poly) — po (Y); 
wo(y) = wo(y) — wo(y) 


satisfy the homogeneous compatibility and orthogonality conditions 


Vi wooly) -0, y€ £, MoS(w)N]| —0, 


g 
J oes = 0, J rovs =0, 1.2.3, 
g 
Jomas = 0, no — 0, 
g F 


[wi manae f ob(uyns(u)-nly)as =0, i= 1,2,3, 
F G 


As in Section 3, it can be verified that, under the above orthogonality con- 
ditions, the problem (5.22) is solvable in the infinite time interval t > 0 and 
the solution satisfies (4.26). This allows us to obtain the estimate (5.19) 
exactly in the same way as it was done in Section 4. From (5.19) it follows 
that the solution (v, p, Q+) of the problem (1.1) tends to the periodic solu- 
tion (V, P, 6i, 4), where y = lim;... 0(t). The existence of this limit is a 
consequence of (5.6) and (5.19). 


Let us formulate an analog of Theorem 4.2. 


Theorem 5.2. Assume that F satisfies the condition 


min f cos @ + 22 sin 0)? — x3)dx > 0, (5.24) 


[0| m 
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I pBpdS 

G 
take negative values for some p satisfying (3.17), (5.1). Then there exist ini- 
tial data (wo, po) with arbitrarily small norm Mo such that the correspond- 


ing solution of (5.20), (5.21) leaves sooner or later a certain neighborhood 
of zero, i.e., for somet > 0,e>0 


and let the form 


[oC tlesteg) + wC, t)|c2ta(F) 2 €. (5.25) 


The condition (5.24) replaces (3.6) because, if F is nonsymmetric and 
satisfies (2.4), then, instead of (3.5), we have 


[ 9n. N)n : NdS = v? S, 


[em : Ng: NdS = OC 


5, = [Ge - cas T, j—1,2, 
F 


where 


and (3.7) takes the form 


oom): NG) foo ag RONE f ius, ] 
pir) = IH J rehrnsis = [nensis it 


with pı = Qp satisfying (3.8). Assertion 5 in Section 3 remains true, as 
well as the remark after the proof of this assertion. Theorem 5.2 is proved 
by the same arguments as Theorem 4.2, i.e., by representing the solution of 
the problem (5.20), (5.21) in the form (4.21). 


The inequality (5.25) means that either w does not tend to zero as 
t — oo or I; stays away from Gea). Since the integral (5.3) attains the 
minimal value for 0 = 0(t), this means that Q; stays away from UgOe, i.e., 
the periodic solution (V, P, Gtw+ọ) of the problem (1.1) is unstable. 
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6. Multi-Dimensional Case 


In this section, we discuss the extension of the above results to the case of 
arbitrary space dimension n > 3. We consider the evolution free boundary 
problem (1.1), where we set x = 0 for simplicity: 
v; + (v-V)u—vV20 4 Vp = 0, 
V-v=0, TEQ, t>0, 
v(x, 0) = vo(r) m € Qo, (6.1) 
T(v,p)n = c H(z,t)n, 
Vn = ven, z E€ Ti =O. 


It is necessary to find a bounded domain Q; € R”, as well as v(x, t) = 
(v1,...,Un) and p(x, t) given in Q; and satisfying (6.1). By H(«,t) we mean 
the n— 1 times mean curvature of G. All other functions in (6.1) are defined 
in the same way as in the 3-dimensional case in Section 1. 


We observe that the solution of the problem (6.1) is subjected to the 
same "conservation laws" as in the 3-dimensional case, namely, 


[Qe] = [Qo], 
foeda = foras, (6.2) 
Qi Qo 


[eet nde = f vola) ny@desmy, 14% (63) 


[n Qo 


where ;;(x) = eiv; — ejz; and e; is a unit vector in the direction of the zj- 
axis. Indeed, (6.2) is easily obtained by the integration of the first equation 
in (6.1) over Q4, which leads to 


d d 
0 5 f vos o [ ni tnas £ fvl, )dz, 
Q, i Qs 


because H(x,t)n = Ar, and the surface integral vanishes. Equations (6.3) 
are obtained in a similar way. 

We would like to study the stability of solutions corresponding to a 
rigid motion of the liquid. We say that a motion is rigid if the vector field 
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of velocity V given as a function of the Eulerian coordinates x satisfies the 
relations 


OVi(r) | OVj(v) - 
= el ee 
Ox; + Ox; 0, 2, , n 








It is easily seen that this is the case if and only if 
V(x) 2 Cz +h, (6.4) 


where C is an antisymmetric matrix. We assume that h — 0 and the entries 
Ci; of the matrix C are numbers. The functions 


1 
V(x) =Cx, P(x)-— -lCm|-Fpo, po const, 6.5 
2 


satisfy the Navier-Stokes equations. Substituting V and P into the bound- 
ary conditions, we obtain the equation for the equilibrium figure F: 


1 
oH + 5|Ca|’ + po — 0. regsor. (6.6) 


Without loss of generality, we can assume that the matrix C has the canon- 
ical form 


C= diag(C1,...,C1,0), (6.7) 


where | € n/2, O is an n — 2l x n — 2l matrix whose entries are zeros and 
Ck are 2 x 2 antisymmetric matrices of the form 


Cp = ( i ES ) (6.8) 


In particular, if n = 3, then l = 1 and V is the velocity of the liquid 
rotating as a rigid body about the x3-axis with the angular velocity w1. In 
the n-dimensional case, there are | “angular velocities" wy. 


Passing to the Lagrangean coordinates, it is easy to calculate the tra- 
jectories of particles whose velocity regarded a function of the Eulerian 
coordinates is V (x). If (0) = £, then 


ay (t) = Ek COS Wet ET Ék41 sin wkt, 
CXkai(f) = Ek sin wkt + £g41coswyt, k=1,...,1, 
Lm = Em; m=I+1,...,n, 


i.e., the projection of the trajectory onto the £k, £ķ+1-plane is a circle cen- 
tered at the origin, along which the motion proceeds with a constant velocity 
proportional to w. This complicated motion is, in general, nonperiodic. 


242 Vsevolod Solonnikov 


We say that a figure F is symmetric if it is invariant under the trans- 

formation 
x = Zy, 
where Z = diag(Zi,..., Zi, In-21), In -21 is the unit n — 2l x n — 2l matrix 
and 
( COSQu  — SİN Pk ) 
LE = . : 
SIN Yr COS Yr 


It is easy to see that the velocity of liquid particles located at the 
boundary G of a symmetric F is tangential to C, i.e., 


Cæ- N(z)|lg = 0, 


This means that the functions (6.4) and (6.5) given in a symmetric F rep- 
resent a stationary solution of (6.1). We consider here only symmetric F. 


By symmetry, 


[vide =o, 3 liu. 
F 


| its =, j=l,...,21, q—L...,n qj 
F 


(some of these relations can be also deduced from Equation (6.6) in the same 
way as above in the three-dimensional case). Without loss of generality, we 
can assume that 


[vite =o, P= esd: (6.10) 
F 
If the matrix C has the canonical form (6.7) and the figure is symmetric, 
then the corresponding matrix of momenta 


mij = [ce . 1; (x)da 
F 
also has the canonical form. Indeed, since 


l 
Cz = — X usns (x), 
q—1 


where rj, (x) = Nq-1,2q(); it is easy to verify, using (6.9), that mij can be 
different from zero if and only if i = 2k — 1, j = 2k, k < l, in which case 


M2k-1,2k = —wux |m.llz. cn 
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We do not consider the problem of existence and uniqueness of equilib- 
rium figures, as well as their geometry, but we can prove the existence of a 
symmertic equilibrium figure of a given volume in the case of a slow motion 
(i.e., with small prescribed momenta m» 1,24). For n = 3 this result was 
obtained in [13]. 

Let us return to the evolution problem (6.1). As above, we assume 
that F is given and 


I] = Qo] = FI, f se pani (6.11) 
Qt 
] vete - | see — 0, 
Q, Qo 


ECT . 1; (x)dx = [ volo) . 1; (x)da = [ee . 7,5 (x)dz. (6.12) 
on Qo F 
We work with the evolution problem for the perturbations 
vr=v-V, p.-p-P 


written in the coordinate system rigidly connected with the liquid whose 
velocity is given by (6.5). We make the change of variables 


x= Z(t)y 
and the corresponding transformation of the unknown functions 
w(y,t) = £ (tjv. (Z(t)y,t), aly, t) = pr(Z(t)y, t), 


where Z(t) = diag(Z4(t),..., Zi(t), In-21), In—2i is the unit n — 2l x n — 2l 
matrix, and 


Z(t) = ( 


coswkt —sinwyt 
sinwkt  cCoswkt 


This leads to a problem similar to (2.9)-(2.11), namely, 
w+ (w: V)w + 2Cw —vV?w+ Vq = 0, 
V-w=0, yEm, t»0, 


1 
T(w, q)n = (oH + 5\Cyl? + po)n. (6.13) 


Vn =Ww-n, yer, 
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w(y, 0) = voly), yE Qo, 


in a transformed domain denoted again by Q4. The conditions (6.11), (6.12) 
take the form 


(ùl = |F], [vite =o, f= lysed (6.14) 
Q 


{meow = 0, 
ico m4 (x)da + nz mu (xz)dx = nz - n4 (x) da. (6.15) 
% Q F 


Finally, we assume that T, is close to G and is given by Equation 
(2.14). We map Q; onto F by the mapping (2.16) and arrive at the system 


0 Op* —1lar* —1 


+2Cw -vV - Vw 4- Vq — 0, 
V,-£w-0, yEF, (6.16) 


IIoIIS (w(y,t))£* N — 0, 


—q(y,t) Fun: S(w)n = (o(H (x) — H(y)) + sical? - Icy) 


a=ep(y)’ 


—w(y.t) £T N(y) 

P. T Nu) No SS 

wy, 0) = Wo (Epo (y)), ye Fs 
p(y,9) = poly) vy €€, 


where £, L7}, l V, S(w), p*, N* are defined as above in the 3-dimensional 
case. In terms of p the restrictions (6.12) can be written in the form (2.26), 
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where 


1 
e(y, p) = foros sp)ds, 
0 


1 
p= f (yi + sNi(y)p(y)) pA(y, sp)ds, 
0 


ES 


A(y, p) = N(y)- EN (v) 


(see [17, formula (2.9)]). Formulas (2.24) and (2.27) do not hold any more, 
but it can be verified by analyzing the matrix £ that A, y, and w are 
independent of the first order derivatives of p. The conditions (6.15) are 


transformed into 
fow t)Ldy = 0, 


[1i mates as = - [ tee) mes (6.17) 
F 


The corresponding linear problem reads 





vw, +2Cv —vV?v - Vp-0, V-v=0, «EF, 
Il;S(v)N — 0, 
N-T(v,p)N + Bop = 0, (6.18) 
p— v: N, p(z,0)—po(z), «EG, 
v(z,0) = volz), TEF, 
where 
-Bop = oò(H (x) — Hy) + (Cal? — [Cyl?) = oA p + b(y)p. 
b(y) = o° (y) +Cy-CN(y) 
and c?(y) is the sum of the squares of principal curvatures of G at y. 


The linearized orthogonality conditions have the form 
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J ow.tas = 0, J fo ovas =O; $-1;2, 5, (6.19) 
G 


G 
foeda =0, 
F 


[ro : i4 (x) dx + [ one “Nj (x)dS =0, i—1,2,...,n. (6.20) 
F 


G 

Hence 

v(z,t) =v (z,t) + 9 5 dis (o)ma (2); (6.21) 

k«m 
where vt is orthogonal to all vector fields 7 of the rigid motion. We separate 
out terms with Ngm = Tj,..., M where Nng = 7], 4,3, and write (6.21) in 
the form 
v(z,t) = v^ (x,t) + D'(p) + Dp), 
where 
D'(p) = 3 ^ dq(p) n(x) 
q—1 

and 


H 
D" = M dem(0)Mem 


k<m 
is the sum of all other terms in (6.21). By (6.9), 7, are orthogonal in L2(F) 


to all other Nym. Hence D' and D" are orthogonal to each other and to 
v. It is easy to see that 


dalp) = Imulzàe, f v6.0 mos 
F 


= -Inllzie, f 0.06 nle) 
g 


= Inizio | odna, (6.22) 
G 


Other coefficients dkm (p) can be found from the linear system 
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k<m 


N 
D ) | a tem (5) - mg (ede = / v(z,2) - ng la)de 
F 
== f o(e)cx- ny(2\as. 
G 


Since Nym are linearly independent, the matrix with entries 


Akm,ij = J n. i Nij (x)dax 


F 


is nonsingular; moreover, it is positive definite. We have 


dim (p --yT akm, afo (x)Ca - Nj (x z)dS 


i<j G 


where A’) are the entries of the inverse matrix. The form 


QU) = Y. "atr | p(a\Cu- Mn 2) 48 f plz)Cw-ny(a)dS (622) 


k<m,i<j G 


is nonnegative. 


The operators B and B are defined by the formulas 


Bo= Bap + Y (owalna X)? 





= Bap + Satin DPn f Gm was 


G 


and 


^ 1 
Bp = Bp-— | Boas 
G 


For the problem (6.18) and the corresponding nonhomogeneous prob- 
lem Theorem 3.1 and the estimates (3.11), (3.15) hold. Our next objective 
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is to establish the exponential decay of the solution of the problem (6.18)— 
(6.20) in the case, where the form 


| pBpdS (6.23) 
G 
is positive. We achieve this by constructing a special function, the so-called 
“generalized energy” E(t) playing the role of the Lyapunov function. The 
basic idea is due to Padula [9]. At first, we prove the following n-dimensional 
analog of Lemma 4.1 in [21]. 


Proposition 6.1. Let p(x,t) be a function in w3/?(G) for all t € 
(0, T) possessing the derivative po € La(CG) and satisfying the condition 


/ eae 


Then there exists a solenoidal vector field W (x,t), x € F, orthogonal to all 
rigid rotations Ngm: 


[wes div ote, (6.24) 
F 
and satisfying the boundary condition 
W (x,t): N(x) = p(a,t), weg (6.25) 
and the inequalities 
IW tlwa ce) S les Olli: (6.26) 
IW C. t) race < elleC;0)l rac: (6.27) 
[Wie Mico) S elle, Hll) (6.28) 


PRoor. We find W in the form 


W (z,t) = Wo(z,t) + Wi(z,t) 


where W is a solenoidal vector field satisfying (6.25)-(6.28) and W is a 
correcting term responsible for the condition (6.24). The construction of 
W^ is a quite standard problem. The vector field W, can be taken in the 
form 
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Wilet) => (er - ep” Jey (NA), 


Dg Son 
i<j 
where 
alt) = / Wolz, t) -ny (z)dz 
F 


and A(x) is a smooth function with compact support in F such that 


/ Mie tis. 


We have 
Ó O 
J Wila, t) Mem (ade = -Y` c(t) J Age eo meds 
J E J ( Ox; an) 
= —Ckm(t) 














which implies (6.24). It is clear that W, satisfies (6.26)-(6.28). 


The next proposition concerns the structure of the vector fields Chym (£). 


Proposition 6.2. For arbitrary kım < n, k < m the vector field 
Cry, (x) can be represented in the form 


2C Nem (L) = =V (CF Nem ()) + Bas (2), (6.29) 


where Ra, is a linear combination of nij. 


PROOF. It is clear that, in the case k,m > 2l, both expressions in 
(6.29) containing C vanish and Rx, should be taken equal to zero. For 
k = 2q — 1, m = 2q the equality (6.29) with Rpm, = 0 is easily verified. In 
other cases, the following possibilities can take place: (1) both k and m are 
even, (2) both k and m are odd, (3) k is even and m is odd, (4) k is odd 
and m even, (5) m > 2l and k is even or odd. We obtain (6.29) by a direct 
calculation. We consider cases (1)-(4) assuming that n — 4. Hence 


0 wa 
C = diag(C1, C3), ier n | a=1,2, 


and we verify (6.29) for Ngm = N13: N14: N23; 7124. We have 


2CN13 = 2(w1e2£3 — w3e421) = W1N23 + W2N14 + V(w1t1213 — W2%421), 
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and 
Cx - 13 = (-witlig — w274) ` Ms = —W1T322 + w21124; 
2C 4 = 2(w1€224 + W2E3%1) = W1Nə4 — W2N13 + V(w12214 + w21321), 
CE 14 = —W1 X42 — viva, 
2C N23 = 2(—w1e1%3 — w2€422) = —W1N13 + w2134 — V(wiizs + w21224), 


C2 + Nog = (19193 + 021294, 





2C754 = 2(—w1e124 + (236312) = W174 W21)93 V (wii a4 — 23:312), 
Cc: 754 = w1T4T1 — U2T223. 


The last case k < 2l, n > 2l occurs when n = 3, C = diag(Ci,0), 
Nkm = 733; N23- We have 


20713 = 201€223 = U11]53 + Vw £302, Ca $ 713 = —u1Z322, 


2CNo3 = —2w1e1%3 = —wit]ja — Vwi%3%1, CX: oz = w1234. 


We see that (6.29) holds in all these cases. It is clear that the same argu- 
ments are true in the general case. 














Now, we consider the evolution problem (6.18)—(6.20). 


Proposition 6.3. If the form (6.23) is positive definite, i.e., 


[Boas > ello, (6.30) 
G 


then the solution of the problem (6.18)-(6.20) satisfies the inequality 


lC DII + let lace, < ce (lvo + lolze) (6-31) 


where b = const > 0. 


PROOF. Multiplying the first equation in (6.18) by v and integrating 
over F, we obtain the energy relation 


dl 2 V 2 
S (alie Dll + f EdB, tas) + Ist, = 0 (622) 


G 
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Further, we write the same equation in the form 
vt +2Cvt -2CD' + 20D" — wW?v* + Vp = -D; — D! (6.33) 
and we observe that 


2C D' =Vp'(z,t), 2CD" = Vp" (x,t) + R(z,t), 


p (2,1) = Y dg(p)walg(a)?,— v"(@,t) = — Y. di (oCz - ma (2) 


q—1 kym 


and R is a linear combination of 7;;. Multiplying (6.33) by W, integrating 
over F, and taking into account (6.24), we obtain 


aj vt T A aaa -W dz 
[sen sey fasi + p")pdS = 0. (6.34) 
g 


'The last surface integral is equal to 


J pÊBpdS + QU) (6.35) 
G 


where Q(p) is defined in (6.22^). 


Now, we add (6.32) and (6.34) multiplied by a small positive number 
y. This gives 
dE(t 
a + E;,(t) =0 (6.36) 


where 


1 
E(t) = (lvl ce + [ pBopdz) efe .Wdz 
g F 


1 
(lotia + f pBode + Du em f vt- was), 
G F 
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Ei = SISE- y fot Md 2y f cot Wie 
F F 


4 X [se : S(W)dx +a( f Boas +Q). 
[a g 


If y is small enough, then, by the Korn inequality and (6.26)-(6.28), (6.30), 
we have 
E(t) > bE(t) 
and E(t) is estimated from below and from above by 
const (lv, t], + lle. Olla o) 
Hence (6.36) implies 
dE(t) 


tu bE(t) «0, E(t) «e " E(0), 


which completes the proof of the proposition. 














As in the case n — 3, from (6.31) we can deduce the inequality (3.15) 
with c(t) = e7™™ and prove the exponential stability of the zero solution of 
the problem (6.13)-(6.15) by the arguments of Section 4. Thus, Theorem 
4.] is extended to the n-dimensional symmetric case. 


The estimate (6.31) was obtained under apparently weaker than (6.30) 
assumption of the positivity of the sum (6.35), where Q(p) > 0. A similar 
phenomenon has occurred in the three-dimensional case, but it was proved 
(see [20]) that both assumptions are equivalent. 


The above theory applies to the case n — 2 (considered in [12]). In 
this case, there exists only one vector field of a rigid rotation, 7,9, 


e-( v) vo emo. 


w 
the equilibrium figure is a disc |v| < Ro, 
c (dp 2w? 
B -3( ) 2Rop, Bp=B = / dS, 
0p R ag cw Rop p op + = p 
|z|=Ro 


where c € [0, 277) is a polar angle. 
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Weak Spatially Nondecaying Solutions 
of 3D Navier-Stokes Equations 
in Cylindrical Domains 


Sergey Zelik 


University of Surrey 
Guildford, United Kingdom 


The weighted energy theory for the Navier-Stokes equations in 3D cylindrical 
domains is developed. Based on this theory, the existence of a weak solution 
belonging to the uniformly local phase space (without any spatial decaying as- 
sumptions), its dissipativity and existence of the so-called trajectory attractor are 
verified. In particular, this phase space contains the 3D Poiseuille flows. Bibliog- 
raphy: 37 titles. 


1. Introduction 


It is well known that the Navier-Stokes system 
Ou = (u, Vz)u = vASu — Vrp F g; 


1.1 
div u — 0, (11) 


ulan — 0, ulo = uo 
in a bounded 2D domain Q CC R? is well posed and generates a dissipa- 
tive semigroup S(t) in the appropriate phase space (of square integrable 
divergence-free vector fields). It is also known that, in the case of bounded 
3D domains, we have only the global existence of weak solutions (without 
uniqueness) and local in time existence of strong solutions (with unique- 
ness), see [6, 27, 28] and references therein. These results are strongly 
based on the so-called energy estimate. To obtain this energy estimate, one 
multiplies Equation (1.1) by u, integrate over Q, and uses the fact that the 
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nonlinear term disappears: 


((u, Va)u, u) :— J (u(x), V4)u(z).u(x) dz = 0 (1.2) 
reg 
for every divergence-free vector field with Dirichlet boundary conditions. 


'The situation becomes much more difficult when the domain €) is un- 
bounded. Moreover, although there exists a highly developed theory of 
dissipative PDEs in unbounded domains (mainly based on the so-called 
weighted energy estimates, see [7]—[12], [20, 21, 32, 33, 34, 35] and refer- 
ences therein), during the long time, it was not clear how to apply it to the 
Navier-Stokes problem in unbounded domains because of several principal 
obstacles. 


Indeed, in contrast to bounded domains, in unbounded ones, the space 
of square integrable (divergence-free) vector fields is not a convenient phase 
space since the assumption u € L?(Q) imposes too restrictive decay condi- 
tions on u(x) as x — oo. So, under this choice of the phase space, many 
classical hydrodynamical objects, like Poiseuille flows, Couette- Taylor flows, 
Kolmogorov flows, etc. are automatically out of consideration. Thus, follow- 
ing the general theory, it is reasonable to replace the assumption u € L?(Q) 
by a more relevant condition: u € L2(Q), where the uniformly local Sobolev 
spaces Wi? (Q) are defined via the following standard expression: 

Wy?(Q) := {u € D'(Q), ellie) :— a Ilullwee(anss,) < ©} 
0 
Here, Br denotes the ball of radius one of R” centered at zy € R” and W^? 
means the classical Sobolev space. But then the main difficulty arises: how 
to obtain a priori estimates for the solution u(t) in uniformly local spaces? 


Indeed, since u(t) is not square integrable any more, we cannot simply 
multiply (1.1) by u and use the identity (1.2) (the integrals do not have 
sense). So, following the general strategy, we need to multiply it by qu, 
where y = (x) is an appropriate weight function. But in this case, the 
nonlinear term does not vanish and produces an additional cubic term like 
g'u’. We note that this cubic term is not of fixed sign and the remaining 
terms in the energy equality are at most quadratic with respect to u, so it 
was not clear how to control this cubic term in order to produce reasonable 
a priori estimate. 

Another obstacle is related with the fact that yu is not divergence-free. 
Hence the pressure p does not disappear in the weighted energy equality and 
one should be able to control the term (y’p, u). Of course, this problem is 
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closely related with finding a reasonable extension of the Helmholtz projec- 
tor (to divergence-free vector fields) to uniformly local spaces. 


The above-mentioned difficulties stimulated the development of al- 
ternative methods for studying the Navier-Stokes equations in unbounded 
domains. In particular, in the 2D case, the following so-called vorticity 
equation is very helpful: 


Ow — Arw + (u, Ve)w = 05,91 — z192, (1.3) 


where w := O,,ui — Or, U2. If Q does not contain boundary, for example, 
Q = R? or Q = St xR, where S! is a circle (like in the Kolmogorov problem), 
the maximum principle applied to (1.3) allows us to obtain a global a priori 
estimate for the vorticity w which, together with the accurate analysis of the 
explicit formulas for the Helmholtz projectors, allows us to obtain global in 
time a priori estimates for the solution u(t) and thereby to prove the global 
solvability of the Navier-Stokes equation in uniformly local phase spaces (see 
[2, 14]). Unfortunately, the a priori estimate for vorticity obtained from the 
maximum principle grows linearly in time, so all the further estimates also 
grow in time (to the best of our knowledge, in the case Q = R?, it yields 
double exponential (~ ce") growth rate and polynomial (~ t?) growth 
rate for Q = S! x R). The other essential drawback is that this method 
seems to be inapplicable to the problems with boundary (for example, for 
a cylindrical domain €?) and does not work in the 3D case. 


Another attractive possibility to avoid direct weighted energy esti- 
mates is to use the bifurcation analysis. Indeed, in the situation where the 
basic steady state of the Navier-Stokes problem is slightly above the insta- 
bility threshold, the solutions remaining close to that steady state can be 
described in terms of the so-called modulation equations which are essen- 
tially simpler than the initial Navier-Stokes problem (usually it is Ginzburg- 
Landau or Swift-Hohenberg equations), see [1, 15, 16, 17, 19] and refer- 
ences therein. Since the well-posedness and dissipativity of these modula- 
tion equations is well understood, the standard perturbation methods allow 
us sometimes to obtain global in time estimates for solutions of the initial 
Navier-Stokes problem starting from the small neighborhood of the basic 
steady state. In particular, the global existence and dissipativity of such 
solutions for the 3D Couette-Taylor flow is obtained in [23] and “almost 
global solvability" (on the exponentially long with respect to perturbation 
parameter time interval) for the case of Poiseuille flow can be found in [24]. 
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It is worth to emphasize that, in the case where the domain 2 C R”, 
n = 2,3, possesses the Friedrichs inequality 


lulz) € AilVzullz2(o). u € Wo (Q), (1.4) 


with positive À; and under the restrictive assumption that u is square inte- 
grable, all the above-mentioned obstacles disappear and the Navier-Stokes 
problem (1.1) possesses a standard (unweighted) energy theory similar to 
the case of bounded domains, see [5, 28]. We also mention the survey 
paper [3] on the existence of spatially decaying solutions of the Navier- 
Stokes problem in various domains (not necessarily satisfying (0.4)), see 
also [13, 30]. 

Recently, the above-mentioned obstacles for applying the general 
weighted energy theory to Navier-Stokes equations in unbounded domains 
were overcome [37] in the case of 2D cylindrical domains. This result al- 
lowed us to verify the global existence, uniqueness and dissipativity of the 
2D Navier-Stokes equations in the classes of spatially nondecaying solutions. 
Moreover, this result embeds the 2D Navier-Stokes problem in a strip into 
the general scheme of investigating dissipative PDEs in unbounded domains, 
including the study of dimension and Kolmogorov's entropy of attractors, 
topological entropies, spatial and temporal chaos, etc. (see [36]). 


The main goal of this paper is to extend (up to uniqueness and further 
regularity) this result to the case of 3D cylindrical domains. Although the 
general strategy of the paper is similar to [37], there are several essential 
differences and complications in comparison to the 2D case. Namely, in the 
3D case, we do not have a scalar stream function and, consequently, we 
cannot reduce the study of the Helmholtz projector and Stokes operator in 
weighted spaces to simple model problems for the Laplace and bi-Laplace 
equations and should use the theory of general elliptic problems. 


Further, because of the lack of uniqueness for the 3D Navier-Stokes 
equations, we cannot directly apply the methods of [37], but should first 
consider the regularizing Leray approximations to the Navier-Stokes equa- 
tions, prove the existence of spatially nondecaying solutions for these equa- 
tions, and, after that, obtain the required solution by passing to the limit. 
Finally, again because of the lack of uniqueness, we cannot construct a usual 
global attractor for the problem considered and should use the so-called tra- 
jectory approach (see [8, 25, 31, 9] and references therein). 


'The paper is organized as follows. In Sections 2 and 3, we recall some 
basic facts on the theory of weighted spaces and the regularity of elliptic 
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boundary value problems in these spaces which will be systematically used 
throughout the paper. 


Section 4 is devoted to the study of the Helmholtz projector II and 
stationary Stokes equations in weighted and uniformly local Sobolev spaces. 
The results of this section are somehow close to [4, 5] (and are, factually, 
inspired by these papers). 

In Section 5, we study the following auxiliary linear nondivergence-free 
problem: 


— ðw = Azu + Veq, Del,» 2 0, 


1.5 
div v = g'u, 0, 5 


vlag = 


where (x) is an appropriate weight function and u(t) is a solution of the 
Navier-Stokes problem. This auxiliary problem is necessary in order to 
overcome the obstacle related with the appearance of the term containing 
pressure in the weighted energy equality. Roughly speaking, we will multiply 
Equation (1.1) by yu(t) — v(t), where v solves (1.5). Then, since div(yu — 
v) — 0, the pressure term disappears (and the derivative of our weights is 
small, so the corrector v is also small and does not produce any essential 
difficulties in its estimating, see Sections 5 and 6 for details). 


It is not clear how to overcome this obstacle in a more simple way. 
Indeed, the “most natural" multiplication by IH(pu) does not work since 
II(yu) has nonzero trace at the boundary, which leads to additional uncon- 
trollable boundary terms under the integration by parts in (Azu, II(yu)). 
Another possibility is to construct a new “projector” Q to divergence-free 
vector fields which preserves the boundary conditions and multiply the equa- 
tion by Q(yu). However, this leads to essential difficulties with the term 
(Oru, Q(yu)) which should be a complete time derivative from something. 
We also note that the multiplication of the equation by the combination of 
pôu and qIIA;u (as in [4] and [5]) is useless for us since it works only if 
the unweighted L?-norm of A,u is a priori known. 


In Section 6, we verify the basic (uniform with respect to a — 0) a 
priori estimate and prove the global existence of solutions of the Leray- 
Navier-Stokes problem 


Ou + (Iw, V,)u + côr u = Aru — Vrp +g, 
w — aqu =u, 


divu = 0, Su, = c, 





ul oo = Vlog = 0; ulio = uo, 
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where II is a Helmholtz projector to the divergence-free vector fields, a > 0 
is a small parameter, S is the averaging operator with respect to the cross 
section z' := (#2, £3): 


z'ego 
and c is a given constant. 


'The additional projector II is necessary since, in contrast to the spa- 
tially periodic case, w is no more divergence-free and we will not have zero 
integral analogous to (1.2) without this projector. The term côr, u appears 
in order to have the classical Navier-Stokes problem as a = 0 (since, due 
to our choice of projector II, the mean flux of IIw is equal to zero and, 
consequently, Hu = u — (c, 0,0)). 

To obtain the required estimate, we use, following [37], the special 
weights 

be zo (x) := (1+ &|z — zo|?) (1.7) 
with very small e which factually depends on the solution u. Then a careful 
analysis of the obtained weighted energy inequality allows us to obtain the 
globally in time bounded a priori estimate of the L2-norm of u(t). Based 
on this a priori estimate, we then establish the existence of such a solution. 
In fact, we first consider the case of zero flux c — 0 (see Theorem 6.5) and 
after that reduce the general case to this particular case using the trick with 
the auxiliary “energy stable" equilibrium (see Theorem 6.6). 


The uniqueness of such solutions is verified in Section 7 (see Theorem 
7.1). Moreover, we also verify the dissipative estimate, uniform with respect 
to a — 0, for these solutions and the existence of global attractors Aa for 
the approximating problems (1.6). 


Finally, in Section 8, we establish the existence of a dissipative weak 
solution for the classical Navier-Stokes problem by passing to the limit 
a — 0. Moreover, an appropriate trajectory attractor Atr for the Navier- 
stokes problem is also constructed here. Using the proper scaling, we obtain 
the following estimate for the size of attractor in the L2-norm in terms of 
the kinematic viscosity v: 


[| Aellnss s rgo € Cv 7 (ev + lgliz +7), (1.8) 
b 3(2) 


where the constant C is independent of v, c, and g. We recall that, in 
bounded domains (in square integrable case), the best known estimate is 
the following: 

|| Atel ros (e. z2) < Cv |Ig|l 22). (1.9) 


3D Navier-Stokes Equations in Cylindrical Domains 261 


We see that, although the estimate (1.8) is “worse” than (1.9), but it remains 
polynomial as v — 0 (with a reasonable degree 3). Thus, our method is not 
"extremely rough" and can be used for obtaining reasonable quantitative 
bounds for the solutions. 


2. Function Spaces 


In this section, we briefly recall the definitions and basic properties of weight 
functions and weighted function spaces which will be systematically used 
throughout the paper (see also [11, 33] for details). We start with the class 
of admissible weight functions. 


Definition 2.1. A function o € Cioc(R”) is a weight function of 
exponential growth rate u > 0 if the following inequalities hold: 
ple +y) € Cou(z)e"l, v(x) >0 Vz,y ER”. (2.1) 


'The following proposition collects the evident properties of such weights. 


Proposition 2.2. 1. Let p be a weight function with exponential 
growth rate u. Then, for every € > u, yp is a weight function of exponential 
growth rate € (with the same constant C.;). 


2. Let p and w be weight functions of exponential growth rate u. Then 
the functions V4 = q(r)v(x) and V2 = q(x)/w(x) are weight functions of 
exponential growth rate 2u with the constant Cy, € CC. 


3. Let y be a weight function of exponential growth rate u, and let 
V € Cis (R^) satisfy 
Cie(z) < v(z) < Cop(z), x € R”. (2.2) 
Then w is also a weight function of exponential growth rate u and Cy <S 
Cy CC. 
4. Let € > 0, and let p(x) be a weight function of exponential growth 


rate u. Then the function qz(x) := plex) is of exponential growth rate eu 
and Cy, = Cy. 


All the assertions of Proposition 2.2 are simple consequences of the 
estimate (2.1). 
A natural example of such weights is the following: 
Yueo(t) : € Hl, zy ER", u € R. (2.3) 
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It is obvious that they are of exponential growth rate |u| and the constant 
Conso = 1 (independent of zo € R”). However, these weights are non- 
smooth at x = zo. To overcome this drawback, it is natural to use the 


following equivalent weights: 
Pu, zolz) =e ^V tHe- on e R”. (2.4) 
Since || € Vx? +1 € |x| + 1, these weights satisfy 
e Ilo, zo (£) € eus (x) < e" Ip, g(x), x ER” (2.5) 
and, consequently, o,,;, are also weight functions of exponential growth 


rate u (with Cy, ., = e?IM). Moreover, in contrast to (2.3). these weights 
are smooth and satisfy for u < 1 the additional obvious inequality 


|D2Pu,00(2)| < CrlHlPpco(e), x ER", (2.6) 


where k € N, DE denotes the collection of all z-derivatives of order k and 
the constant C is independent of x and u. This inequality is crucial for 
obtaining the regularity estimates in weighted spaces (see [11, 12, 32, 33, 
34, 35] and Section 3 below). 


Another important class of weight functions is the so-called polynomial 
ones: 
87 (a) :— (1 + |z — zo|?) 72, m e R. (2.7) 
It is not difficult to verify that these weights are of exponential growth rate 
u for every u > 0 with the constant Cg depending on u and m, but 
independent of zo € Q. 


m,zQ 


We now introduce a class of weighted Sobolev spaces in a regular 
unbounded domain Q associated with weights introduced above. Since we 
need below only the case where €) :— IR x w is a cylinder with regular 
boundary, we do not formulate precise assumptions on the boundary 0 
(which can be found, for example, in [11] or [12]) in order to avoid the 
technicalities. 


Definition 2.3. Let Q be a regular domain, and let y be a weight 


function of exponential growth rate. Then for every 1 € p < oo we set 


L»(Q):— {u € L5, (9), lullig = [ole a: < oo} (2.8) 
Q 
and 


LE (D) = (we 2,9), llullag,, = sup eo) lull anes.) < 0}. 
xo 
(2.9) 
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Hereinafter, B7, denotes an r-ball of R” centered at ro and we write L 
instead of L}. 

Moreover, for every | € N, we define the weighted Sobolev spaces 
WhP(Q) and Wy (Q) as spaces of distributions whose derivatives up to 
order | belong to L2(Q) and L5 (€?) respectively. 

Furthermore, the weighted Sobolev spaces WLP (OQ) and Wy? (OQ) on 
the boundary ƏN can be defined in a similar way; only the integral over 
Q (respectively, supremum in (2.9)) in (2.8) should be replaced with the 
integral (respectively, supremum) over the boundary OQ (see [11, 12]). 


Remark 2.4. In the sequel, we also use functions u(t) with the values 
in the weighted Sobolev spaces defined above. In slight abuse the notations, 
we denote by L/(R, WẸ?) the space generated by the norm 


lull rog wn) = ae R lull 2» ((r,7-+1],W4? @nB2,))- (2.10) 


The following proposition presents some useful facts on the spaces 
introduced above. 


Proposition 2.5. Let Q be a regular domain, and let p be a weight 
of exponential growth rate u. Then the following assertions hold. 


1) For any r > 0 and u € LE(Q), 1 < p < oo, 


1/p 
Cr'llulg < È f Peole d) < Clug C10 
ToEļQ 


where the constant C, depends on r, u, and the constant Co from (2.1), but 
is independent of p and of the choice of o. 


2) For any a > p, q € [1,00], and u € L} (9) 


( [ «e «uen dr) dea) « C.lulziem. — (212) 
xpEQ LEQ 
where Ca depends on a, u, and Cy, but is independent of u and the choice 
of y and q. 
3) For any a > u and u € L} ,(Q) 


-1 p p —ap|x—xo| p 
Calley ay < sup {o(a0)? f e7r7nlluta)n da) 
rE 
< Callullre (e; (2.13) 
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where the constant Ca depends on a, u, and Cy, but is independent of u 
and the choice of q. 


The proof of the estimates is given in [11] (see also [12, 30]). 


Remark 2.6. As we will see below, the estimate (2.11) allows us 
to reduce the proof of embedding and interpolation theorems for weighted 
Sobolev spaces to the classical unweighted case in a bounded domain. Esti- 
mates (2.12) and (2.13) allow us, in turns, to obtain the elliptic regularity in 
weighted spaces with arbitrary weights of exponential growth rate if analo- 
gous result for the special weights e-l7—ol (or, which is the same, for the 
equivalent smooth weights (2.4)) is known (see Section 3). Moreover, these 
estimates allow us to control the dependence of the constants in embed- 
ding, interpolation, and regularity theorems on the choice of weights, which 
is crucial in our study of the nondecaying solutions of the NS equations. 


We introduce the weighted Sobolev spaces with fractional derivatives. 
We first recall that, in the unweighted case, the space W!+*-?(Q) for s € 
(0, 1) and l € Z, is usually defined via 


|Dsu(z) — Duly) |? 
llis = ils + f. f ESTE asay (2.18) 
rcQyco 
and, for negative | the space W'?(Q) is defined as the conjugate space of 
Wy, ^*(Q), 1/p 4- 1/g = 1 (see [18, 29]). Then the estimate (2.11) justifies 
the following definition. 


Definition 2.7. Let Q be a regular domain, and let y be a weight 
function of exponential growth rate. For any 1 < p < oo and | € R we 
define the space WLP (Q) as a subspace of distributions with finite norm 


luos, = f eluted (2.15) 
rE 
where r is a positive number (it is not difficult to verify that this space is 
independent of r). Similarly, the norm in Wit is defined via 
lelie = sup Gero) ull; yb (2.16) 


For the sake of simplicity, we fix below r — 1 in the definitions (2.15) and 
(2.16) of weighted norms. 


According to (2.11), we see that for | € Z} the spaces thus defined 
coincide with the spaces from Definition 2.1. Moreover, it is not difficult to 
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verify, using the explicit formula (2.14) that, in the unweighted case y = 1, 
the norm (2.15) is equivalent to (2.14). 


The following proposition describes the weighted negative Sobolev 
spaces in terms of conjugate spaces. 


Proposition 2.8. Let Q be a regular domain, and let p be a weight 
function of exponential growth rate u. Then for any l > 0 and 1 < p,q < oo, 
1/p * 1/q — 1, 


W, (2) s [Wo .(0I*. (2.17) 


where Wy (Q) denotes the closure of Cg? (Q) in the W2-norm and x means 
the conjugate space (with respect to the standard inner product in L?(Q)). 
Moreover, 


Cillull stray E lelwee | cor S Callull uto (o; (2.18) 


where the constants Cı and Cz depend on u, l, p, and Cy, but are indepen- 
dent of the choice of u and Cy. 


PROOF. In order to avoid the technicalities, we give below the proof 
of (2.18) only in the case of a cylindrical domain Q := R x w, where w 
is a smooth bounded domain of R"~! (only this case will be used in the 
sequel), although a slightly modified proof works for a general regular do- 
main. In this particular case, we can restrict ourselves to consider only 
one-dimensional weights p € Cjo-(IR). Since w is bounded, (2.1) implies 
that 


Cip(s, fo) < p(s, £) < Cav(s,€o), s € R, EE w, (2.19) 
where £o € w is some fixed point and, consequently, the weight y(s,&) is 
equivalent to p(s) :— p(s, o). Moreover, it is more convenient to use, 


instead of balls B7, the finite cylinders €), :— (s, s +1) x w, i.e., to define 


the norm in Wi? (Q) via 


Ileana = f PPM aca) ds (2.20) 
scR 
(since the norms (2.15) are equivalent for different r and w is bounded, 
(2.15) and (2.20) are also equivalent). 


We first verify the right inequality of (2.18). To this end, we introduce 
a partition of unity {wy} yer € CE (R) such that 
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1)  suppV, C (yy +1), 

2) J Vy(s) dy zL (2.21) 
ycR 

3 |D59(s) € Cr, 


where the constant C; is independent of s € R (such a partition of unity 
exists and can be chosen in a smooth way with respect to y € IR). 
Let u € [Wy . (0)]* be a functional over Wo (Q), and let v be 


an arbitrary test function from this space. Using (2.21) and the Holder 
inequality, we find 


Hun f voldu f alwatwa dy 


ycR yER 


«€ f ewlulw-ra 20) lwia di 
ycR 


< Cllullws+?@y llle, (a (2.22) 





which, together with the definition of the norm in the conjugate space gives 
the right inequality in (2.18). 

We verify the left inequality. Let u € W> LP(Q). We fix a family of 
functions vy € Wo4(Qy) such that 


(u, vy) = lull w—12(a,)lleyllwea,) (2.23) 


and normalize these functions as follows: 


levllwneca, = (lllo. (2.24) 


Since the spaces W''7(Q,,) are uniformly convex, these families are uniquely 
defined and, moreover, continuous with respect to y € R. 


We define the function v(x) as follows: 


u(x) = J Vy (x) dy. (2.25) 

ycR 
We claim that v € Wi (0). Since vy € Wy4(Qy), it can be naturally 
continued by zero to a function v, € WEO) with supp vy C Qy. Thus, the 
integral (2.25) is well posed and defines a function v € wha (Q) vanishing at 
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the boundary N. So, we only need to estimate the Wes (Q)-norm of this 
function. 


Since ||vy||wia(o,) = 0 if |s — y| > 1, we have 


lewis, €. f llwesao de f ooro 


|s-y|&1 |s—y|<1 

«Ce f lulls, du 
|s—y|<1 

«cie? f eelui sa dy (2.26) 
ycR 


where the constant o > 2pu/q can be arbitrary (we implicitly used (2.1) in 
order to estimate (y) via y(s)). Taking the qth power of both sides of the 
relation, applying the Holder inequality, and using that q(p — 1) = p, we 
arrive at the inequality 


e(s)-*llvllus.so,y «cosy f e ode Pl a dy. 
ycR 


Integrating over s € R and using (2.12), we finally infer 


lolly < Callully, (2.27) 


woso) ^ a PO 


We are now ready to complete the proof of the proposition. By (2.23)- 
(2.25), we have 


(u,v) = J Ilullw toco, lltullwiso,) dy = lulli 


z” (Q) 
yea 
and, consequently, due to (2.27), 
(u, v) (1-1 
llis cor > Ty > Clull oy (2.28) 
iud W^*,(Q) 





Since p(1 — 1/q) = 1, (2.28) implies the left inequality in (2.18). 











Remark 2.9. Proposition 2.8 shows, in particular, that in the case 

y = 1, the spaces W"?(Q) introduced in Definition 2.7, coincide with the 
standard Sobolev spaces for any | € IR. Moreover, arguing Similarly, to the 
proof of Proposition 2.8, one can verify the interpolation representation of 
the weighted spaces Wit? (Q) with fractional derivatives (1 € Z, a € (0, 1)) 
WEP (Q) = (WLP (9), Woh? (0) (2.29) 


&,p 
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in a complete analogy with the unweighted case (see, for example, [29]). 


For the sake of convenience, we will show how to obtain weighted 
analogs of the interpolation and embedding inequalities. 


Proposition 2.10. Let Q be a regular domain, and let pı and p2 
be two weight functions of exponential growth rate u, 0 € lj,la < oo, 1 < 
Pı, p2 < oo. Let 0 € [0,1] be arbitrary and 

1 0 1—9 = 
1:= 6h (1-6), = :=— + y dieit 
p Pı pa 


Then WL»(Q) c Wi» (Q) à WE (Q0) and 





lullwge < Clelia «Mell - p2? 


where the constant C depends on li, pi, u, Cy, and on some regularity 
constant of the domain Q, but is independent of the choice of weights qj 
and of the form of domain Q. Moreover, similar estimate holds for the 
spaces Wg? 


PROOF. As in the proof of Proposition 2.8, we restrict ourselves to the 
case of a cylindrical domain Q := R x w, one-dimensional weights, and the 
equivalent norms (2.20). Moreover, we consider only the spaces WẸ? (Wye 
can be considered in a similar way). 


According to the standard unweighted interpolation inequality for do- 
mains Qs, we have 


1-0 
eld 


llullivur(a,) S eilun, P1( W!2>P2 ( 


where the constant C, is independent of s, see [29]. D this in- 
equality by the weight y?(s), integrating over s € R and using (2.11), we 
get 


0 (1-8) 
llle (ey S Cz / (exllullwao g) (Yalleull wt2.e2(0,))” ds. 
scR 


Applying the Holder inequality with exponents a and ER to the 


pO p — 0) 
right-hand side of this inequality and using the estimate (2.11) once more, 
we deduce the required weighted interpolation inequality and finish the proof 
of the proposition. 














'The following proposition gives a weighted analog of embedding and 
trace inequalities. 
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Proposition 2.11. Let Q be a regular domain, and let p be a weight 
function of exponential growth rate u. Then the following assertions hold. 
1) For any 1 < pı € p2 < oo and 0 & lo < lı satisfying 
E E (2.30) 
p mn p nmn 
there is a continuous embedding WYP: (Q) C. W'»?2(Q) and the norm of 
the embedding operator depends on li, pi, p, and Cy, but is independent of 
the form of weight function p. If the inequality (2.30) is strict, we can take 
also p2 = oc. 
2) For every m € Z4, 1 < p < oo, and l > m+ 1/p the trace operator 
on 
Qu: (ooo ons ee azula) (2.31) 
(where O,u denotes the normal derivative of u at OQ) maps Wi? (Q) to 


Tu l—k—1/p,p . . ; m ]-1 
& Wọ (OQ) and there exists the associated extension operator [Mhp] 
k=0 

(the right inverse of 1125) with the norm depending on l, m, p, and Cog, 


but independent of the choice of weight q. 
The above results also hold for the family of spaces Wy (Q). 


PROOF. As above, we restrict ourselves to the case of a cylindrical 
domain 2 :— R x w, one-dimensional weights, and the equivalent norms 
(2.20). Moreover, we consider only the spaces Wi? (the spaces Wy? can be 
considered in a similar way). 

Let u € Wim (Q). According to the classical Sobolev embedding 
theorem (see [29]), we have 


[ull wee. P2 (Qs) S <Cllullwa. P1 (Qs)? (2.32) 
where the constant C is independent of s. Taking the power pə of both 
sides of the inequality, we transform it to the following form (for the sake 
of simplicity, we consider only the case p» < oc): 


Wellies, B2(Q,) S < C?" [ult s. (oy 


«e ( f emm, du 


scR 


ys 


, 


where a > is arbitrary and C1 is independent of u. Multiplying by y(s)?? 
integrating by s € IR, and using (2.12), we infer 


lel pe p2 (Q) ^ < Collall "E P1(Q)’ 
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which proves the first assertion of the proposition. 


Now, we verify the second assertion. The existence and boundedness 
of the trace operator ITZ, can be verified by using an analogous property for 
domains 2, as above. Thus, we only need to construct an extension operator 
M]. Let U := {uk} o € &, we 1/PP (AQ) be arbitrary. Using the 


partition of unity (2.21), we Se the family Us := v,U = (vsu ag. 
Since all these functions vanish at the origin of Qs, there exists an extension 
operator [II3t, |! for bounded domain Q, which maps Us to W'?(Q,) and 
whose norm is independent of U and s (see [29]). The required extension 
operator [II55]" ^ can be constructed as follows: 


Hgo] !U = J [II56. ] Us ds. (2.33) 
scR 
The fact that this operator is well defined and the üniform (with respect 


to i) estimate for its norm regarded as a map from ® wi *-1/P? (AQ) to 
k=0 


WLP(Q) can be proved in the same way as in the estimate (2.27) for the 
function (2.25) in the proof of Proposition 2.8. 














Our following task is formulate trace theorems for classes of less smooth 
functions which are closely related with the theory of NS equations. For this 
purpose, we need the following definition. 


Definition 2.12. Let Q be a regular domain of IR", and let o be a 
weight function of exponential growth rate u, 1 < p < oo. Define the space 
E? (Q) of vector-valued functions u :— (u!,--- ,u") € [D'(Q)]^ by the norm 


Il'ull ee (o = ll'ullfre toys + Il div ulle (2.34) 
(Q) (Q)] (2) 


The spaces E? ,(Q) are defined in a similar way. Moreover, for every suf- 
ficiently smooth vector-valued function u := (u',--- ,u™), we denote by 


lu := (u ii)| aq the normal component of this function at the boundary. 


Proposition 2.13. Let Q be a regular domain, and let p be a weight 
function of exponential growth rate u. Then the operator ln : ER(Q) — 


We "?(8Q) is well defined and 
[Intl ut (99; € Cllullzgia (2.35) 


where the constant C depends on u and Cy, but is independent of the choice 
of weight function p. A similar result holds for Ey (9). 
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Proor. As above, we verify the estimate (2.35) only for cylindrical 
domains. Let u and vs be smooth functions in Qs. By the Green formula, 


(Inu, vjan, :— (div u, v)o, + (u, Vev)a,.- (2.36) 


As usual, we see that the right-hand side of (2.36) is well defined for all 
u € EP(Q,) and v € W!4(Q,) where 1/p + 1/q = 1. Moreover, due to 
the classical trace theorems, there exists an extension operator [IL]! : 
Wi-V«9(8Q,) — W'4(Q,) whose norm is independent of s. Thus, (2.36) 
shows that the functional lpu is well defined and satisfies 


[Intl w—1/2.2(99,) a [lnull wi-1/aa 02) E: Cul g»(o,)- (2.37) 


Multiplying this relation by y(s)? and integrating over s € IR, we deduce 
(2.35) and complete the proof of the proposition. 


Here, we implicitly used that 
lasullw 27. (5,841) xdw) € lllullw-1/»»(20.)- 


The estimate for E? o, (X) can be obtained in a similar way by using the 
supremum instead of the integral over s € R. 














As was already mentioned, the estimates of Proposition 2.5 allow us 
to reduce the proofs of elliptic regularity in arbitrary weighted spaces to the 
particular case of special weights (2.4). The following evident proposition 
will be useful in order to reduce the case of special weights to the classical 
unweighted case y = 1. 


Proposition 2.14. Let Q be a regular domain, and let T, ;, be the 
multiplication by weight io, «4 (x) (i.e. (Turou) (£) := Yu,zo(£)u(x)). Then 
for any l € R and 1 € p < œ this operator realizes an isomorphism between 
the spaces WS aa (Q) and W"?(Q). Moreover, 


-1 
Culler (ay < l'Tosstllwisty <Cllullwir a) (238) 
where the constant C depends on l, p, and u, but is independent of u and 


zo € R”. 


This estimate is an immediate consequence of the inequalities (2.6) 
and Definition 2.7 of the corresponding weighted spaces. 

We conclude by formulating some useful results on the weighted and 
local topologies on bounded sets of W}? (Q). 
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Proposition 2.15. Suppose that Q is a bounded domain | € R, 
€ [L,oo], and B is a bounded subset of w}? (Q). Then, for every weight 
function q of exponential growth rate u satisfying 














llell reque) < oo (2.39) 




















the set B belongs to WL»(q) and the topology generated om B by this em- 
bedding is independent of the weight p and coincides with the local topology 
on B generated by embedding to WEP). 




















Pnoor. By (2.39), we have 
lul isa, = | e Go) Vallis canas.) dto < lel allato: 
rocQ 


which shows that WE? (Q) c WLP (Q). Let un > u in wẹ? (Q). This means 
that for any zo € Q and R € Ry 


Jim [us — ullwieonsg ) = 0. (2.40) 











Assume that un, u € B and ọ is an integrable (in the sense of (2.39)) weight. 
Since the set B is assumed to be bounded in w}? (Q), 





Aim, llunllwieo pg; — 0 p 


uniformly with respect to n € N. Formulas (2.40) and (2.41) imply that 
Un — uin WL*(Q). The embedding WŁ? (Q) c c Wb "m ) is obvious, and 
Proposition 2.15 is proved. 














3. Elliptic Regularity in Weighted Spaces 


In this section, we recall some standard elliptic regularity results in weighted 
Sobolev spaces which are necessary to deals with the Navier-Stokes equa- 
tions in unbounded domains. For the sake of simplicity, we restrict ourselves 
to the case of a 3D cylinder Q := R x w, where w is a bounded smooth do- 
main in R? (x := (z1,22,23) € Q, zı € R, x’ :— (z2,23) € w). although 
some of the results of this section remain true for general regular domains 
(see [11, 12, 32, 33, 34, 35] for details). 

We start with a weighted regularity estimate for the Laplacian with 
Dirichlet boundary conditions. 
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Proposition 3.1. Consider the Dirichlet problem in a cylinder Q 
Aii fiti oe = 0. (3.1) 


For every 1 < p < oo andl = —1,0,1 there exists positive uo = Holp) such 
that for any weight function q with sufficiently small exponential growth 
rate ji. (u < uio) and h € WYP (Q) Equation (2.1) possesses a unique solution 
u € WZ*?»(Q) and the following estimate holds: 


lullig (Q) S < CllAllweeay: (3.2) 


where the constant C depends on Cy, but is independent of the choice of 
weight p. Moreover, an analogous estimate holds for Wy (Q). 


PROOF. We restrict ourselves to the a priori estimate (3.2) (the exis- 
tence and uniqueness of a solution can be then verified in a standard way; 
see, for example, [11, 12]). 

As was already mentioned, by the estimates (2.12) and (2.13), it suf 
fices to verify the estimate (3.2) only for the special class of weights Qj: (x) 
introduced in (2.4). If we have the estimate (3.2) for such weights with the 
constant C independent of zo, then 


llullivir2.2(0,) S Cuolltll ysr2.” (a) S CillAlly Wagpos (2) 
<0 J e-Phols- Vll AlE a aio, dy, (3.3) 
ycR 


where the constant C5 is also independent of s € R. Multiplying the esti- 
mate (3.3) by y(s)? (where ọ is a weight function with exponential growth 
rate u < uo), integrating over s € R, and using the estimate (2.12), we infer 
the required estimate (2.2). Similarly, the estimate (3.2) for the spaces Wy, 
can be obtained by multiplying (3.3) by y(s)?, taking the supremum over 
s € R, and using the estimate (2.13). 

Thus, it remains to verify (3.2) for the special weights o,,.,, with a 
sufficiently small positive wo and any s € R. In turns, by Proposition 2.14 
and the estimates (2.6), the case of special weights y,,,,, can be reduced to 
the unweighted case y = 1. The function u € Wl (Q) solves (3.1) if and 
only if the function v := Yyo,su € W't?:?(Q) solves the following perturbed 
version of the problem (3.1): 


As = Qu,sh + 206 49,001 (p- Ho, sv) + P'o, sP—uo,sU 


(3.4) 
= Tyo, sh + hyo (v), EE 0. 
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We recall that, due to (2.6), 


lus () I] wera) € CHollvll we+2.2(a), (3.5) 
where the constant C is independent of s and uo. Thus, if the estimate (3.2) 
for p = 1 is known, then applying it to Equation (3.4) and using (3.5), we 
infer 
[Tuo sul wrez2(0) € C.T, sl wio(o + Hollvll we+2.2(a)) 


with the constant C independent of uo and s. Fixing po to be small enough 
such that Cuo < 1/2, from the last estimate we deduce that 


loll wie2(9) € 2C||T_po,shll wera) (3.6) 
which, together with Proposition 2.14, implies the estimate (3.2) for special 
weights Qyo,s: 

Thus, we reduced the proof of the regularity estimate (3.2) in weighted 
spaces to the unweighted case y = 1. It remains to note that (3.2) with o = 


1 is a classical L?-regularity estimate for solutions of the Laplace operator 
(see, for example, [18, 29]). Proposition 3.1 is proved. 














Remark 3.2. The regularity estimate (3.2) holds not only for | = 
—1,0,1, but we need it in the sequel only for these values of l. We also note 
that the estimate (3.2) holds for the unweighted space since the spectrum 
of the Laplacian in a cylinder with Dirichlet boundary conditions is strictly 
negative. 


'The following proposition providing some uniform estimate for the 
singular perturbed Laplace equation will be useful for approximating the 
3D Navier-Stokes problem. 


Proposition 3.3. Suppose that a > 0 is small, «o is a weight function 
with exponential growth rate u, and u solves the problem 


tl aq = 0 (3.7) 
for some h € L} (Q). Then the following estimate holds: 


u—aA,u =h, 


allullwzr + lulz S CIIhll zz (o): (3.8) 
where the constant C depends only on u and Cy, but is independent of a 
and the form of weight p. A similar result holds for Wy. 
PROOF. Indeed, after the scaling Z :— a~ t?z, Equation (3.7) reads 


ü— Asü — h, ü|j, 20, 0:2 o 170 
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and the weight y should be replaced by g(s) := y(a!/?#). It is clear that 
the regularity constant of the domain €) is at least not worse than for Q 
(if a is small enough) and the weight ¢ will be of exponential growth rate 
01/2, < u with Cs = Cy. By this reason, the estimate (3.2) of Proposition 
3.1 hold for the scaled equation uniformly with respect to a, i.e., 


llllw2»(9 < ClIhl ze (o) 


(see. for example, [12, 30] for details). Returning back to the variable z, we 
obtain the desired estimate (3.8) and complete the proof of the proposition. 














Remark 3.4. An analog of Proposition 3.3 for more regular external 
forces h € Wi? (Q), l > 0, is not true since boundary layer terms may 
appear. In the simplest 1D case, we have 


y(z) — o?y"(z) =1, æ € [0,1], y(0) = y(1) = 0, 
the external force belongs to C°, and the associated solution 
sinh(a~tz) sinha™t(1 — x) 
— sinh(a-!)  sinh(a-!) - 
is a typical boundary layer solution which does not uniformly bounded in 
any C?, 8 » 0, as a — 0. 


y(z) — 1 


Consider the Neumann type boundary value problems for the Lapla- 
cian in a cylinder Q. The main difficulty here is the fact that, in contrast 
to the Dirichlet problems considered above, the Neumann problem for the 
Laplacian has an essential spectrum at A = 0, which makes the situation 
much more delicate. We however start with the regularized Neumann type 
problem, where the spectrum remains strictly negative. 


Proposition 3.5. Let € be a cylinder. Consider the following bound- 
ary value problem in Q : 

Aru — u — 0, rulaa = ho, (3.9) 
Then for every 1 < p < oo andl = 0,1,2 there exists uo = po(p) such 
that for every weight function of sufficiently small exponential growth rate 
u (u < uo) and every ho € wE P? (aQ) the problem (3.9) has a unique 

solution u € WIS and the following estimate holds: 
lullo) < C |hollwi-17»(59): (3.10) 


where the constant C depends on Cy, but is independent of the choice of 
weight function p. A similar result holds for Wy. 
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PROOF. In the case l = 1,2, the estimate (3.10) can be verified ex- 
actly as in Propositions 3.1 and 3.3 (by reducing to the homogeneous and 
unweighted case). In the case | = 0, the situation is slightly more delicate 
since we do not formulate the extension theorem f or the space Wg / P? (AQ) 
in Proposition 2.11 and, consequently, we need to work with a nonhomo- 
geneous boundary value problem. Nevertheless, the reduction to the un- 
weighted case based on introducing the function v := q,,,,u works in this 
case as well. Indeed, this function satisfies 


Azv — v = hy (v), = Tpos ho (3.11) 


anolog 
and 
lha W)llze < Cuollvllw1e o) (3.12) 
Thus, we can represent the solution v of (3.11) as the sum v = v1 + vo, 
where vı solves the homogeneous problem 
Agi — vi = hy, (v), óvi|44 = 0 (3.13) 


and v2 solves an analog of (3.9) with ho replaced by T..,,,,, ho. We see that 
the right-hand side of (3.11) belongs to L” (Q) and, consequently, due to the 
classical L?-regularity, we have 

lvilwz.( € Cllhus(v)l req € Cabollvllw:»(o- (3.14) 
Assuming that the estimate (3.10) for the unweighted case y = 1 and | = 0 
is known and using (3.14), we infer 

lvllw (o) S llvillwir(o) + llvzlwo(o) 

< CIT, shollw-1/»»(50)  CHollvlw»(o); 


which implies the estimate 


l|v|| wo (9) E 2C|[T,s. sho|lw-1/»»(50) (3.15) 


if ug is small. Thus, the case of a general weight naturally reduces to the 
case of o = 1 for | = 0. It remains to recall that for p = 1 the estimate (3.10) 
is a classical L?-regularity result for the Laplacian (see [29]). Proposition 
3.5 is proved. 














'To treat the Neumann problem without the regularizing term —u, we 
introduce the following averaging operator with respect to the variable x’ 
((z41,2^) € R x w :— Q): 


(Sum): af one (3.16) 


sew 
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The following proposition gives the solvability of the Neumann problem for 
some natural closed subspace of the space of external forces h. 


Proposition 3.6. Let Q be a cylinder. Consider the boundary value 

problem in Q 
A,u=h, Orit es =0. (3.17) 
Then for every 1 < p < œ and l = 0,1,2 there exists uo = olp) such that 
for every weight function of a sufficiently small exponential growth rate u 
(u < uo) and every h € WL"(Q) satisfying 
Sh = 0, 

the problem (3.17) has a unique solution u € WL'?"(Q), Su = 0 and the 
following estimate holds: 


Iul rre o (ay < ClIhl wie (oy; (3.18) 


where the constant C depends on Cy, but is independent of the choice of 
weight function p. A similar result holds for Wy. 


PRoor. Note that the operator S commutes with the multiplication 
operator T,, and with the z;-derivatives 0,,. Arguing as above, we can 
reduce the proof of (3.18) to the unweighted case y = 1. Therefore, we will 
prove (3.18) only in the case y = 1. 

We begin with the case p = 2. We can multiply Equation (3.17) by u 
and, integrating by parts, find 


I Vzuliz2t9) < llalla lulz) (3.19) 
Since we additionally assumed that Su = 0, we have the Friedrichs inequality 
Ilullw2.2¢a2) € Cll Veull r2(9) (3.20) 

which, together with (3.19), implies 
luliwi2( € CIA) (3.21) 


To prove the estimate (3.18) for p = 2 and y = 1, we use the following 
standard interior regularity estimate: 


|ui 2t.) < C(llulliva2(a,_sue.ue.sa) + llAlliver@a.y) 


< Ci J e184 (lulia) + IA ria (o, )) dy. (3.22) 
yea 


Integrating this estimate over s € R and using (2.12) and (3.21), we infer 
the unweighted estimate (3.18) for p — 2. Thus, due to the trick with the 
multiplication operator T,,,,;, the estimate (3.18) is verified for p = 2 and 
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all weights with sufficiently small exponential growth rate. Moreover, we 
also have an analog of the estimate (3.18) with p = 2 for Wye (Q). 


Consider the case p zz 2. We first consider the case p > 2 and prove 
the estimate (3.18) for the spaces W$? (Q). Since WL^(Q) c W}?(Q), we 
already have the estimate 


Ilullw22¢a) S Cllae € Callo. (3.23) 
Using the interior regularity estimate 
[ull wit2.2(a,) € C(lulw2(o, 00.00.41) + lA wis) 
< Ci sup(e ? ^V (lull wa2c,) + lallwa) 
ycR 
taking the supremum over s € IR of both sides of this inequality, and using 
(2.3) and (3.23), we finally get 
Ilull wi+2-» (oy < CIA] wo (oy. (3.24) 


Let 1 < p < 2. We split the solution u of (3.17) as u = uy + u2, where u1 
solves the problem 


Asur =u =h, ÓOju|j,-0 (3.25) 
and u» solves the problem 

Aruz = —Uu1,; InU2| oq zx. (3.26) 
By the L?-regularity (see Proposition 3.5), for Equation (3.25) we have 

lulle (oy < Cllallwego) (3.27) 
Moreover, applying the operator S to both sides of Equation (3.25) and 
using Sh = 0, we find 

(Su1)” — Su; = 0 and, consequently, Su; = 0. (3.28) 

Furthermore, by the embedding theorem (see Proposition 2.11), 

lua llwe2(ay € Clu: || w2+2-2 (o; (3.29) 
for every 1 « p « 2. Thus, we can apply the estimate (3.23) to Equation 
(3.26) which, together with (3.27), yields (3.24) for 1 < p < 2. 


Thus, the estimate (3.24) is verified for all 1 < p < oo. Due to the 
above described trick with the multiplication operator T,,,,,, we can deduce 
the estimate (3.18) for the spaces Ao (Q) for all weight functions of 
sufficiently small exponential growth rate. 
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It remains to obtain the estimate for the spaces W$? (Q). Note that 
(3.18) for the spaces Wy , (2) implies, in particular, that 
luli riens to.) S Csup{e PHI eo) 
y 


«e J e PoP IIAP weap) dy. (3.30) 


yea 


9) 


Multiplying (3.30) by y(s)?, integrating over s € R, and using (2.12), we 
finally obtain the estimate (3.18) and complete the proof of Proposition 
3.6. 














Remark 3.7. As we see from the proof of Proposition 3.6, the weighted 
regularity estimates can be deduced not only from the unweighted estimates 
in WP (Q), but also from their analogs in the spaces w}? (Q). The last 
scale of spaces is sometimes (for example, in the proof of Proposition 3.6) 
more convenient since, in contrast to spaces L?(Q), the spaces L?(Q) have 
usual (for bounded domains) embedding properties (L7 (Q) C LP? (Q) for 
pi > pa). 


Note that the assumption Sh = 0 in Proposition 3.6 is essential for 
the weighted estimate (3.18). In the general case Sh 4 0, for Su = (Su)(zi) 
we have the following equation: 


(Su) (a4)" = (Sh) (21), qc R, (3.31) 


whose solution Su does not possess any weighted regularity estimates for 
general h. Fortunately, for problems arising in the weighted regularity the- 
ory for the Helmholtz operator, the function Sh has a special structure, 
which allows us to take one primitive of it remaining in weighted Sobolev 
classes. To be more precise, the following proposition holds. 


Proposition 3.8. Let € be a cylinder. Consider the Neumann bound- 
ary value problem in Q 


Asu — 0, nulyo = lng, (3.32) 
where g € [L"(Q)]? is a divergence-free vector field 
divg = 0. (3.33) 


Then for every 1 < p < oo and l = 0,1,2 there exists uo = uo(p) such that, 
for every weight function of a sufficiently small exponential growth rate u 
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(u < uo) and every g € WE?(Q) satisfying (3.33), the problem (3.32) has a 
unique solution (up to adding a constant) satisfying V ,u € WL»(q), and 
(Su)(z1)'! = (Sgi)(z1), x1 ER (3.34) 
and the following estimate holds: 
I Valete (o) <S Cllall ws? (ay (3.35) 
where the constant C depends on Cy, but is independent of the choice of 
weight function p. A similar result holds for Wy. 


PROOF. For the sake of simplicity, we deduce only the a priori estimate 
(3.35). The existence and uniqueness of a solution can be established in a 
standard way (see also [4]). 


We first define an auxiliary function v as a solution of the problem 
A,v—v=0, Onl ge =1,9. (3.36) 
By Propositions 3.5 and 2.13, 


loll wie) < "lng yt-1/2-” (aq < Callall woo): (3.37) 
Applying the z'-averaging operator S to Equation (3.36), we find 
1 
(Sv)(z1)" — (Sv)(z1) = "m / (ñ, g(z1,s)) ds, x1 ER. (3.38) 
w 
sEðw 


Furthermore, since the vector field g is divergence free, we have 
1 = 
/ (ñ, g(z1, 8)) ds = (S[0z, 92 + 05,93]) (a1) = — (S891) (1)' 


|| 
scOw 


and, consequently, 


(Su)(1)" — (Sv)(z1) = (Sgi)(1)’. (3.39) 
Consider the remainder w :— u — v which satisfies the problem 
A,w = —v, On|. — 0. (3.40) 


By Proposition 3.6, the function w :— w—Sw satisfies the following estimate: 
Bll aeq; < Cll < Cilelluzoqa- (3.41) 
It remains to consider the equation for Sw, i.e., 
(Sw)(zi)" = —(Sv)(21) 
which, together with (3.39), yields 
(Su)(z1)" = (Sgi)(ai)’. (3.42) 
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This relation shows that we can take one primitive and satisfy the condition 
(3.34). It remains to note that the function (Su)(z1) is independent of z' 
and, consequently, 


Vu = Vu + ((Su)’, 0,0). (3.43) 
Thus, the estimates (3.37), (3.41), together with the obvious fact that 


IISall w+ qu) ES Cllall ws? (ay (3.44) 











imply (3.35), which completes the proof of Proposition 3.8. 





4. The Helmholtz Projector and 
Stationary Stokes Problem 


In this section, we discuss a weighted analog of the classical Helmholtz 
decomposition of the space [L?(Q)|? to divergence-free and gradient vector 
fields, which is necessary for excluding the pressure from Navier-Stokes 
equations. We need to define the corresponding spaces of divergence-free 
vector fields. 


Definition 4.1. Let Q be a cylinder. For any | 2 0, 1 < p < oo 
and weight function y of exponential growth rate we define the space of 
divergence-free vector fields 


Hi? (Q) = {ve [WE (Q)P5, div v = 0, latlia = 0, Sv; = 0} (4.1) 


which is considered as a closed subspace of WLP(Q) and is endowed by 
the norm induced by this embedding. Here, the normal component lnv of 
the trace on the boundary is well defined due to Proposition 2.13 and the 
z'-averaging operator S is defined by (3.16). The spaces ^ (Q) can be 
defined in a similar way. For the sake of simplicity, we write HP (Q) and 
Hy (Q0) instead of HY?(Q) and HELO) respectively. 

We define the space V2 (Q) as follows: 


VE(Q) = [v € MP vo = O}. 
The space V; (€) is defined in a similar way. 


'The following natural proposition clarifies the additional conditions 
latas = 0 and Sv; = 0 in formula (4.1). 
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Proposition 4.2. Let Q be a cylinder, and let p be a weight function 
of exponential growth rate u, 1 < p < oo. Then the space H?(Q) coincides 
with the closure of all divergence-free vector fields v € [D(Q)]° in the topology 
of [LE (Q))° : 


HE (Q) = [v e [D(Q)]°, divv = 0] AS (4.2) 


where [-|y denotes the closure in the topology of the space V. 


PROOF. Let v be a divergence-free vector field in [D(Q)]?. It is obvious 
that tattle = 0. Integrating the relation zs; v1 = —Oz,v2 — Ox,U3, we infer 
that Sv; = const = 0 (since v, has finite support). Since all these properties 
are preserved under taking the closure (see Proposition 2.13), the right-hand 
side of (4.2) is a subset of the left one. 


It remains to approximate every function in u € H? (Q) by divergence- 
free vector fields in [D(Q)]?. Since the assertion is well known for bounded 
domains (see, for example, [27]), it suffices to approximate u by functions 
Un € HZ (Q) with bounded support. For this purpose, we introduce a family 
of cut-off functions 0, such that 0,(s) € [0,1], 065,(s) = 1 for s € [—n,nJ, 
0,(s) = 0 for s ¢ [-n — L,n + 1], and v, (s) is uniformly bounded with 
respect to s and n. 

Consider the vector-field ü"(x) :— 0,(a1)u(a). It is obvious that 
a” — u in [L^(0)?, the support of a” is bounded, is contained in the 
subdomain Op , 4,544] :— [7n — 1, n + 1] x w, and has zero trace of the 
normal component on the boundary and zero mean flux. The only problem 
is that vector field is not divergence-free: 








div à" = qu; := h” (x) = h” (x)xo. (x) + h” (x)xo, (x) 
= A(x) + h” (a) 
(we implicitly used the fact that supp 0%, C [>n — 1, =n] U [n,n + 1]). More- 
over, since u; has the zero mean, we conclude that 
/ h” (x) dz = J hi (x) dx = 0. 
OQ 4-4 Qn 


Thus, there exist vector fields u^ € [Wy’?(Q—n—1)]° and u? € [Wp (Q 
such that 





div ut = hi, |lu"lw1e@_,_1) < Clute Q-a) 











. (4.3) 
[uS llwon) € Clluillzee@,): 
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where the constant C is independent of n (see [27]). Extending the vector 
fields u% by zero outside Q_,-1 UQ,, we obtain the vector fields u% defined 
in the entire cylinder Q and satisfying (4.3) (we used the zero boundary 
conditions). Finally, the estimates (4.3) show that ut € L? (Q) (and even 


W.L?(Q)) tend to zero as n — oo in these spaces. Setting 











u” =Q” ul — ul, (4.4) 


we obtain the desired converging sequence of divergence-free vector fields 
with finite support and thereby complete the proof. 














Remark 4.3. Arguing as above, one can verify the description for 
VE(Q): 

v2 (Q) = [v e [D(Q)?, divv = 0] wi (op (4.5) 

As usual, we define an operator II : [L?(Q)|? — H?(Q) as the orthopro- 

jector to the divergence-free vector fields. As is known (see, for example, 

[27] or [28]), every vector field u € [L?(Q)|? can be uniquely split into 

the sum of a divergence-free vector field v € H?(Q) and a potential field 


Vip € [L?(0)]? for an appropriate p € H[, (Q1): 


u=v+Vep, divv=0, v:= Mu. (4.6) 


The following theorem shows that an analogous splitting holds in weighted 
spaces. 


Theorem 4.4. Let Q be a cylinder, and let II be the orthoprojector 
defined above. Then, for every 1 < p< oo andl = 0,1,2, there exists a suffi- 
ciently small positive uo such that for every weight function with exponential 
growth rate u < uo this projector can be uniquely extended by continuity to 
a bounded operator from [wiP (Q)]? to HPO) and the following estimate 
holds: 

[Hulle € Cllullpwe2@ys> (4.7) 
where the constant C depends only on p, l, and Cy, but is independent of 
the choice of weight p. Thus, for every u € [WL»(q)]p there is a unique 
decomposition in the form of (4.6) with v € HLP (Q) and p € wit». In 
this formula, v = IIu. A similar result holds for Web. 


PROOF. Let u € [WP (0)]3. We construct the pressure p in the de- 
composition (4.6). Taking formally the divergence of both sides of (4.6), we 
get 

Azp = div u. (4.8) 
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Using lnu] aq = 0, we infer the boundary condition for p: 


OnP|og = Inulan: (4.9) 
We however note that the right-hand side of (4.9) is ill-posed for arbitrary 


u € [L?(Q)]°. To overcome this difficulty, we (following [4]) introduce an 
auxiliary function p, which solves the problem 


Asm =divu, pij; =0 (4.10) 
and then the remainder p :— p — pı solves the problem 


Note that div(u — V.pi) = 0 and, consequently, by Proposition 2.13, the 
trace l, (u— V4p1) on the boundary is well defined and we can apply Propo- 
sition 3.8 which provides the unique solvability (up to a constant) of (4.11) 
and the estimate (3.35) for the gradient of p. It remains to note that the 
condition (3.34) now reads 


r, Sp = Su; — z, Spı and, thus SÓO;, p = Sui, 


which shows that p is well defined (Su; = Su; — S0,,p = 0, divv = 0 
and lnv = 0). From the estimates (3.35) for V,p and (3.2) for Vapi, we 
immediately obtain an analog of the estimate (4.7) for Vsp. Since Tu :— 
v = u — Vrp, we have the estimate (4.7) for II. 














Corollary 4.5. Let the assumptions of Theorem 4.4 hold, and let 

v € HE(Q). Then for every potential vector field w = Vap such that w € 
TRAY 

(v, w)tr2 (o)]s = 0. (4.12) 


By Proposition 4.2, the function v can be approximated (in the metric 
of L? (Q)) by a sequence of smooth divergence-free vector fields with com- 
pact support. Since for such vector fields (4.12) is obvious, we can pass to 
the limit and obtain (4.12) for all v € H2(Q). 


The following proposition gives the estimate for the weighted norms 
of the commutator of II and the multiplication operator T,,,, introduced 
in Proposition 2.14. 


Proposition 4.6. Let Q be a cylinder, 1 < p < oo, l = 0,1,2 and 
Tuzo is a multiplication by the special weight qs, (x1). Then there exists 
Lo = Holp) > 0 such that, for every weight function of exponential growth 
rate € X uo, every u € uo and every zo € IR, we have 


ICT, uo oII — II o Tussulwire ie) x Cullull wera) (4.13) 
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where the constant C depends on Cy, but is independent of u, u, x9 and on 
the choice of the weight p. Moreover, a similar result holds for Wy (Q). 


PROOF. Let u € WLP (Q) be arbitrary, and let 
u — v4 Vap, pu = vo + Vapo (4.14) 


be decompositions (4.6) for functions u and qu respectively (which exist 
due to Theorem 4.4) and e := q,,;4. Then 


Asp, = div(pu), Azp = divu, np = lnu, Inpe = plnu. 
Let Pp := py — yp. Then this function solves the problem 
AP, = p'u — 29'0,,p —q"p,  O,P, = 0. (4.15) 


However, from Proposition 3.6 we obtain the weighted estimate of P, := 
P, — SP, only. Moreover, from Theorem 4.4 we are able to extract the 
weighted estimate only for p :— p — Sp. To overcome this difficulty, we 
recall that for proving (4.13) we only need that 


| ve — U| wee (ay = |Vazpe — V sPllwiete (qj < Cullullw4e (a) (4.16) 
We claim that for estimating this quantity it suffices to have the proper 


estimates for P, and p only. Indeed, 


ôs, B, + vp — ôr, SP. ds 
Va = Ve = 11^ P -T1 p : 
Do — QVap ( Va Pp 


Furthermore, since the mean flux of v and v, are equal to zero, from (4.14) 
we conclude that 

Or, Spy = Sui, Or Sp = Sur (4.17) 
and, consequently, 

05, SP, + v'Sp = Oz, (Spy — YSp) + e'Sp = Oz, Spy — pôr, Sp 

= QSu; — qSu, = 0. 

Thus, to complete the proof, we need only estimates for P; and p. 
As in the proof of Theorem 4.4, we have the estimate 
IIPll weno (to; < Cllullws2@) (4.18) 


which, together with the estimate (2.6) for y’, give the required estimate 
for y'p. So, we only need to estimate V,P,. For this purpose, applying the 
operator (Id —S) to Equation (4.15), we get 


AP, = Hu (2) = q'ü1 — 29'0,,p — v" p, 0,P, = 0. (4.19) 
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Using the estimate (4.18), together with the inequality (2.6) for weights y, 
we conclude that 


Fuller, (a) < Cullell yeecays 


where C is independent of u. Applying the result of Proposition 3.6 to 
Equation (4.19) (SP, = 0!), we finally find 


l| Pollen (a) < Cullell 22 (a) 


which completes the proof of Proposition 4.6 for the spaces wie. The case 














Lp + : ws 
of spaces Wi is treated in a similar way. 


Now, we start to study the Stokes operator A := IIA, in weighted 
spaces. For this purpose, we need to define the spaces of distributions 
associated with divergence-free vector fields. the corresponding function 
spaces. 


Definition 4.7. Let Q be a cylinder, and let Dajy(Q) be the space 
of all smooth divergence-free vector fields in Q with compact support. As 
usual, we denote by Dhi (Q) the space of all linear continuous functionals 
on Dgiy(Q). We denote also by 44^ ?(0,) C Dh (Qs) the conjugate space 
to V4(Q,) equipped with the standard norm. 

Finally, for every weight function y of exponential growth rate u we 
define the spaces ^£; ! (Q) and Hro (Q) as subspaces of D'i (Q0) with the 
following finite norms 


luis, =f POP MMB, ra, ds « oo, 
sEQ 


lulli = supfels)lul ro} < oo: 


Arguing as in Proposition 2.8, one can show that 
Hz (0) = [V2 (0)]*. (4.20) 
We however note that the spaces H71? (0) are not subspaces of usual distri- 
butions D'(€?) and, in fact, larger than the corresponding spaces [W3 +? (Q)]? 
of distributions. Nevertheless, there is a natural map from [W7 +? (Q)]? to 


H5 ^? (0) (which is usually considered as an extension of the projector II to 
the negative Sobolev spaces and is also denoted by II) 


(Ilu, v) ai, = (u,v), divv— 0, (4.21) 
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where, on the left-hand side, we have the pairing in D^, (Q) x Daiv(Q) 
and, on the right-hand side, there is the standard pairing in the sense of 
distributions. 
Thus, the Stokes operator A = IIA, can be naturally extended to the 
operator from V2 (Q) to HZ'?(Q) (and, analogously, in the spaces V; ,(Q)). 
We will study the linear Stokes equation in a cylinder 2: 


Asu +Vap =g, ulo =0, divu=0 (4.22) 
or, in the equivalent operator form, 
Au = Ilg. 
We first recall one standard regularity result for the unweighted case. 


Proposition 4.8. For any g € W'?(Q), where l > —1 is integer and 
1 < p < œ, there exists a unique solution (u, p) (up to adding a constant 
to p; in the sense of distributions) such that u € VP(Q) N 'H'*?»(Q), p :— 
p— Sp € W'+1P(Q) such that 


[| we+2.2(a) + IV pllwes(o) + Plew) € Clglwrsto): (4.23) 


where the constant C is independent on u. 


Indeed, at least for bounded domains, this assertion is well known (see, 
for example, [27, Proposition 1.2.3]) even for the nonhomogeneous Stokes 
problem. In the Hilbert case p — 2, | — —1, the result follows immediately 
from the energy estimate. For other | and p it can be easily verified by 
reducing the problem to the case of bounded domains via the standard 
localization technique (see also [3] and references therein). 


Note that, in contrast to the case of bounded domains, we are now 
able to control the L?-norms of pressure function p :— p — Sp and ôy, Sp and 
the mean pressure Sp may even grow as |x| — oc. 

Our goal is to obtain a weighted analog of Proposition 4.8. For this 
purpose, it is convenient to consider a more general nonhomogeneous analog 
of this equation: 


A,u+Vip=g9, Su =0, 
divu=h 


Ul oo. = 0, 
a (4.24) 


for a function h such that 
Sh = 0. (4.25) 
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Theorem 4.9. For any integer l 2 —1 and 1 < p < oo there exists 
Lo = Lo(p,w) > 0 such that for any weight function p of exponential growth 
rate u < po, g € WẸP(Q), and h € WEP(Q) satisfying the zero flux 
condition (4.25) the problem (4.24) possesses a unique solution (u,p) such 
that u € WHP (Q), p € WEF P(Q) and the following estimate holds: 


Ill] it?» (o) RU IIVepll wea) F Pll wit (o) 
< Cllsllzze qo, + llii) (4.26) 


where the constant C depends on Cy, but is independent of the form of p 
and g and h. A similar result holds for W? 





PROOF. We first consider the unweighted nonhomogeneous case y = 1 
and h Æ 0. In the case | = —1, it can be easily reduced to the homogeneous 
case h = 0 by substructing a function à € Wọ” (Q) satisfying div ŭ = h. To 
construct such a function, it suffices to solve the problem 


divus =h, uas =U, £E Qs. 


Since Sh = 0, the mean value of h in Q, is also equal to zero and, conse- 
quently, this problem has a solution us such that 


lusllwa2(a.) € CIIAllr»(o.); 


where C is independent of s. The required function à can be defined as 
follows: 

ü(x):— tin(x), £ € On. 
Thus, the assertion of the theorem is verified in the case 1 = —1 and y = 
1. Using this estimate and the localization technique, one can verify the 
estimate for every integer | > —1. 


Consider the weighted case y Æ 0. As usual, it suffice to verify the 
estimate (4.26) for special exponential weights ¢,,2,(%1) (a general result 
follows then from the representations (2.11) and (2.13)). We restrict our- 
selves to the a priori estimate (4.26) (the existence of a solution follows then 
in a standard way, for example, by approximating g and h by functions with 
finite support and passing to the limit). 


Let (u,p) be a desired solution of the problem (4.24), and let y := 
Pu,xo (t1) for some zo € R. We set 
zı 
Up = PU, po = YP — DET 
0 


3D Navier-Stokes Equations in Cylindrical Domains 289 


In the new variables, the problem (4.24) takes the form 
Arty + Vapo = go = 99 + 2'Oz,u1 + "ui + v pé, 
; (4.27) 
div uy = hy := ph + qu, 
where e; := (1,0,0). We see that Sh, = 0 (since Su; = 0). Moreover, using 
the inequalities (2.6) and the obvious fact that p, = yp, we find 
lg lw» (o) + [Po wes (o E C(llgllw4? (a) + [Allure (o) 


t Cu(|[ugl| wi+2.2 (ay + Pell we+22(9)); (4.28) 


where the constant C is independent of u (we implicitly used Proposition 
2.14). Applying the unweighted estimate (4.26), which is already proved, 
to Equation (4.27), we find 


Iluollwe42.2(9) + IIVcPell wer a) le Poll we+1.2(9) 








< C(l9ellweecay + [hell we4s.2())- 


Combining this estimate with (4.28) and fixing u = uo small enough, we 
arrive at the inequality 


IU ll we+2.2 (a) + I|VePell wera + Pell weno (0) 
< C(lgllwt(o) + [hl arcent) 


which, together with Proposition 2.14, yields (4.26) and completes the proof 
of the theorem. 














We conclude the section by formulating several useful corollaries of 
the theorem. 


Corollary 4.10. Let Q be a cylinder, and let A := IIA,. Then for 
every 1 < p < oo andl = 0,—1 there exists positive uo = uo(p) such that for 
every weight function of a sufficiently small exponential growth rate (u < uo) 
operator A realizes an isomorphism between the spaces V?(Q) n HFP (Q) 
and HP (Q) and the following estimate holds: 


Co llulla) < [Art| 472,29) S Cl|u|, t2. (o); (4.29) 


where the constant C depends on Cy, but is independent of the choice of the 
weight function p. A similar result holds for Ho. 


Pnoor. The right estimate in (4.29) follows from Theorem 4.4 (in the 
case | — 0) and the definition of II for Sobolev spaces with negative exponent 
(l = —1). The left one immediately follows from Theorem 4.9 with h = 0 
by applying the projector II to both sides of (4.22) (in the case 1 = —1, we 
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use the obvious fact that for every g € ^£; ^" (Q) there exists an extension 
g € Wz;?(Q) such that Ig = g). 














Corollary 4.11. Let the assumptions of Corollary 4.10 hold, and let 
p — 2. Then, for every weight function with a sufficiently small growth 
rate u 


C (pAzu, pAgu) < (pIIAzu, yIIA,u) x C(yAzu, pAzu), (4.30) 


where (-,-) denotes the standard inner product in [L?(Q)|? and the constant 
C is independent of the choice of weight p and u € V2 (Q0) N H2? (Q). 


Indeed, the estimate (4.30) is an immediate consequence of (4.29) with 
p = 2 and the following elliptic regularity estimate for the Laplacian in Q 
with Dirichlet boundary conditions (see Proposition 3.1): 


C^" [ullwa2t, < llAzullzz < Cllull wa2ay: (431) 


5. Auxiliary Nonstationary Stokes Problem 


In this section, we study the following nonstationary linear Stokes problem 
in a cylindrical domain 2: 


Ow = Arw — V zq, 

div w = h(t), Sw, = 0, (5.1) 
Vlog — 0, Mwl,  — 0, 
where h(t) = h(t, x) is a given function such that 


Sh(t)(z1) =0, tec [0, T], zi ER. (5.2) 


This auxiliary problem is essentially used in the following section for ob- 
taining the weighted energy estimates for weak solutions of the nonlinear 
Navier-Stokes system. 


'The following theorem yields a priori estimates and the solvability 
result for the problem (5.1). 


Theorem 5.1. There exists a positive uo such that for any weight 
function y of sufficiently small exponential growth rate u (u < uo) and 


he L?(0,T], W2?^(Q)) n C([0, T], L2 (Q)) (5.3) 
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for which (5.2) is satisfied the problem (5.1) possesses a unique solution w 
belonging to the class 


w € L?((0,T], W37(Q)) n C([0, T], W2^ (Q)), 
aw € L?((0, T, L2(Q0), q € D'([0,T] x Q) (5.4) 


and satisfying the estimates 


T 
SAATAN + ela) ds 
0 
T 
«c f eph ds (5.5) 
0 
qo 
IWON) < C(O o + / e= As)? aam ds), 
0 


where a is a sufficiently small positive constant depending only on uo and 
the constant C depends on Cy, but is independent of the choice of weight q. 


Pnoor. To solve (5.1), we will reduce it to the divergence-free case. 
For this purpose, for every t € [0, T] we introduce u(t) = Ky) as a solution 
of the stationary Stokes problem 

Azv — Ver =0, divo — h(t), v|5o =0. (5.6) 
By Theorem 4.9, there exists positive jio such that, for every weight function 
of sufficiently small exponential growth rate u (u < fo) and every h € 
WL? (9), | = 0,1 satisfying (5.2), Equation (5.6) possesses a unique solution 
v € WẸ? (O), Su; = 0, so the operator Kp) is well defined. Moreover, 
the following estimate holds: 


lollim) < Cl[h| t2 (o); (5.7) 
where the constant C depends on Cy, but is independent of the choice of 
weight vy. 

Introduce a new dependent variable w(t) :— w(t) — v(t). This function 
satisfies the equation 


(ð + v) = A; — Vaq, div © —0, |j, —0, Dli , ——IIv|, (5-8) 
Applying the projector II to both sides of (5.8), we infer 
(i + Hv) 2 TIA, 0, divo —0, lyo =0, w|, = —Ilv|, 4. (5-9) 
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To obtain a priori estimate for solutions of (5.9), we multiply it by the 
expression 


2,20 (z1)(82, + 82 (© RU IIv) d On, [221,20 (21)0s, (w T IIv)], 


where xo € R is arbitrary, u > 0 is small enough, and the weight y is defined 
by (2.4). Then 


1/20: (P2p,09|Va2(@ + Iv)|?) + (P24, 20 HA zu, ArT) 
ES (Pau so lAr, Or t) = (Pou, so ArU, A, Ilv) 
= (Pau zo ArU, Oy, IIv). (5.10) 


We estimate the second term on the left-hand side of (5.10) using the esti- 
mates (4.13), (4.7), and (4.30) in the following way: 


(Pou, so Arw, Arw) 

= (25,29; IA s w|*) — Art, (925,2, o H — M o Yay) ArT) 

> C(P2p,z0 |[Az0|?) — Ci (20,0: (925,29 9 TT — H o 21,29 )Az |^) 

> (C2 — Csp)l Asl: cay (5.11) 


where the constants C; are independent of u and zo. Fixing u small enough, 
estimating the right-hand side of (5.10) by the Hólder inequality, and using 
(4.7) and (4.29), we find 


O(|| V. (v0 + He). (ay) + o(lAsi|zs (Q) 





= 2 2 
+[|Vo(@+ Holz.) <Cllolliva2, ce (5.12) 


where the positive constants œ and C are independent of xp € IR. Here, we 
implicitly used the inequality 


IVa (vw + Ho)llzz, (ay S CC Valla, p  — elwa, o) 


Applying the Gronwall inequality to (5.12) and using the estimate 
(5.7) with l = 1 (for every fixed t), we get 


t 


ITDH HON t f N a ds 
0 


t 
«C i. eTet-9 h(s) qe ds (5.13) 
0 
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(we used the equality w(0) + IIv(0) = IIu(0) = 0). Since the constant C in 
(5.13) is independent of zo € R, multiplying (5.13) by v? (xo), integrating 
over zo € R and using (2.12), we obtain (exactly as in Section 3) an analog 
of the estimate (5.13) not only for the special weights y,,,2,, but also for an 
arbitrary weight y of exponential growth rate € < p. 

To deduce the a priori estimate (5.5) from (5.13), it remains to recall 
that w = Ù + v and (due to (5.7) with | = 0) 


lw) lwa2(ay S (Va Qo(t) + Hv(£))]l rz + Oo). 


This estimate, together with (5.13), yields the required estimate for the 
W.?-norm of w(t); the estimate for the W2?-norm of w is also an immediate 
consequence of (5.13) and (5.7) with l = 1. Finally, the required estimate 
for llw = (w + Ilv) can be obtained from Equation (5.9). Thus, the a 
priori estimate (5.5) is proved. 

We also note that, 

(Id -ID8,w(t) = à(Id — ID) Kn) — (Id — ID) Ka,nce)s (5.14) 
and we see that, in contrast to the divergence free component of Ow its 
potential component does not belong to L2 (9) for general external forces 
h, but if, in addition, we have 0:h € L2 (Q), then (5.14) shows that ôu 
belongs to L2 (Q) and Equation (5.1) can be naturally understood as an 
equality in L^([0, T], L2(Q)). 

'The above observation gives a natural way for constructing the re- 
quired solution w(t) of (5.1) based on the obtained a priori estimate. 

Indeed, let us approximate the external force h € C([0, T], L2(0)) N 
L?([0, T], W1?(Q)) by a sequence of smooth (with respect to t and x) func- 
tions h” with compact support in xı and satisfying (5.2). Having such h”, 
we construct the associated functions v" € C1([0, T], W>?(Q)) by Theo- 
rem 4.9. Then the associated equation (5.8) for w” will be the standard 
nonstationary Stokes equation with external forces v(t) belonging to the 
unweighted space C([0, T], W?:?(€2)). 

As is well known, for such external forces the nonstationary Stokes 
equation possesses a unique solution 


w” e W™?([0, T], ?(0)) n £? ([0, T], W??(0)) 


(see, for example, [4] or [5]). Thus, the approximating sequence of solu- 
tions w” is constructed. Note that, since w”(t) belongs to L?(Q) and is 
divergence-free, 


St = 0 and, consequently, Sw} = 0. (5.15) 
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Moreover, since h” have compact support in xı, then the a priori estimate 
(5.5) holds for w” uniformly with respect to n — oo. Passing now to the 
limit n — oo and using (5.15) we construct the required solution w(t). 
'Theorem 5.1 is proved. 














Remark 5.2. Condition Sw, = 0 is essential for the uniqueness part 
of Theorem 5.1. As we will see below, for every function c(t) € C,(R), 
Equation (5.1) possesses a solution w satisfying Sw: (t) = c(t). 


We conclude this section by preparing some technical tools for ob- 
taining the energy estimates for the nonlinear Navier-Stokes equation in a 
cylindrical domain. For this purpose, we introduce function spaces. 


Definition 5.3. Let Q be a cylinder, and let W,([0,7] x Q) consist 
of vector fields u € L2([0,T],V2(Q)) (see Remark 2.4) such that the t- 
derivative 0,u belongs to Dh (€?) a.e. and satisfies the condition 


Au € L2([0, T], 4 ^ (Q)). (5.16) 


Consider also an arbitrary weight function 0 of a sufficiently small 
exponential growth rate u and a smooth nonnegative function o satisfying 
the following assumptions: 


le (s)| + (s) < C0(s), sem, / 0? (s) ds « oo. (5.17) 


scmR 


To obtain the weighted energy estimates for the solution u € W,([0, T] x Q) 
of the Navier-Stokes equation in L2(0) (which contains Lj (©) due to the 
integrability assumption on y), it would be natural to multiply it by the 
function y?u and integrate over Q. However, unfortunately, this function 
is no more divergence-free and, consequently, this way does not allow us to 
exclude the pressure. Instead of that, we multiply, following [37]), by the 
function y?u — v, where v(t) :— (P,u)(t) is an appropriate corrector which 
makes this multiplier divergence-free. To this end, the function v(t) should 
satisfy 


div v(t) = h,(t) := 2g ui(t) (5.18) 
(here we have used that div u = 0). Due to the integrability assumption on 


p, the function h € L?([0, T], Wi ()); moreover, since Su; = 0, we have 
Sh = 0 and (5.2) is satisfied. 
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Furthermore, it is convenient for us to fix the corrector v(t) := (P,u)(t) 
as a solution of the following auxiliary nonstationary Stokes problem in Q: 


—O0=A,v—Veg, divv(t) = hi(t), 


5.19 
=0, Hd. us zu. ( ) 


vlag 


This equation can be reduced to (5.1) by the time change t — T — t. Thus, 
Theorem 5.1 and the estimate (5.5) hold for this equation as well. The 
following theorem justifies our choice of the corrector P, and gives the 
main technical tool for the weighted energy estimates of the Navier-Stokes 
equations. 


Theorem 5.4. Let € be a cylinder, and let p be a smooth nonnegative 
function, satisfying (5.17) for some square integrable weight 0 of sufficiently 
small exponential growth rate u. Then 


Ws ((0, T] x 2) c C([0, T], L5(9)). (5.20) 
Let also P, be defined as the solving operator for the problem (5.19). Then 


<[1/2(eult), u(t) — (u(t), (Pzu)(6))] + (Vault), Valo u(t) 


= (u(t) — TA, u(t), yu — (P,u)(t)), (5.21) 


which means that the function 1/2(p?u, u)—(u, Pou) is absolutely continuous 
as a scalar function on [0,T] and (5.21) holds almost everywhere. 


PROOF. We give below only the formal derivation of (5.21) which can 
be justified in a standard way (see [37]; the detailed proof of embedding 
(5.20) also can be found there). 


Since Q,IIv J-IIA, v = 0 and div u = div(y?u—v) = 0, we can integrate 
by parts and find 


(Qu — IA; u, y?u — v) = (Qu — Agu, yu — v) 
= 0,[1/2(p?u, u) — (u, v)] + (Vzu, Va (q?u)) + (u, iv + Azv) 
= 0,[1/2(p?u, u) — (u,v)] + (Vou, Va(y?u)). (5.22) 














Theorem 5.4 is proved. 
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6. Leray Approximations to 
Navier-Stokes Equations 


The goal of this section is to verify the existence of spatially nondecaying 
solutions for the following Leray-Navier-Stokes equation in a cylindrical 
unbounded domain Q: 

Ou + (Iw, Vi )u+Su10,,u = Aru — Vep +g, 


w—aA,;w = u, =0, divu=0, (6.1) 


wlan = ulag 
ulizo = uo, 

where a > 0 is a small regularizing parameter which is now fixed. To obtain 
the unique solvability, we endow the problem by the additional mean flux 
assumption 

Sui(t) =c, (6.2) 
where c is a given constant which plays the role of a “boundary” condition 
at 21 = oo. 

The additional term Su10,,u = côr, u is related with the fact that, in 
the case a = 0, on one hand, we should have the classical Navier-Stokes 
problem and, on the other hand, w(t) = u(t) and IIw(t) = u(t) — (c, 0,0). 

For the sake of simplicity, we start with the case of zero flux 
Sui (t) = 0. (6.3) 


'The case of general flux c will be considered at the end of this section. We 
assume that 





g € L2(R4, L2(Q)), uo € HE), (6.4) 
and the solution u satisfies the condition 
u € W,([0, T] x Q) (6.5) 


(see Definition 5.3) and Equation (6.1) in the sense of distributions Dh (Q) 
over the divergence-free vector fields. 


Remark 6.1. Due to Theorem 5.4, 
u € L*([0, T], Ap (Q)) n C([0, T], H2(0)) 
for every square integrable weight function of exponential growth rate. 


Hence the initial condition ul ig = Ui is well defined. Moreover, since 


u € L®([0, T], L2(0)) n L2([0, T], V2(Q)), we conclude that, due to Propo- 
sition 3.3, Theorem 4.4, and the embedding W?? C L®™, 


Iw € L* ([0, T] x 9). (6.6) 
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Then the inertial term (IIw, V.u) satisfies the condition 
(Hw, Va)u € Le([0, T] x 2) c L3((0, T], 74; ^ (Q)). (6.7) 


'Thus, 
II[(ITw, V4)u] e L2([0, T], 4; ^^ (Q)), (6.8) 


where II is the projector on the divergence-free vector fields introduced in 
Section 4. Applying this projector to Equation (6.1), we obtain 


Ou = HA u — II[(IIw, V ;)u] + Hg, (6.9) 
which shows that the derivative u satisfies the condition 
Oyu € LECO, T], ?(Q)) (6.10) 


(see Corollary 4.10 for IIA;u). This shows that the definition of a solution 
u in the form (6.5) is not contradictory and Equation (6.1) can be under- 
stood as the equality (6.9) in the space (6.10). We also note that the zero 
flux assumption (6.3) is now incorporated into the definition of the space 
W,((0, T] x Q). 


Introduce a special family of polynomial weight functions 0:(s) = 
Oz xo (5) by the formula 


Oe zo(5) := (1 +e7|s — a e € »0, s, zo ER. (6.11) 


It is obvious that these functions are weight functions of exponential growth 
rate u for every u > 0 with a constant Ce, that depends on u, but is 
independent of x9 € Q and €e € [0,1]. This means that all the weighted 
estimates formulated in the previous sections hold for the weights (6.11) 
with constants independent of € — 0, which is crucial for our method. 
Moreover, these weights satisfy the following improved version of (5.17): 


(Peso (5) < eese (5),  |lYell zac) < 00. (6.12) 


'Thus, Theorem 5.4 holds for these weights. 


The following proposition gives a basic uniform with respect to a a 
priori estimate for the solutions of (6.1). 
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Proposition 6.2. Let the above assumptions hold, and let u € Wy([0, T] x 
Q) be a solution of the Leray-Navier-Stokes problem (6.1). Then the fol- 
lowing estimate holds: 


sup {eM u(s)l2a cay} 


s€[0,T] 
T 
+ (C1 - Cocltull qooniam) | "lal ya qa ds 
0 
< Cse ^ |u(0)] 2a (a) + Cs j eI slig(s\llZ2 (gy ds, (6.13) 


0 


where the positive constants 3 and Ci, i = 1,2,3, are independent of small 
a> 0, u, uo, g, € — 0, T, and xo (we recall that we write 6. instead of 
Oe xo for brevity). 


PROOF. Let u be a solution of (6.9) in the above class. By Theorem 
5.4, we have 


d 
qt /2(Geult), wt) — (u(t), v(t))] + (Vault), Vazul) 

—(02u(t) — v(t), (w(t), Vault) — 9(t))), (6.14) 
where v :— Pe, u solves the auxiliary problem (5.19). Using (6.12) and the 
inequality ||u| rz (oj < Cl|Vzul|rz (o), we transform (6.14) as follows: 

d 2 
zi P) + BR (0 2I (Oo 
< |(62u(t), (w(t), Veu(t))| + (t), w(t), Va )u(t)| 
* Clig(t)ll22 (ay + Clivllz2 (a) = Ault), (6.15) 
e, (Q) (6:11 2 
where R,,(t) :— 1/2|u(t)]l7a (Q) ^ (u(t), v(t)). Applying the Gronwall in- 


equality to (6.15), we infer 


t 


—8(t—s 2 
Rult) + fe 9 fu(s) 12, ato de 
0 


t 
< Ug PRO) + cf e 90-9 H (s) ds. (6.16) 
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Now, we need to estimate the auxiliary function v(t). Note that, due to 
(6.11), the function h,(t) := 20:0.u(t) satisfies the estimate 


lh Dllwia cay € Celle ll ws2¢ay (6.17) 


where the constant C is independent of € — 0. Applying Theorem 5.1 to 
the auxiliary equation (5.19), we deduce the estimate 


T 
ON iiy € CPDN; cay + Ce? J e~el uls) aaco) ds, 


T 


Jg 
ERIT p< ce? | o sl la(s) UE ds, 
0 


0 
(6.18) 


where 3 > 0 is small enough and the constant C are independent of o and 
€ — 0. Inserting these estimates into (6.16), after simple transformations, 
we get 


t 


luli? (o) + i e P679 uS) [sata as Ce" P'[[uoll72 (o; 
0 
T T 


«ce f 797 pu) aie ds fe (5) ds (6.19) 


0 0 


In turns, this estimate, implies in a standard way that for sufficiently small 
€ »0 


T 


sup {cP u(t) y} C" f eA" (sya ey ds 


s€[0,T] 
0 


T 
< Ce" [ulla coy +C f «7? 77 lo), oy ds 
0 
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T 

+C J e-PIt-5l|(G2u(s), (u(s), VaJu(s))| ds 
0 
T 


+ c [ «3 \(u(s), (uls), Vz )u(s))| ds 
0 
i= Lug +1, +h, + Io. (6.20) 


To estimate the first term on the left-hand side of (6.20), it suffices to 
multiply (6.19) by e-?!':—!l, where y < 8, take the supremum over t € [0, T], 
and use Proposition 2.5. Similarly, to estimate the second term, we need 
to integrate over t € [0,7] instead of taking the supremum (rigorously 
speaking, we obtain (6.20) for some new exponent y which is less than 8 
(say, y — 8/2), but, in order to simplify the notation, we denote this new 
exponent by ( as well). 

'Thus, to complete the proof of Proposition 6.2, we only need to esti- 
mate the integrals J; and Jj on the right-hand side of (6.20) uniformly with 
respect to a — 0. For this purpose, we use the uniform (with respect to a) 
estimate 


Tolg coy < Clue o (6.21) 
which is an immediate consequence of Proposition 3.3 and Theorem 4.4. 
For /,, integrating by parts in (62u, (Ilw, V.)u) and using the fact 
that div u = 0, (6.21), and the inequality (6.12), we have 
(62u, (Hw, Va)u)| = (0-6: (Tew): Jul?) < Ce (0. Iw], lul?) 


< CrelMwll rg, copllulldg cay < Celli ollaa (622 


where the constant C2 is independent of € and a (we implicitly used the em- 
bedding We.” (Q) C L$ (Q0), where the embedding constant is independent 
of £, see Proposition 2.11). 


Inserting this estimate into the expression for Jı, we obtain 
T 
—B|t— 2 
Ty < Cse]||ull ~((0,7),23, (2) i: ma MEO ds. (6.23) 
0 


To estimate the integral I2, we use the following embedding estimate of 
Proposition 2.11: 


[ellus -a0 < Cllllwa2 |, 
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where again the constant C is independent of e. Thus, we can estimate T2 
as follows: 


T 
< f epu) Veelo) en le Cla y de 
0 


T 
< CTel) o | ON 
0 


=i 2 
+e les waa (2)) ds. (6.24) 


Using (6.18) and (6.21), we finally obtain 
T 
h < Cael qr e [ Ad (62) 
0 


Inserting the estimates (6.23) and (6.25) into the right-hand side of (6.20), 
we obtain (6.13) and complete the proof of Proposition 6.2. 














To deduce the existence of a solution u € W,([0, T] x Q) of the prob- 
lem (6.1) from the a priori estimate (6.13), we need the following simple 
proposition. 


Proposition 6.3. Let w € L?(Q), and let 0; = Oe xo be the weight 
function defined by (6.11). Then the following estimate holds: 


lwllz2_@) € Ce? hw] zat); (6.26) 


where the constant C is independent of € —^ 0 and xo € R. 


Proor. According to (2.11), we have 


lol; cay «C f 6G lliiag,, ds 


scmR 


< Chega) f Qi ls zo?) ds 
scR 


= Cholga f (1+ Is) ds = Celi, 
scm 





and Proposition 6.3 is proved. 
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Proposition 6.3 allows us to simplify the basic a priori estimate (6.13) 
as follows. 


Corollary 6.4. Let the assumptions of Proposition 6.2 hold, and let 
u € W,([0, T] x Q) be a solution of (6.1). Then the following estimate holds: 


|l (to,r1.z2, c) + (Ci = Coel|ull r= (or). za, (a) llul Ezgo rwa) 


< Cae (Iu) (o, + lallZgco,71,22@))» (6.27) 
where the positive constants a and C;, i = 1,2,3, are independent of u, uo, 
g, € — 0, T, and xo (we recall that we write 0; instead of Oe xo for brevity). 

To deduce (6.27) from (6.13), it suffices to use (6.26), take the supre- 
mum over t € [0, T], and use (2.13). 
We are now ready to prove the existence of a bounded solution of the 


Leray-Navier-Stokes problem (6.1). 


Theorem 6.5. Let the above assumptions hold. Then the problem 
(6.1) possesses at least one solution u € W,([0,T] x €) which satisfies the 
following estimate: 

lull roe (o.], 12 ())n Z2 o.],wz** cQ) 
€ Cc |l'tollz2to) T lll actor] e»): (6.28) 


where the constant C is independent of small o > 0 T, g, and ug. 


PROOF. The idea based on the following observation. Let 
Kuo,g = (1+ lluollz2¢@) + ll9llZao,r)x0))/?- (6.29) 
Then the a priori estimate (6.27) gives the following conditional result. Let 
the solution u a priori satisfy the estimate 
Ci 
E X L—. 6.30 
lullig ([0,7],L5. (Q)) 2Cse ( ) 
Then 
llull 2 (a) + C1/2lul| inu d C, ec UE (6.31) 
L^*((0,1], L5. (Q) 1 L2([0,T],W]?(Q)) S 3 uo,g: . 
We fix € < 1 such that 
Ci 


1/9 -— 
e € Kou < zz 


(6.32) 


or, which is the same, 
Eee Eau. (6.33) 
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In this case, from the estimates (6.30) and (6.31) we can deduce estimate of 
the form (6.28) using the standard continuation by parameter arguments. 
Let u^, s € [0,1], be a continuous curve of solutions of (6.1) such that 


Kuss € Kus gt (6.34) 


and the estimate (6.31) is satisfied for s — 0. Then it is satisfied for s — 1 as 
well since, due to (6.32), we cannot achieve the bound (6.30) before crossing 
the bound (6.31) and, consequently, the continuity arguments show that 
(6.31) holds for every s € [0, 1]. 

Let us proceed in a more rigorous way. For this purpose, we first prove 
the estimate (6.28) in the square integrable case: 


ug € H7(Q), g € L7((0,T), L^(Q)). (6.35) 


In this case, the Leray-Navier-Stokes problem has a unique square inte- 
grable solution u, 


u € C([0, T], Z?(0)) n Z?([0, T], W ^? (Q)), (6.36) 


which can be obtained in the same way as in the case of bounded domains. 
Moreover, this solution depends continuously (in the metric of (6.36)) on 
the initial data uo and external forces g, which can be verified in a standard 
way since the a-regularization makes the inertial term subordinated to the 
linear part of the equation (see, for example, [4, 5, 28]). 

Thus, the solutions u?, s € [0,1], associated with the initial data 
u$ :— sug, g? :— sg generate a continuous curve in the space (6.36) and, 
evidently, (6.31) is satisfied for u° = 0. Therefore, by the above continuity 
arguments, we have the estimate (6.31) for s — 1. Taking into account 
(6.33), we can write it as follows: 


2 
|] zo qo,r].22, .. ))nz2 Qo]. wa;*,. (9) € C[Kus]", (6.37) 
where the constant C is independent of xo € R. Using the obvious estimate 
Ul 52,5 € C sup [vl uua p 60,1; 
lvlwz2to < C sup lvluza co 


where C is independent of € «& 1, we deduce the required estimate (6.28). 


'Thus, the assertion of the theorem is verified in the square integrable 
case (6.35). Consider the general case of ug and g satisfying only the as- 
sumption (6.4). For this purpose, we approximate ug and g by a sequence 
of square integrable functions uj and g” satisfying (6.35). Moreover, we 
assume that 


luolia) + Ilo" llzz(o,71x9) € C (6.38) 
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where C is independent of n and 
ug — uo in L2,(9), g” > g in L?,,((0, T] x €). (6.39) 
Then, due to already proved part of the estimate (6.28), the associated 


solution u” of the Navier-Stokes equation (belonging to the class (6.36)) 
satisfies the estimate 


lu” || zoe ((0,7],£2(@)) F [|] ratto], w0) < Ci; (6.40) 
where C4 is independent of n. Moreover, from Equation (6.9), we infer 
|| Ou" || r2 (to. 2712 (0) x C. (6.41) 


Passing to a subsequence if necessary, we can assume without loss of gen- 
erality that the sequence u” converges weakly to some u € W»([0, T] x Q) 
in the local topology, i.e., for every square integrable weight y satisfying 
(5.17) 

u” — u weakly in W,([0, T] x Q). (6.42) 
Moreover, due to the embedding W,((0,T] x €) C C([0, T], L2(0)) (see 
Theorem 5.4), the limit function u satisfies the initial condition u(0) = uo. 


'Thus, we only need to verify that the constructed function u satisfy 
Equation (6.1) (or, which is the same, Equation (6.9)) in the sense of dis- 
tributions, i.e., we need to verify that for every U € Cg? ((0, T) x Q) with 
divU =0 


— (u, GU) = (u, A,U) — ((IIw, Vz )u, U) + (g, U) (6.43) 

(the passage to the limit in the linear equation w"—aA,w"” = u” is obvious). 
Since u” solves the Leray—Navier—Stokes equations, we have 

— (u^, QU) = (u^, A,U) — ((IIw", V,)u", U) + (g^, U). (6.44) 


The passage to the limit n — oo in all the linear terms of (6.44) is evident, 
and we only need to pass to the limit in the inertial term (Ilw”, V, )u^. It 
suffices to show that 


u” — u strongly in the space L7. ([0, T] x Q) (6.45) 


loc 
since Vu" — V ,u weakly in L? ([0, T] x Q). By Proposition 3.1, Theorem 
4.4, and the convergence (6.45), we have the analogous strong convergence 


of Iw” to Hw. This implies the weak convergence 
(IIw^, Vaju” — (Iw, V;)u in Lj,.([0, T] x ©). 
To prove (6.45), we note that, by (6.42), for every integrable weight y 
ru” — O,u weakly in L?([0, T], 4 I? (Q)). (6.46) 


p2 
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Furthermore, by (6.42), we have 
u” — u weakly in L?((0, T], V2(Q)). (6.47) 
Since we have the standard embeddings 
V2(0) CC H2:(0) c H72” (9) 


and the first embedding is compact, by the compactness theorem (see, for 
example, [27]), we have the strong convergence 


u" — uin L^(f0, T], H2: (0)). 


Thus, the convergence (6.45) holds and, consequently, Theorem 6.5 is proved. 














We now return to the general case of nonzero flux c Æ 0 in (6.2). Then 
the Leray-Navier-Stokes equation (6.1) with g = 0 possesses the classical 
Poiseuille solution 


U(x) := (rs) 0,0), (6.48) 


[vell r2 (u) 
where the scalar function ve = vc(z') solves the Laplace equation in w: 
Age = 1, =0. (6.49) 


Indeed, the associated vector field We has the form w(x) = (w-(x’), 0,0), 
where we(x') solves the problem 


velaw 


We — AAg/ We = Ve, Wel 5, =0. (6.50) 
In particular, the vector field We is divergence-free and, consequently, 
Ihi. = we — (Swe, 0,0) = (w, 0, 0). (6.51) 


Using (6.51), one can immediately verify that Ue solves the Leray-Navier- 
Stokes problem (6.1), (6.2) with g = 0. 


Therefore, the difference u — Ve has zero flux and, consequently, it is 
natural to define a weak solution of (6.1) as a function u € 0.4- Wy ([0, T] x Q) 
which satisfies (6.1) in the sense of distributions over the divergence-free 
vector fields. Moreover, the assumption on uo should be also naturally 
replaced with uo € Ue + H?(Q). The following assertion is an analog of 
'Theorem 6.5 in the case of nonzero flux. 


Theorem 6.6. Let the above assumptions hold. Then for every c € R, 
uo € Ue + HF(Q), and g € L2([0, T] x €) the Navier-Stokes problem (6.1), 
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(6.2) possesses at least one weak solution u € ve + Wy([0, T] x Q) which 
satisfies the following estimate: 


lull ro (to;m], r2 coo z2(o.7],w?* ()) 
< CL lel? + [uolgr + NINer); (6.52) 


where the constant C is independent of a, T, uo, g, and c. 


PRoor. We want to reduce the general case to the particular case of 
zero flux considered above. The most natural way to do so is to make the 
change of variables ü :— u— Ue, where v, is the Poiseuille flow. However, this 
scheme does not work since the Poiseuille flow can be unstable. Instead, we 
construct a special solution of the stationary Navier-Stokes problem (6.1), 
(6.2) of the form V(x) := (Ve(x'), 0,0), Vela; — 0 (with the appropriate 
nonzero external force ge) and introduce a new unknown ü :— u — V.. Then 
this function belongs to W,([0, T] x €?) and solves the problem 


ðt + (Io, V, )u = Ast + Lv,ü— Vap + g — ge, 





b-aA,w=4, wl, —0, 


de " (6.53) 
divu = 0, =0, Su, =0, 


Hag 
alo = Uo := ug — Ve, 
which differs from (6.1) by the presence of the linear operator Ly., 
Ly,z := (We, V2)z + (Ilw, Va)Ve — crz, W — aou = z. (6.54) 


The following assertion specifies the choice of the special function Vi. 


Lemma 6.7. Let c € R be arbitrary. Then there exists a vector field 
V.(x) = (Ve(2'), 0,0), Velo, = 0 such that 


(Ly, 2,2) < 1/2|lz|l oia qgy, Vw € Wo" (Q) (6.55) 
and 
llVlleqo € lel, lIVz«Vellz2o < llel? + lel), (6.56) 
where the constant x is independent of c and a, and ge = — Ay Ve. 


PROOF. Suppose that ô > 0 is small and ws :— (2' € w, dist(z', dw) < 
à). As is known, ws is a smooth subdomain of w if ô is small enough. 


We seek for the required function V;(z^) € WẸ? (w) in the form 


vee)=4 4 UR (6.57) 
Ad~* dist(z, ðw), z € ws, 
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where 6 < 1 is a small positive constant and A is some parameter. To 
satisfy the flux condition, we need 


vie / Velo) de e ACw| = bag] EP Jua), (6.58) 
We fix below 6 ~ |c| 7t. Then formula (6.58) shows that A = c + o(c^ 1). 
So, we need to fix ô such that (6.55) is satisfied. Let w € [Wi (0)?. 
A direct calculation gives 
(Ly, 2, z) = ((1Iu)20;, Ve + (Ilw)302, Ve, 21) 
= A07 (IIw.fi, 21) L2(Rxws)» (6.59) 
where 7i(x’) := Vz dist(z', ðw). Since Bs; coincides with a normal vector 
to Ow, the function Z := IIw.ri has zero trace at Ow: Z\5. = 0 (we implicitly 


used that lnu = 0 for every u € H?(Q)). Thus, (6.59) can be written in the 
form 


(Lv,z, z)| < x f figs + [z(21, 2')|? de’ dz. (6.60) 
R ws 


Using the standard estimate 


SPa < CP f [Varu(e)|? az 
ws Ws 


which holds for every u € Wt? (ws) such that ula, = 0, we transform (6.60) 
as follows: 


|(Lv,10,)| < CASCI?) + lela) (6.61) 
where C is independent of A and ô. 
Furthermore, according to Theorem 4.4, we have 
llZlw:2( € Clhwllw2(0)- 
We now recall that w solves the Laplace equation 
w—aA,w = z, z 


=o (6.62) 


Therefore, multiplying (6.62) by A,w and using that u an = 0, we infer 





wllw22(@) € Cl zlw:2(05- 
where the constant C is independent of a. Finally, 


< d 2 
(Ly.2,2)| < Cla 
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with C" independent of a, A and 6. So, it remains to fix 6 such that C'Aó < 
1/2. Since A should be close to c, this gives the following estimate for the 
desired ó: 

ô — C|! (6.63) 
with some constant C independent of c and A. It is not difficult to verify that 
the function V. thus defined satisfies also the inequalities (6.56). Lemma 
6.7 is proved. 














We are now ready to complete the proof of Theorem 6.6. The argu- 
ments repeat with minor modifications the proof of Theorem 6.5 in the case 
of zero flux. The only difference is that we now have the additional linear 
term Ly,ü in Equation (6.53), which is not essential because of the estimate 
(6.55). 


Indeed, proving an analog of the basic a priori estimate (6.13), we have 
the additional terms 


(Ly,t, 02%) — (Ly, &, v) — (Va Ve, Var (02u — v)) (6.64) 


on the right-hand side of (6.15). To estimate the first term in (6.64), we 
use the commutation relation 


(0: Lv. ü — Ly, (623), 62u)| < »clellallyso (6.65) 


(Q) 


for some x independent of a, € and c. We begin with the most complicated 
second term in the expression (6.54) for Ly,. Let we solve the problem 


wg — aA, we = bU, we 5o zt. 
Then the difference ew — wg solves the equation 
(0zw — wg) — aA, (0. — we) = He :— —200.0,,w — abw. (6.66) 


Using the estimate (6.12) for the derivatives of 0; and Proposition 3.3 for 
estimating w, we infer 


|| Hellw22(a) < ell'all2(0). 


where x is independent of a and £. Moreover, since Hl eo = 9 multiplying 
Equation (6.66) by A,(0. — we), we can write 


|6-w — wellw:3(o) < Cll Hellw12(a) € zelul (a): 


Furthermore, using this estimate together with Theorem 4.4 and an analog 
of Proposition 4.6 for 0:, we find 


||: ILw = Tlwe|| w1.2(a) < 22€|| Ul 12 (o). (6.67) 
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Thus, for the commutator of the second term in the expression (6.54), we 
get 


|((0-w — Hwg, V sVe, 0%) | 
< 2[[ Vel] = |[|]8-Mw — Ye |w: 2 (e) ll wa (9) < »delelltll yino; 


where we integrated by parts in order to avoid the terms V,V. and used 
the estimate (6.56). Thus, the estimate (6.66) is verified for the second 
term in (6.54). This estimate is obvious for the third term. Regarding the 
first term, it suffices to note that |IIW;||r»(,; < »dc| by (6.56) and the 
maximum principle applied to the equation for We. Thus, the estimate 
(6.66) is proved. 


Using the estimate (6.66) and Lemma 6.7, we estimate the first addi- 
tional term in (6.64) as follows: 


(Lv; a, 628)| < |(Lv, (Get), Bett) | + alelellalliya.2ca) 


< 1/21 V (6-u)l72(0) + 2¢\clellUll v2.2 (oy; (6.68) 


where the constant x is independent of à, c, €, and a. 


The second additional term of (6.64) can be then estimated in the 
following way: 


|Lv;u, v)| < [((LHuw, Ve)Ve,v)| + (QIWe, Va), v)|  |e(8s,u, v)] 


< 2] V. ole elles (m 


+ |TV zm ll ws oll e --lellllza colla. y 





< ael + D (elaro te ela. | a (6.69) 


(Q) 


where the constant x is independent of e, c, a, u, and v. 


Finally, the third additional term of (6.64) can be estimated with the 
help of (6.56) and the Holder inequality: 


I(Vz' Ve, Var (62% — v))| 
<S Cal V Vella (o) + Bal ata; + lela y) 
< mgl - 1)e 7! + Balls: (o 19) + loli 2 (^ (6.70) 


where 3 > 0 is arbitrary and the constant xg depends on ô, but is indepen- 
dent of c, €, a, u, and v. 
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The estimates (6.68)-(6.70) show that, under the additional assump- 
tion 
cle < x, (6.71) 
where x > 0 is a sufficiently small number independent of c, a, and & (we 
recall that v ~ e[0.]?u by (6.18)), we can repeat word-by-word the proof of 
(6.13) to obtain the following analog of (6.27): 


eli ((0,7),22, c) c= Coe|[ttl = 10,7),02, ell aqo 1 wz:* (ay) 


< Cse ! (1 + |? + la (0)]22to) ud lll actori. c2): (6.72) 


where the positive constants and C;, i = 1, 2, 3, are independent of u, uo, g, 
a € — 0, T, c, and zo. 

Furthermore, arguing exactly as in the proof of estimate (6.28), we 
deduce the a priori estimate (6.52) (see (6.29)-(6.33)). The existence of a 
solution can be than verified exactly as in the case of zero flux c. Theorem 
6.6 is proved. 














Remark 6.8. Arguing in the same way as above, we can establish the 
existence of a solution of the following more general Leray-Navier-Stokes 
problem with the nonautonomous flux 


Sui(t) = c(t), (6.73) 
where c € C!([0, T]) is an arbitrary given function. Moreover, the assump- 
tion on the external force g is also can be relaxed till 

g € L5((0, T], 76, ^^ (0)). (6.74) 


Furthermore, the weighted theory developed in this section allows us to 
consider not only bounded with respect to xı — oo solutions, but also slowly 
growing solutions of the NS equation (growing not faster than |z|!/?-?, 
where ô > 0 is arbitrary). We however will not use these facts in the sequel 
and, by this reason, do not give their rigorous proofs here. 


T. Leray-Navier-Stokes Equations: 
Uniqueness and Dissipativity 


In this section, we prove the uniqueness of a spatially nondecaying solution 
of the Leray approximations and verify the dissipativity of this system in 
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H?(Q). We start with the uniqueness which is now almost obvious (due to 
the regularization of the inertial term). 


Theorem 7.1. Let the assumptions of Theorem 6.6 hold. Then there 
exists positive u such that for any two solutions u1, u2 € Ue + Wy([0, T] x 
Q) of the problem (6.1) and every weight function p of sufficiently small 
exponential growth rate € < u the following estimate holds: 


lua (£) — u(t)lzz coy < Ce" lui (0) — u2(0)|| 220); (7.1) 


where the constants K and C depend on the L2-norms of ui(0) and u2(0), 
g, a 7 0, and the constant Cy, but are independent of the choice of u1, u2, 
and q. 


In particular, the energy solution of the Leray—Navier—Stokes is unique. 
Moreover, a similar estimate holds for L? ei 


PROOF. The arguments are based on the solvability result for the linear 


Stokes problem 
Ow — Arvu + Veg =h(t), v —0, divv=0, 
t la (7.2) 
Sv; = 0, vlo = vg. 


Lemma 7.2. Let Q be a cylindrical domain. Then there exists ug > 0 
such that for any weight function yp of exponential growth rate u < Lo, 
vo € HZ(Q), and h € Li, (R+, H3’? (Q)) Equation (7.2) has a unique 
weighted energy solution v and the following estimate holds: 


T 
Iva, + f «70-9 (aso, ds 
0 
T 
< ce? oO) gay +C fe 0-9 Dl en de, (73) 


0 


where the positive constants C and B depend on Q and Cy, but are inde- 
pendent of v and h. 


Pnoor. The a priori estimate (7.3) can be verified on the basis of the 
energy identity of Theorem 5.4 in the same way as in the proof of (6.19). 
'The existence of a solution can be proved in the same way as in Theorem 
6.5. Thus, Lemma 7.2 is proved. 
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Now, we are ready to complete the proof of the theorem. Let u; and 
ua be two solutions of Equation (6.1) in v, +W,(R x Q). Then the difference 
v :— u4 — U2 belongs to W,(R x Q) and solves Equation (7.2) with 


h(t) := —(IIu;, Vzw — (Iw, Vz)u» — cz, 0, (7.4) 


where wi — aA,w; = ui, i = 1,2, w :— wy — wo. Now, we estimate the 
function h in the W;; ^?(Q)-norm with pe = qz;,. Integrating by parts 
and using the Hólder inequality and embedding W!? C L8, we infer 


(Eur, Ve), 2W)] < IV. sql, o IW ze 
+ [Hw] aca lloll zz, ll lazy 
which holds for every Z € W?(Q) and, consequently, 
[Mw V.)v]l 1209) S CIHITwsllyis(o + [Hui llc ay) lull zz, (@)- 


Moreover, since u1 is bounded in L®(R, L2(Q0)) (we recall that u1 € e + 
W(R,), see Theorem 5.4), wi is bounded in L® (R4, WZ? (Q0)) and, conse- 
quently, by Theorem 4.4, 


evn [qo + HE] ceo) < Clll < Cr, (7.5) 
where Ci depends on a. Thus, 
|| Hw, Vo] yy 12 (9; < Cil|vllzz. (9): (7.6) 


The second term in (7.4) can be estimated in a similar way; the only differ- 
ence is that one should use a weighted analog of (7.5) and the unweighted 
estimate for ua. This gives us the estimate (7.6) for the second term. Fi- 
nally, a similar estimate for the third term is immediate, and we have 


l2Ollws22¢a) < Cllellza, 0) 


Using this estimate together with (7.3), we find 


T 
lv CD)llz2. (ay S Cllv(0ll22. (o) «c f POM plis oo ds. 
0 


Applying the Gronwall inequality to this estimate, we complete the proof. 














We recall the uniformly-local analog of the smoothing property for 
solutions of the Leray-Navier-Stokes equations. 
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Theorem 7.3. Let the assumptions of Theorem 6.6 be satisfied, and 
let u € ve + W,([0, T] x €) be a weak solution of (6.1) constructed in this 
theorem. Then 


t/?u(t) e L°((0, T], W,7(Q)) n L5((0, T], wW? (Q)) (7.7) 
and the following estimate holds: 
tlu liwo € Q(|uollr2to) + llgllz2qo,r]xo)) t€ [0, 1], (7.8) 


where the monotone function Q depends on a, but is independent of u. 


The proof of this theorem is more or less standard and is based on the 
multiplication of Equation (6.1) by the expression 


tI (Ox, (920, U) + 9202,u + 9202, u) (7.9) 


(see the proof of Theorem 5.1). Therefore, we omit a rigorous proof of this 
result. 

Our goal is to verify that the Leray-Navier-Stokes problem (6.1) gen- 
erates a dissipative dynamical system in the corresponding phase space and 
obtain a dissipative estimate for the solutions of the problem which will 
be uniform with respect to a — 0. This dissipative estimate will be used 
in the following section in order to prove the dissipativity of the classical 
Navier-Stokes problem with a = 0. 


For the sake of simplicity, we restrict ourselves to the autonomous 
case: 


g(t) = g € [LQ]. (7.10) 
By Theorems 6.6 and 7.1, the Leray-Navier-Stokes problem (6.1) generates 
(for all a > 0) semigroups S4(t) = Se a (t) in the phase spaces 
Ps := O(c) = Te + HE(Q) (7.11) 
via the standard expression 


Sa(t)uo = u(t), Sa(ti + t2) = Sa(tı) o Se (t2), ti, t2 > 0. (7.12) 


The following theorem, which gives a dissipative estimate for the solutions 
of the Leray-Navier-Stokes problem, can be considered as the main result 
of the section. 


Theorem 7.4. Suppose that the assumptions of Theorem 6.6 hold 
and, in addition, (7.10) is satisfied. Then there exist positive constants B 
and K and a monotone function Q such that for every weak energy solution 
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u(t) of the Leray-Navier-Stokes problem (6.1)-(6.2) the following uniform 
estimate holds: 
lul zac < QIIu(O) Lco + lalla)? 
+K(1+ le? + ligler) (7.13) 
(we emphasize that the constant K in (7.13) is independent of a, t, ||u(0)||z2(a); 
and the flux c = Su4(0)). 


Pnoor. To verify (7.13), it suffices to prove that the ball 
B := (uo € [L (Q0), luolzgtoy < KC. + lel? + llgliz2cay)} (7.14) 
is an absorbing set for the Leray-Navier-Stokes problem (6.1), i.e., for every 
bounded subset B C ® there exists T = T(||B||e, ||gl| r2(o)) such that 
SHBCB HT. (7.15) 


For the sake of simplicity, we restrict ourselves to the case of zero flux c = 0. 
The general case can be reduced to this particular case in the same way as 
in Theorem 6.6. 


The proof of the embedding (7.15) requires a little more detailed analy- 
sis of the basic a priori estimate (6.13) which can be written in the following 
more convenient way: 


T 
lulz (oy TU - Coe||u]l 1 (qo,r] 2 (2 pfe slllu(s Joao 29) ds 
0 
< Cee alza + elz (7.16) 
where the positive constants @ and Cj, i = 1,2,3, are independent of a, u, 


uo, g, € > 0, T, and zo (in order to deduce (7.16) from (6.13), it suffices to 
take s = t on the left-hand side). 


Lemma 7.5. Let the assumptions of Theorem 6.5 hold and let the 
initial data u(0) for the problem (6.1) satisfy the following conditions: 

= 2C2Cse(Ilu(O)Iiz2_ | (a) + llgiiza a, (a)) 2 0, (7.17) 

where all the constants are the same as in (7.16). Then the associated 


energy solutions u(t) of the Leray-Navier-Stokes problem (with zero flux 
c — 0) satisfies the estimate 


lutea... < Cslal eme + lglg, o) (718) 
for all t z 0. 
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Pnoor. The estimate (7.16) implies (7.18) under the additional as- 
sumption that 
Cı — Cellule, (Q)) 2 0. (7.19) 


On the other hand, (7.18) yields 
[ul n= qns za 4,00 S < Cs(||u(0 llez, np + lgllzg, (s (7.20) 


which formally implies (7.19). Thus, using the continuity arguments (simi- 
lar to the proof of Theorem 6.5), we can verify that (7.18) holds if the initial 
data satisfies (7.17), and Lemma 7.5 is proved. 














Note that, although (7.18) looks like a dissipative estimate (in the 
phase space L$, z (Q)), it is not sufficient to complete the proof of the 
theorem since the exponent € > 0 depends on ||u(0)|rz2(o) (through the 
assumption (7.17)); namely, 


€ < £ = C(|lu(O)|[z2@) + lgliz + 1)? (7.21) 
for some positive C (see the proof of Theorem 6.5). 
Thus, we need to be able to increase the exponent £ as t — oo which 


is guaranteed by the following assertion. 


Lemma 7.6. Let the above assumptions hold. Then for every bounded 
subset B C ® there exists T = T(||B||,||g|]) such that for every xo € R 


Ci = 2 56s (ICTlzg, coy + lisle e) 0 — (722) 


with € 2 € :—- L(1 + llis" mes the constant L is independent of a, 
uo, and g) ifu (0 ES 


PRoor. We proceed by an iteration procedure. Let To = 0, and let 
€ = £o be given by (7.21). Then the estimate (7.22) is satisfied with € = &o 
and T = To. Assume that (7.22) is already proved for some T; > 0 and 
Ek :— 2"e9 < E. Then we need to prove the existence of Tk+1 > Ty such that 
(7.22) is satisfied with € = £144 :— 2e, and T = Ty41. For this purpose, we 
note that 

O2¢,0,(£) := (1 + 4e7|a — zo|2)- 2 < 2(1 + ez — ao|?)1/? = 2622 (x) 
and, consequently, 
lell, ,Q S < 2|vllrz. ao (7.23) 

We fix Ty41 > Ty such that 


lulTk)llzz, c) < 2Csilgllra. a (Q) (7.24) 
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for all u(t) such that u(0) € B (it is possible because of our assumptions on 
ey and the “dissipative” estimate (7.18)). The estimates (7.23) and (7.24), 
together with (6.26), yield 


ex+1(llu(Te41) II za (ay + ligllz2 (Q) 
*k--1:*0 Ek+1°70 
< dex(llu(Te+1 Moa. a (a) + lllz np () 
1/2 
< 4(2C3 + Lexllall eg a) < 420s + 1)Cez" Mall cacy 


< 4(2C3 + ICL? |Igll r2) (1 + lgliz)! < 4C(2C3 + 1). 


Thus, if the constant L is small enough to satisfy C4 — 8C2CC3(2C3 + 
1)L\/? > 0, then the estimate (7.22) is satisfied with T = Ty41 and e = 
Ek+1 = 2€,. Thus, the iteration completes the proof of the lemma. 














Now, it is not difficult to complete the proof of the theorem. By 
Lemma 7.6 and the estimate (7.18), there exists T = T (|| B||, ||g||) such that 


luta | (o €2Csllglzz | o». t2 T. (7.25) 
£,T0 £,T0 
where € > € :— L(1+||gl|z2(q)) ^; uniformly with respect to zo € R. Taking 


the supremum over zo € R of both sides of the inequality (7.25) and using 
again (6.26), we arrive at the estimate 


lulz) € 2C3CL "^ |g] rag) (1 + lgl) t2T, (7.26) 


which shows that the ball (7.14) is an absorbing set if K > 2C3CL~'/?. 
Theorem 7.4 is proved. 














Remark 7.7. The intermediate estimate (7.25) gives a slightly more 
information on the solutions than the final estimate (7.26). Assume that 
c = 0 and g is square integrable g € [L?(Q)]?. Then, instead of (6.26), we 
have lgliz? NO < Cl|g|r2(o), where the constant C is independent of e. 


Thus, instead of (7.26), we have the following better estimate: 
lu llzz@) € 2CsCllglza(. t2T, 


for the radius of the absorbing set (which grows linearly with respect to g, 
in contrast to the quadratic growth rate in the general case). 


Now, we are in a position to prove the existence of a global attractor for 
semigroups (7.12) associated with the Leray-Navier-Stokes equation. Note 
that, in contrast to the dissipative systems in bounded domains, in the 
unbounded case, the global attractor is usually not compact in the initial 
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phase space (®, in our case). That is reason why one needs to use the 
following weaker definition of a global attractor (following [6, 11, 20]). 


Definition 7.8. A set A = Aa C 9, is a locally compact (global) 
attractor for a semigroup Sa(t) : Pa — ®» if the following assumptions are 
satisfied. 


1) A is bounded in 4; and compact in ®jo. :— Ue + H?,,(Q), i.e., the 
restriction Alo, of the attractor A to any bounded sub-domain €), of Q is 
compact in L?(1). 

2) A is strictly invariant: S4(t).A = A. 

3) A is an attracting set for the semigroup Sa(t), i.e., for any neigh- 
borhood O(A) (in the local topology of the space ®jo¢) and bounded (in 
®,) subset B there exists T = T(O, B) such that 


Sa(t)B C O(A) vt» T. (7.27) 


Corollary 7.9. Under the assumptions of Theorem 7.4, the semigroup 
(7.12) associated with the Leray-Navier-Stokes problem (6.1), (6.2) pos- 
sesses a locally compact attractor Aa = AS, which is bounded in s +V?(Q). 
Moreover, the following uniform estimate holds: 


| Aallzacay < K (1+ lef + lalaro), (7.28) 


where the constant K is independent of a, c, and g. 


PRooF. As usual, to verify the attractor existence, we need to check 
the standard conditions; namely, the existence of a compact absorbing set 
and the continuity (see, for example, [6]). 


By Theorem 7.4, the semigroup (7.11) possesses an absorbing set B C 
® which is, however, not compact in the space ®;,-. But, by Theorem 7.3, 
the set S4,(1)B is bounded in & + V? (Q) and, consequently, is compact in 
$;5.. Thus, a compact absorbing set B4 :— Sa(1)B for the semigroup (7.11) 
is constructed. Moreover, due to Theorem 7.1, the operators S4(t) : B1 — ® 
are continuous (in the topology of $;5.) for every fixed t > 0. Thus, due 
to the standard attractor existence theorem, the semigroup S4(t) possesses 
a global attractor A, C Bı N B. Now, the estimate (7.28) is an immediate 
consequence of Theorem 7.4. 
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8. Classical Navier-Stokes Problem 


In this concluding section, we construct (by passing to the limit a — 0) 
a dissipative weak solution of the classical 3D Navier-Stokes equation in a 
cylindrical domain 2: 


u + (u, V,)u = Aru — Vrp + g, divu = 0, Sui =c, ulo — ug. (8.1) 


The following theorem can be considered as the main result of the 
paper. 


Theorem 8.1. For any c € R, g € L?(Q), and uo € Te --H2(Q) there 
exists at least one weak solution u = u(t), 


u € V, := L” (Ry, HE(Q)) n LF} (Ry, V2(Q)), (8.2) 


satisfying the Navier-Stokes equation (8.1) in the sense of distributions over 
the divergence-free vector fields, which satisfies the dissipative estimate 


Iu] o2 c0) + Well aqu cei wi?» 
< Q(|Iuol zz) ?* + K(1 + |e? + lLgll 2t); (8.3) 


where the monotone function Q and positive constants B and K are inde- 
pendent of c, g, and ug. 


PROOF. Let ua(t), a > 0, a — 0, be the unique solutions of the Leray 
approximations (6.1) to the Navier-Stokes equations (with fixed c, g, and 
uo), constructed above. By Theorems 6.6 and 7.4, these functions satisfy 
the estimate (8.3) uniformly with respect to a — 0. In particular, ua are 
uniformly bounded in V,. Thus, we can extract a subsequence Un :— Ua, 
converging to some function u € V; in the following sense: 


Un > u weakly star in LE. (R+, L?,.(Q)) 


loc 


8.4 
and weakly in L?,.(R1,W,02(Q)) (84) 


(see, for example, [22]). Moreover, passing to the weak limit in the estimates 
(8.3) for un, we see that the limit function u also satisfies this estimate. 
Thus, it suffices to show that u solves the limit Navier-Stokes equation. 
As usual, for this purpose, we need the strong convergence un — u in the 
appropriate space, which, in turns, requires to control O,u in some negative 
Sobolev space. Let us obtain such a control. 


For the sake of simplicity, we consider the case c — 0 (the general 
case can be easily reduced to this case by making the change of variable 
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ü := u — Ue, see the proof of Theorem 6.6). Applying the projector II to 
Equation (6.1), we have 


Opn = WA, un — II(IIw;,, V4)u, + Ig, (8.5) 
where wp solves the problem 
Wn — Ong Un = Un, tna — 0. (8.6) 


We see that the first term on the right-hand side of (8.5) belongs to 
L2(R,,74, ^ (Q)) and is uniformly bounded in this space since un are 
bounded in Wy. To estimate the second term, we note that V; C T *(R, x 
Q) due to the standard interpolation theorem (see, for example, [29]). Con- 
sequently, un are uniformly bounded in [rd 3(R4 x Q) and, by Proposition 
3.3, Wn are uniformly bounded in qm. 

In turns, Theorem 4.4 guarantees that Iw, are uniformly bounded 
in i (Ry x Q). Therefore, using the Holder inequality, we see that 
(Iwn, V;)u, are uniformly bounded in L^, x Q) (since 4/5 = 3/10 + 
1/2). Using Theorem 4.4 again, we infer that the second term in (8.5) 
belongs to LR. x Q). Finally, since L?/^ C W-'?, we have 


ll8tun]l z5r, n720) < Cllun||w, < C, (8.7) 


where the constants C and C, are independent of n. 


Arguing in the same way as in the proof of Theorem 6.6, we conclude 
that 


Un > u strongly in L2, (R4 x Q). (8.8) 
We claim that (8.8) implies the analogous strong convergence 
Wn — u strongly in L? (R+ x Q). (8.9) 


We split wn as wn = w? + wl, where w? — a,Azw? = un — u and wl — 
anA,wi = u. By (8.8) and Proposition 3.3, the functions w? converge 
strongly to zero as n — oo in the space L? (R4. x Q). Therefore, it suffices 
to study w]. Multiplying the equations for w} by y?,,,Acw,, using that 
u € L2(Wy" (0), 
check that 


ul aq = 0, and arguing in a standard way, it is easy to 


An||Acwnll72(R, xo) E Cllull z2 w20) < Cı 
1 


and, consequently, an Arw} tends to zero in L2(R, x Q). Thus, wl > u 
strongly even in L2(R.. x Q) and the convergence (8.9) is established. 
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We are now ready to complete the proof of the theorem. According 
to Theorem 4.4 and the convergence (8.9), Hwn — Hu = u strongly in 
L? (R4 x Q). Since Vrun > Vsu weakly in L? (R4. x Q), 


(Twn, V«)u, > (u, Vz)u weakly in LL, (R4 x Q). 


As usual, the limit passage (in the sense of distributions) in linear terms of 
the equations for un is obvious, and thereby u solves the classical Navier— 
Stokes problem (8.1). 














Remark 8.2. As usual, it is not difficult to verify that the space 
Oy := {u € Vy, due L"*(R,,74, ^? (Q))) 


is compactly embedded, for example, in C([0, T], 4; ?(0)) for any T > 0 
and square integrable weight y. Thus, the above-constructed solution u 
satisfies the initial condition u(0) = uo. 


Our next goal is to construct an attractor for the classical Navier— 
Stokes equation in a cylindrical domain. However, in contrast to the previ- 
ous section, the uniqueness of a solution u is still out of reach of the theory 
(even in the case of bounded domains) and, consequently, the limit semi- 
group So(t) can be defined only as a semigroup of multi-valued maps. To 
overcome this difficulty, we use the so-called trajectory approach which al- 
lows us to restore the uniqueness by changing the phase space of the problem 
and to construct a global attractor for the so-called trajectory dynamical 
system related with the problem under consideration (see [8, 25, 31, 9] for 
details). 

We start by constructing the trajectory phase space and trajectory 
semigroup for the Navier-Stokes problem (8.1). 


Definition 8.3. Let Kir = Ki:(c) be a set of all weak solutions u € V; 
of Equation (8.1) (for all initial data ug € e + H7 ^ (Q)) which satisfy, 
additionally, the dissipative estimate 


lu) aco» +llell zaq ewa) € Cue +K? +1+Ilgllzz@y), (8.10) 
b (Q) ^ jo 


where the positive constants K and ( are the same as in Theorem 8.1 and 
Cy is an arbitrary constant depending on u. By Theorem 8.1, Kir is not 
empty. Moreover, since our equation is autonomous, and the estimate (8.10) 
is invariant under translations, the semigroup of temporal translations acts 
on Kir: 


T(t): Ky > Ku,  (T(t)u)(s) :2 u(t + s), t, s 2 0. (8.11) 
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The translation semigroup (T(t), Ayr) acting on the trajectory phase space 
Kt, will be referred to as a trajectory dynamical system associated with 
Equation (8.1). 

Finally, we endow the trajectory phase space Ky; with the topology 
induced by the embedding 

Kir C Vioc = [D (R4 Lio] n Lio R+ Wise (9), — (812) 


loc loc 


where the symbols w* and w mean weak-star and weak topology respec- 
tively. We recall that a sequence Uun converges to u in Wis, if for any 
T > 0 and N > 0 the restrictions of this sequence to the domain t € [0, T], 
x € Q n,n := [- N, N] x w converge weakly in L?([0, T], W'?(Qy)) and 
weakly-star in L?*([0, T], L?(Qn)). 


Remark 8.4. (i) If we assume that the uniqueness theorem holds, 
then the solution operator $ : ug — Kir generates a one-to-one map between 
the usual phase space ®, = 9. + H#?(Q) and the trajectory phase space Kir. 
Moreover, the translation semigroup T(t) on Kir is conjugated with the 
usual semigroup So(t) (So(t)uo :— u(t)) by this map: 


T(t) = So So(t)o S7, S-'ui-m(0) (8.13) 


Thus, in the case of uniqueness, the trajectory dynamical system 
(T(t), Kir) is formally equivalent to the classical system (So(t), 5) and, if 
the uniqueness fails, can be considered as a natural generalization allowing 
us to avoid the usage of theory of multi-valued maps. 


(ii) We need to include some form of dissipative estimate into the 
definition of a solution in Ki, since it is not still known, whether or not 
there exist other “pathological” weak solutions u € Y, that do not satisfy 
energy inequalities and are, possibly, nondissipative. Including the estimate 
(8.10) into the definition, we automatically exclude such solutions. We 
also emphasize that the estimate (8.10) is slightly weaker than the estimate 
(8.3) obtained in the proof of Theorem (8.1); namely, we have an arbitrary 
constant Cu instead of Q(||u(0)||z2(q))- This is related with the fact that 
the estimate (8.3) is not translation-invariant (since it was proved only on 
the time interval [0,1], but not on [r,t +7], the weak convergence u; (7) 
to u(r) obtained in the proof of Theorem 8.1 is not sufficient to pass to 
the limit in Q(||us(7)|| r2(9))). By this reason, we cannot use the dissipative 
estimate with Cu = Q(||u(0)|| r2) for defining Kir (otherwise, the translation 
semigroup may not act on it) and, following [9] use the slightly different 
estimate (8.10) for which this translation invariance is immediate. 
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(iii) The rather unusual choice of topology on Kir is motivated, on 
one hand, by the necessity to have some kind of compactness / asymptotic 
compactness for the attractor theory and, on the other hand, by the fact that 
no additional regularity and / or compactness is known for the 3D Navier- 
Stokes equations even in the case of bounded domains. So, we may speak 
only about weak attractors (i.e., attractors in a weak topology of the phase 
space, where the proper bounded subsets are automatically precompact). 
In contrast to that, the choice of a local topology on the trajectory phase 
space Kir is unavoidable for the trajectory approach since, even in the case 
of uniqueness and continuous dependence on the initial data, the solution 
map S : Pp — Kir is a homeomorphism only under such a choice of the 
topology on Kg. 


Our next task is to define properly the class of bounded sets in the 
trajectory phase space Ky, (which will be attracted by our trajectory at- 
tractor as t > oc). We first note that the most natural way is to use the 
topology of the Banach space WV; for defining bounded sets. However, this 
choice is incompatible with the dissipative estimate (8.10). Since we do not 
have the relation Cu = Q(||u(0)||z2(q)), the constant Cu may be, in general, 
not bounded on bounded subsets of Y. Therefore, under such a choice of 
bounded sets, we are not able establish the dissipativity (— the existence of 
a bounded absorbing set), which is crucial for the attractor theory. 

This obstacle is overcome by using the abstract class of “bounded” sets 
(not related with any Banach or metric space); namely, a subset B C Ker is 
“bounded” if the constant Cu in the estimate (8.10) is uniformly bounded 
on B 


Cu SCB <œ Vue Kg. 


On one hand, this class of “bounded” sets satisfies the property 
if B “bounded” and Bı C B, then Bı is also “bounded”. (8.14) 


On the other hand, since for “reasonable” solutions (for example, con- 
structed in Theorem 8.1) we expect that Cu = Q(||u(0)||z2(q)), this de- 
finition is naturally related with bounded subsets of the classical phase 
space ®,. 

We are now ready to introduce a concept of a trajectory attractor 
associated with the Navier-Stokes equation and to formulate the existence 
theorem. . 
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Definition 8.5. A set Ay = Atr(c) C Kir is a trajectory attractor 
of the Navier-Stokes system (8.1) (= a global attractor of the trajectory 
dynamical system (T'(s), K«.)) if 


(i) it is “bounded” and compact in Kir (in the topology of Vioc), 

(i) it is strictly invariant: T(t)A = A, t > 0, 

(iii) it attracts the images of all “bounded” subsets of Ky, in the topology 
of Vioc, i.e., for any “bounded” subset B C Ki, and neighborhood 
O(A) of A in the topology of Yoc there exists T = T(B, A) such that 
T(t)B c O(A) ift 2 T. 


Theorem 8.6. Let the above assumptions hold. Then for any c € 
R and g € L2(Q) the Navier-Stokes problem (8.1) possesses a trajectory 
attractor Ac (c) in the sense of Definition 8.5. Moreover, 


l|Ac Col], < Kel? +1 + Ilall) (8.15) 
p(Q) 


where the constant K is the same as in (8.3). 


PROOF. According to the attractor existence theorem for abstract classes 
of “bounded” sets (see [26] and also [9]), it is required to verify the following 
assertions. 


1. There exists a “bounded” compact metrizable absorbing set 6 for 
the semigroup T(t) acting on Kir. 
2. T(t) is continuous on B for every fixed t. 


The second condition is obvious since T(t) is continuous on the whole 
Kir considered as a translation semigroup. Let us verify the first condition. 


According to the estimate (8.10), 
B.— {u € Kir, Cu S€} (8.16) 


are “bounded” absorbing sets for every € > 0. By the estimate (8.3), the 
sets B. are bounded in Y, and, consequently, precompact and metrizable 
in Vis. (see [22]). So, we only need to check that Be are closed in Kir. 
The fact that the limit point u solves again the Navier-Stokes equation can 
be verified exactly in the same way as in the proof of Theorem 8.1 (using 
the additional control of ôu provided by the equation and compactness 
arguments, see (8.7)). Finally, passing to the limit in the estimates (8.10), 
wee see that the limit point u should satisfy this estimate. Thus, u € Kir, 
B. is closed and Theorem 8.6 is proved. 














Remark 8.7. (i) Using the fact that the attractor Atr is bounded in 
a stronger space O,, see Remark 8.2 and compactness arguments, one can 
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verify that the weak attraction in Yoc implies the following strong local 
attraction: for any “bounded” subset B C Kix, T > 0, and N € Ry 
lim dist(T' 


i—0oo 


(t)B (0,T]xQ_n,n ? Au| [oT] xQ. x.) = 0, 


where the distance is understood in the space 
C([0, T], te + H~*?(Q_w,w)) NL?((0, T], W179? (Q_w,w)), 


6 > 0 is arbitrary. 
(ii) One can define also a “global” attractor A9! by projecting the 
trajectory attractor Atr to the classical phase space 6: 


Am := Arr 


lezo 

Then it is not difficult to show that the global attractors Aa of Leray ap- 
proximations tend to the limit attractor A” as a — 0 in the sense of upper 
semicontinuity in [L?,,(Q)]”. Alternatively, lifting global attractors Aa, 
a > 0 to the equivalent trajectory attractors Aa,tr by the solution map, 
one has the upper semicontinuity of trajectory attractors Ay +, as a — 0 in 
the topology of Wjoc. 


To conclude the paper, we restore the physical parameters in the 
Navier-Stokes system (6.1), i.e., consider the problem 


Oru + (u, V;)u = vAsu— Vp g, divu=0 (8.17) 


in a cylindrical domain €) and study the dependence of the size of attractor 
On Vv. 


Corollary 8.8. The trajectory attractor Atr = Atr(c, g, v) of the prob- 
lem (8.17) satisfies the estimate 


|| Atell qu, zza < Cv? (lev + llalli - v^): (8.18) 
b $&(Q) 
where the constant C is independent of c, g, and v. 


By scaling t = vt, u = v^!u, we can reduce Equation (8.18) to 
Equations (6.1)-(6.2) with c' = v^!c and g' = v ?g. Since A’ = v^ 14, 


(7.28) implies (8.18). 
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On Global in Time Properties 

of the Symmetric Compressible 
Barotropic Navier—Stokes—Poisson 
Flows in a Vacuum 


Alexander Zlotnik 


Russian State Social University 
Moscow, Russia 


We consider symmetric self-gravitating flows of a viscous compressible barotropic 
gas/fluid around a hard core with a free outer boundary in a vacuum; the density is 
degenerating at the free boundary. For large discontinuous initial data and general 
state function (including increasing and non-strictly increasing ones) we prove a 
collection of the global-in-time bounds for solutions and study their large-time 
behavior both in the Lagrangian mass and Eulerian coordinates. The results on 
the existence, nonexistence and uniqueness of the corresponding static solutions 
are also included. Bibliography: 29 titles. 


1. Introduction 


We consider symmetric self-gravitating flows of a layer of a viscous com- 
pressible barotropic gas/fluid around a hard core with a free outer boundary 
in a vacuum. These are described by the compressible barotropic Navier- 
Stokes-Poisson equations. The cases of the planar, cylindrical and spherical 
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symmetry are studied simultaneously; the spherical case is the most impor- 
tant but the cylindrical one is also of interest in astrophysics. Our aim is 
to derive global-in-time bounds for solutions and to study their large-time 
behavior (a stabilization to stationary solutions). The latter problem (to- 
gether with the stability of the corresponding rest states) is interesting in 
astrophysics (see, in particular, [5, 7, 14, 6]). 

The paper is closely connected to [9] (see also [29]) and develops the 
corresponding technique. In contrast to the previous study, we treat the 
case of flows with the density degenerating at the free boundary and in 
the absence of an outer pressure. This case is clearly more complicated 
mathematically but much well adopted in astrophysics. In addition, now 
initial data can be discontinuous (Lebesgue’s versus Sobolev’s) so that we 
deal with global weak (rather than strong) solutions. We emphasize that 
the initial data can be arbitrarily large, and no other smallness conditions 
on data are exploited. 


We take general state function p and general (strictly positive) vis- 
cosity coefficient u depending on p. Though the particular power law 
plp) = pip? with pı > 0 and y 2 1 is widespread, the case of general 
increasing p allows us to investigate much broader applications (including 
those in astrophysics; see [13]). Note that in particular, we cover the power 
law for y > 1 in the cases of the planar and cylindrical symmetries or for 
y > 4/3 in the case of the spherical symmetry. The borderline exponent 
4/3 is well-known in astrophysics; some results on the necessity of the re- 
strictions on y are also contained in the paper. On the other hand, the 
cases of non-strictly increasing piecewise smooth and nonmonotone p are 
invoked to consider phase transition phenomena; in particular, the former 
one is involved in some astrophysical models (see, for example, [11, 19]). 
In these cases, few results on global behavior of solutions are available in 
the literature since they are much more delicate mathematically. 


'The Poisson equation is excluded from the system by allowing for a 
specific body force depending both on the Eulerian and Lagrangian mass 
coordinates. Actually, we analyze general body force of such a kind to cover 
broader possible applications. 


'The Lagrangian mass treatment of the problem is the basic one in the 


paper (in contrast to [9]). On the other hand, we present global-in-time 
bounds and stabilization results in the Eulerian coordinates as well. 


Barotropic Navier-Stokes-Poisson Flows 331 


'The content of the paper is as follows. In Section 2, we present the 
Eulerian free boundary statement of the evolutionary problem and the cor- 
responding free boundary static problem together with their Lagrangian 
fixed boundary versions. We define weak solutions to the Lagrangian evo- 
lutionary statement and state the corresponding global existence result in 
Proposition 2.1. 


Sections 3, 4, and 6 are devoted to the Lagrangian evolutionary prob- 
lem. In Section 3, we give the energy conservation law and prove the 
uniform-in-time energy bound, the uniform upper bound for p, the uniform- 
in-time L?-bound for the specific volume 7 :— 1/p and the stabilization of 
kinetic and potential energies respectively in Propositions 3.1-3.4. The 
bound for 7 essentially complements the study in [9]. 


In Section 4, we first study an auxiliary functional involving the differ- 
ence between the true and quasistationary pressures and prove an auxiliary 
energy-type equality for the difference between the true and quasistationary 
stresses (in Lemma 4.1, Proposition 4.1 and Lemma 4.2). Both are crucial 
to derive the main results on the stabilization of solutions. In Theorem 
4.1, we prove a stronger than W '-stabilization of the velocity v to zero 
(together with its strong bounds, for positive time and globally in time). 
We outline that all the above-listed results concern general nonmonotone 
state functions. 


In Theorem 4.2, the L*-stabilization of rj and p to solutions of the cor- 
responding static problem is studied, for both increasing and nondecreasing 
state function. The corresponding w-limit sets are analyzed in Proposi- 
tion 4.2. 


The static problem, both in the Lagrangian mass and Eulerian state- 
ments, is considered in Section 5. We prove the existence, nonexistence 
and uniqueness results respectively in Propositions 5.1—5.3. We outline the 
uniqueness result in the astrophysical context provided that the first adi- 
abatic exponent IT; of the state function is greater than or equal to 1 or 
4/3 respectively in the case of the cylindrical or spherical symmetry (see 
Corollary 5.2). This solves the problem posed by Kuan and Lin [15]. 

In Section 6, some additional bounds for p are proved (including its 
curious Holder continuity in time and bounds for its difference in space in 
Propositions 6.1 and 6.2). The proof of Proposition 2.1 is also put here. 

Section 7 is devoted to the Eulerian evolutionary statement of the 
problem: Proposition 7.1 collects the uniform-in-time bounds for solutions 
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(and auxiliary stabilization results) and Theorem 7.1 contains the stabi- 
lization results for v (together with its additional bounds) and for p and 
the free radius R; the latter stabilization result differs from the preceding 
Lagrangian one. Proposition 4.2 treats the corresponding w-limit sets. 

'To complete this brief introduction, we only list some related papers 
in the field of mathematical astrophysics: [20, 21, 8, 15, 17, 24, 25, 10]; 
other related papers on viscous compressible flows are listed in [9]. 


2. The Eulerian and Lagrangian 
Mass Statements of the Problem 


We consider a system of quasilinear differential equations describing sym- 
metric flows of a viscous compressible barotropic fluid consisting in the 
continuity and the impulse equations 


1 
ES r — V 2.4 
pet o (po), = 0 (24) 


potov) S as pflm), e EG pp) — (22) 


in a domain Q :— {(r,t); ro « r « R(t), t > 0) and the free boundary 
equation 


R'(t) = v|.. «y t» 0. (2.3) 


'The system is supplemented with the fixed left-hand and free right-hand 
boundary conditions 


v| s. £50, (2.4) 


T=TO 


and the initial conditions 
Plo = p°, vlo = v? on Qo = (ro, R°), die = R? 2 TQ. (2.5) 


The unknown functions p > 0, v, and R are the density and the 
velocity of the gas and the radius of the exterior free boundary, o, p(p), 
and u(p) are the stress, the pressure (s — p(s) is the corresponding state 
function), and the viscosity coefficient. 

Hereinafter, x(r) :— r^ with k = 0,1 or k = 2 respectively for the 
planar, cylindrical or spherical symmetry, and v(r) := r**1/(k +1), vo := 
r& 1 /(k +1) and V := RF*/(k + 1); ro > 0 is the radius of the hard core, 
and V is the gas volume (up to a constant multiplier). 
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The function f is a body force of the form f(r,x,t) = fs(r,x) + 
Af (r,x,t), where fs is the static contribution and Af is its perturbation 
(of any nature) tending to zero as t — oo in a weak sense; also f [m](r, t) :— 
f(r, m(r,t),t). The function 


m(r,t) = J 602m dr (2.6) 
TO 
is the mass of the gas layer around the hard core, with the external radius 


r; thus f depends both on the Eulerian and Lagrangian mass coordinates. 
The mass conservation law 


m(R(t),t) = M := [eao dr fort > 0 
Qo 


holds for solutions to the problem; M is the total mass of the gas. 
In the astrophysical context, the function fs has the specific form 


Mo + iox 


fs(r. x) = fa(r. x) := -G k 


r 


where G > 0, Mo È 0 (the mass of the hard core) and io = 0,1. For ig = 1 
the most interesting case with self-gravitation is covered, whereas for ig — 0 
the self-gravitation is neglected (but this case was also of interest in the 
literature). In the latter case, we suppose that Mo > 0. 


The corresponding static problem consists in finding a pair {ps, Rs} 
of static density ps > 0 and free radius Rs € (ro, oo) such that the following 
integro-differential equation holds: 


Tq 


P(ps), = psfs|ms], ms(r):— fiosan in Qs := (ro, Rs), (2.7) 


To 
under the free boundary condition and the mass constraint 
p(os\(Rs)=0, | psxdr =M. (2.8) 
Qs 


Here, fs[ms](r) = fs(r,ms(r)) and ms(r) is the mass of the static gas 
layer around the hard core, with the external radius r. 
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Throughout the paper, we assume that p and p satisfy the conditions 
p, u € Wee? (R*) and 


loc 
1 
p(0) =0, p(s)>0, s>0, [ a m 

J 8 (2.9) 

p(+00) := . lim. p(s) = +00, 
O0<p<uls), s20. (2.10) 
Recall that p € LA(R+) means that v € L^(0,T) for any T > 0, and 
p € WILA(R*) means that v, v € LA (Rt), where  € [1,00]. We impose 


a more restrictive condition than the third condition (2.9) on p in the main 
results (see (3.16) below). For comparison, we introduce the power law 
py(s) = pis’, pı > 0, y > 1 and set y := y/(y — 1). 

One can pass to the Lagrangian mass coordinates by considering x = 
m(r,t) (see formula (2.6)) as a new independent variable together with t. 
Taking into account the mass conservation law, one can transform the free 
boundary problem (2.1)-(2.3) to the problem 








Dip = —p D(3&), (2.11) 

Dj —XxDó-f[ č = w(p)pD(d) — (p), (2.12) 
X 

"P aH d£ 

pog -n* | xen (2.13) 
0 


in the fixed domain Q :— J x R*, J :— (0, M). The original unknown 
functions p(r, t), v(r, t), m(r,t) and the new ones f(x, t), ù(x, t), F(x, t) are 
related by the equalities 


p(r,t) = B(m(r,t), t), v(r,t) = é(m(r,t),t), r = r(m(r,t),t) in Q, 


where p > 0 and * > rg. Moreover, D and D, denote the partial derivatives 
with respect to the new variables x and t as well as x = i^ and f [r|(x,t) = 
FE t) x; t). 

The following boundary and initial conditions supplement the equa- 
tions: 


ü 9-0, 6 — 0 on R*, (2.14) 


m 


Blio = 8°, th =v on J, (2.15) 
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where ° (m? (r)) = pP (r) and ó?(m9(r)) = v? (r) on Qo with 


Y. 


m? (r) = f fan 


ro 
The continuity equation (2.11) can be written in the form 
Diù = D(Xà), (2.16) 


where 7) := 1/p is the specific volume. By applying D, to (2.13) and using 
(2.16), together with Ol o = 0, we get the standard equation 


Dir =ù (2.17) 


connecting * and 9. It is clear that (2.13) implies the following formula for 
the gas volume: 


V(t) — vo + [66 dx, t20. (2.18) 
J 
It is convenient to introduce the function 
- fs(r, x) 
h(v, x) e rk r—[(k4-1)1]1/ Q1) 





and set Aiè] (x,t) := h(2(x.t); x). Let Af [F(x t) = Af (Got). x, t). 
For Qr :— J x (0, T) let L^*(Qqr) be the anisotropic pee space 
[16] equipped with the norm llel;s«(,; = Il lola lzst m» As € 





[1,00]. The similar space is used for Q replacing Qr as well. Es the proofs, 
we also adopt the abbreviation ||-||a = ||-|| r2(c). For an unbounded domain 
G we denote by C;(G) the space of continuous and bounded functions on 
G equipped with the norm lello) := supe lel. 


We impose the following conditions on the initial data and h 
p? € L**(J), essinf(o, p? > 0 for any x1 € J, FE LU (2:19) 
p? 
i? e L?(J), h € Ollo, œ) x J), h & 0. (2.20) 


Let Af(r, x, t) be measurable on (ro, oo) x J x R*, continuous with respect 
to x € J for almost all (r,t) € (ro,oo) x R*, continuous with respect to 
r € [ro, oo) for almost all (x,t) € J x R* and satisfy the bound 


|Af| < f: lf lie) € N, f € Li, (R*). 


Hereinafter, N > 1 is an (arbitrarily large) parameter. 
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We study weak solutions possessing the following properties in Qr for 
any T > 0: 


2 . . 1 "P 
p € L'* (Qr), essinf(o,y,)x(o,7)P > 0 for any x1 € J, F € L9 (Q«), 
(2.21) 
Dip € L?(Qr), o € C(9, T]; 12(7)), VŽ D$ € L?(Qr) (2.22) 
and the following internal regularity for any 0 < to < T: 
a "E se 
m € L^*(QrNQu), Dio, Dé € L'(QrNQx,). (2.23) 


The solutions satisfy the continuity equation (2.11) in L?(Qr), the equality 
(2.13) in L°(Qr), and the impulse equation (2.12) in the weak form 


J cime aDe)ayat = fie dx + | flFy dxdt, (2.24) 
Qr J Qr 
for any o € H'(Qr) such that y|,-0 = 0 and e|[,-r = 0, as well as in 


L?(Qr\Qt)). The boundary conditions (2.14) and the initial condition 
P|i-o = p? are understood in the sense of traces. 


We mention the useful inequality 


" x1/2 eae 
Delran) < Aeon lV Dlo 22) 
The properties (2.21) and (2.23) imply the additional internal regularity 
VÕ Db € L2~(Qr\Qi)- (2.26) 


Note that formally we do not suppose that necessarily 99 (M) = 0 and 
Plx- = 0 (in a suitable weak sense) though namely this case is the most 
interesting and, accordingly, the boundary condition ó|,—;; = 0 (neglecting 
the second viscosity coefficient) is the most relevant. 


Proposition 2.1. 1. Let the conditions (2.19), (2.20) hold, and let 
hy € L1(J; C(vo,v]) for any v > vo. Then there exists a solution to the 
initial-boundary value problem (2.11)-(2.15) having the properties (2.21)- 
(2.23) and 


C(T) ^ B^ 6) < Poo) < CL) (x) in Qr, (2.27) 
where C(T) » 0 for any T » 0. 
2. Under the additional conditions 4/59 Di? € L?(J), 6°(0) = 0, and 
f € L2 R7), the result holds for (2.23) (and (2.26)) with to = 0, i.e., for 
Qr replacing QTNQ«,. 
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3. If, in addition to the assumptions of Claim 1, p? € C(J), then 
p € C(J x |0, T]). 


'The proof is given at the end of Section 6 below. 


The static problem corresponding to (2.11)-(2.15) has the form 


d£ 
ps(§) 


p(ps)(M) = 0, (2.29) 





Dopa = hus], vsQQ) = vo + J mJ, — (238) 
0 


where the unknown function pg > 0 is the Lagrangian static density and 


h|vs](x) = h(vs(x), x). We consider static solutions ps such that 
1 2 
ps € L*(J), p(ps) > 0 on [0, M), ES € L'(J), p(ps) e C*(J). (2.30) 
For increasing p it is clear that ps € C(J), ps > 0 on [0, M), and ps(M) = 0. 


This problem arises also from the Eulerian static problem (2.7), (2.8) 
after the change of variable x = mgs(r) with the relation ps(r) = pg(ms(r)) 
for r € Qg (see Section 5 below for details). 


3. Global in Time Bounds 
in the Lagrangian Mass Coordinates 


The energy conservation law for the problem (2.11)-(2.15) in the Lagrangian 
mass coordinates has the form 


pigs J u(—) ID Ge)? dx = f Af lFlé dx, (3.1) 
J J 


involving (-)’ = d/dt, the kinetic and potential energies 


e iem sfe dx, F:= [ eo — H|])dx 
J J 


with H[P](x,t) = H(7(x, t), x), and the primitive functions 
s 
P()(s) = J PE as, H(v, x) := f e» dij; 
0 


Vo 


the derivation of the law is recalled in the next proof. 
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We introduce the integration operations 


x M 
T(x) = f eoa)au, I*e(x) = f eda: 
0 x 


Proposition 3.1. Let 


2 + PO (f °)| <N, h « 0. 


Li(J) 





|; «^ 


Then the following uniform-in-time energy bound holds: 


alEO) + [ve], 


t>0 


« K. 3.2 
?(Q) G2) 








Hereinafter, we denote by K, possibly with indices, some nondecreas- 
ing functions of N that can depend also on p, u, fs, M, etc. 


PROOF OF PROPOSITION 3.1. To simplify the notation, we omit “checks” 
over the functions f, 0, T, zc, v, 1), and their initial values in the proofs. 

The impulse equation (2.12), together with the boundary conditions 
(2.14), implies 


£ / VP dy l [alojeDl) — p(p)] D (oer) dx 


J J 


= UOS + Af |[r|v)dx. (3.3) 


J 


NI 


Using the continuity equation (2.11), we get —p(p)D(xv) = D,P(p). 
Using the continuity equation in the form (2.16), we get 


Dw = Dily = xv. (3.4) 
Hence h[v|zv = D,H[v]. Thus, we obtain the energy conservation law (3.1). 


Taking into account the condition (2.10) and the estimate 


| J ^feieex| < fM; = FM! (28)1/2, (3.5) 
J 











we derive the bound (3.2) from the energy conservation law. 





Proposition 3.2. Let 
P? « N, (ollz) <N, (3.6) 


-Nxhx0in|vo,oo) x J. (3.7) 
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Then the following pointwise upper bound for p holds: 
A(x, t) € Kp (3.8) 
for almost all x € J and any t > 0. 


PROOF. Since Dir = v and thus Dix = (k/r)zv, we have 


1 k 
c udo m qoc ud 
Ax Ax ra 


Therefore, dividing the impulse equation (2.12) by x, we get 
AF 
| Aaji 
p 


k " 
D: +—v? = Dé +h] (3.9) 
Ax TAX 


The equality u(p)pD(zv) = —D;A(p) holds with the primitive function 


A(s) - [ac s>0 (3.10) 


SQ 
with some fixed so > 0 (in this proof, one can simply set so :— 1). Apply- 
ing the operator —/* to Equation (3.9), we obtain the following important 
equation 





























x U -u „Afir 
Daon e RAD gin 
x rz x 
where pr[p| :— —I*h{v] is the so-called quasistationary pressure. 
By the energy bound and the condition (3.7) on h, we have 
yx U —k q 1/2 
ge <ro*M « K, 3.12 
ELE (3.12) 
Pnlellecy E MIlAlloy((v0,00) x 7) < MN, (3.13) 
x, U^ —(k+1) 2 
Py <r « x, (3.14) 
TX C(J) 
Af Af = 
pan < m| Ev MT. (3.15) 
^* cJ) ^ ILJ) 


We can consider (3.11) as an ordinary differential equation with re- 
spect to t for almost all fixed x € J (such that D;p(x,-) € LL, (IR*)). Using 
the properties p(oo) = +00, u < p and the estimates (3.12)-(3.15) and 
applying Lemma 1.3 in [26], we derive the bound 


A(o(x,t)) € max(A(p?(x)), Ki} + Ke < Ka on R*. 
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The bound (3.8) is proved. 
Proposition 3.3. Let p satisfy the upper bound 
p < p, on [0,1] with some y > 7), (3.16) 
where yO = 7 =1, y® = 4/3, and let 
P xN, |/2?|rs«u < N for some a € (1,7), i? rs) < N, (3.17) 


ao(X) 7 
-N <h(v,x) <S = in [vo, œ) x J (3.18) 


for some ag € C(J) such that ag > 0 and ao(M) > 0. Then the following 
uniform-in-time bound holds: 


X Ka, for any a, € [1,a) (3.19) 





po wx 5l Lo1( 


and, consequently, the no uniform upper bound for V holds: 


sup V(t) < Kv. (3.20) 


t>0 


In the particular case u(s) = const, one can take ay = a; moreover, 
the result remains valid for a = a, = 1 when the second condition (3.17) 
reduces to V? — vo < N, where V9 := (R9)F*! /(k +1) (see R9 in (2.5)). 


PRoor. We divide the proof in four steps. 


1. We begin by passing from the ordinary differential equation (3.11) 
to the simpler inequality 


nU „Afir 
-DA()*a&pp) a= DPZ- PÊA p ea) 
By the estimates (3.12) and (3.15), we get 
t 
n 0)d0 > —Kı + (t— 7)A(x,t) foranyOx 7r «t (3.22) 
provided that 
min. Bin[p(x,6) > AQ t) > 0. (3.23) 


O<O<t 
Consequently, for any number c > 0 
t t 


—c f a(x,0) d0 1 
fe A ag (3.24) 


0 
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2. For the sake of clarity, we first consider the particular case p(s) = 
Ho > 0. In this case, for any y > 0 


Dln 
—D,A(p) = #2 POP) 
LEE 
and the inequality (3.21) is transformed to the following: 
Y 


5 
an’ € — p(p)m. 
Ho Ho 


By the condition (3.16) and the bound p < Kp, we get 


Dim") + 


p(s) < Kos, O<s< K, (3.25) 
Consequently, 
Dim) + ua an’ x T a; 
Ho Ho 


For almost all x € J such that D;p(x,-) € LL. (Rt), solving this inequality 
and applying the estimates (3.22) and (3.24), we have 


t t t 
—(y/bo) f a(x,0) d0 — (y/ uo) f a(x,0) d0 
xt) « Pope En + fe SET a 
Ho " 
< efi (WPO) + Kar) (3.26) 
A(x, t) 


with 7° :— 1/9? and, after taking the (a/7)th power of the result, 


162) < Ko [GP 0)* 75]. (3.27) 


3. Using the condition (3.18), we get 


n5 a. o(M — x) 
S EUNT Ad ese 
ain, Prlel(x, 8) > DATED (Ey = N(x, t), (3.28) 
where 
M 
V(t) := gaor V (8), Qo := Tm gr | cou) dxi 
x 


and a > 0 by the assumptions on ag. Note that for ô > 1 


Â MU? aki) 
= 1/6 
LJ) 6-1 oll 





1 
ya 
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Integrating (3.27) over J and using the second condition (3.17) and the last 
formula with 6 :— y/a > 1, we find 


) < K4( + V2te/h0-0)). 
L1(J) 





" 1 
ImllZ«( S Ka(N i | oly | 
Consequently, 


wae 2k/[y(k+1)] 
dax Ino lae c < Ka(1 +y (t)) 


for any t > 0. By (2.18), we have 
V = v + [nlziq < vo + M18 In| ra (y; 
Therefore, 


co k+1)] 
wera 
eE In. Milnecsy) < Ks (1 + mox ln. 8) ra ) (3.29) 


for any t > 0. Since 2k/[y(k+1)] < 1 in view of (3.16), the Young inequality 
leads to the bound 
n InG, trs o) € Ke. 
This technique goes back to [21]. 
4. The case of general pu is more delicate. For given £ € (0, 1) we choose 
Se € (0,1) so small that 
|j 
u(0) 
We set so :— se in the definition of A (see (3.10)), ze :— e-4(?/4*, and 
fle := (1— &)u(0). Then 
He log(se/s) < —A(s) < (1 + e)u(0)log(se/s) 
for0<s<s,. Thus, 
sen € Ze € (sen) 1*9/ 0-9 for n > sz. (3.30) 


We set yz := (1 — e)y/(1-- €) < y, ae := (1— £)a/(1 +£) < a and choose € 
so small that ye > y) and a, > 1. 








«e, O<s< 58. 


Since Di(22*) 
Z € 
—D,A(p) = peDzlog ze = = E, 
Ye Ze 
the inequality (3.21) can be transformed to the form 
D(z) + ^s azt < DE (3.31) 
€ 


We consider almost all x € J such that D;p(x,-) € Li, (R*). Thus, p(x, t) is 
continuous on R+. The set S; :— (t > 0; (x,t) > sz!) is open. Hence it is 
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an at most countable collection of disjoint intervals J) = (t11, t21) (depending 
on x). Moreover, n(x, tij) = "P (x) 2 sz! provided that tı; = 0; otherwise, 
n(x; tu) = sz!. By the right-hand estimate (3.30) and condition (3.16), we 
have p(p(x, t))22* (x, t) < p(x, t))(sen(x, t)? € pis? on Jı. As in the case 
(3.27), from (3.31) we derive 


1 = 
z5*( t) S Kae e (x, ta) + X8 on Ji, (3.32) 


Er! 


where Ka. > 1. Using the two-sided estimate (3.30), we find 


sgg (X,t) < Kse [(sen?(x))* +1+ on Jj (3.33) 


55] 
A** Pie (x, t) 
since ze(x, ti) < sen (x) provided that ty, = 0 or 2e(x, tui) = 1 otherwise. 
Since Ka. > 1, the inequality (3.33) is also valid on IR* VS. and, finally, 
on Rt. 

The argument of the previous step of the proof leads from the estimate 
(3.33) on R* to the bound sup;>o |In(-,#)||zee(7) € Kee. Since € > 0 is 
arbitrarily small, the proof is complete. 














Note that the condition (3.18) holds for fs = fa, i.e., h = ha(v, x) :— 
—G(Mo + tox) / v2*/ E+) with G := G/(k + 1) 5^ er. 
The bound (3.20) leads to the following useful inequalities: 
réléllecs < DG) < Ky" l2 D)e). (3.34) 
Remark 3.1. Under the hypotheses of Proposition 3.3, 
FI ree (o + DF ll zao) + ll De*ll ro (oye (0) + I / P DDi?||r2(oy SK. 
Consequently, ? € C;(J x Rt). 





Proposition 3.4. Let the hypotheses of Proposition 3.3 be valid. Then 
the following bounds for the kinetic and potential energies hold: 


[Elre SK, MElar <E, IE Y llr < K (3.35) 
and, consequently, they stabilize 

E(t) 3 0, F(t) 2 F9 ast oo. (3.36) 

Here, LY (R*) + L?(R*) is the sum of Banach spaces (see, for example, [3]). 


PROOF. Using (3.3), we get 


Pr i BGAN? dud. J (p(o) — Pripl)D(sv) dx + Í AS sud. 
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Using the bounds p < Kp, (3.13), (3.5), and the energy bound, we find 


El < Jlullopo.« ll Ve Dv) I5 


+ (Ipllcto. i + MN) ID Gov) llo o + Kf. (3.37) 
By (3.34) and the energy bound, 
€ < rg? M| Dll ra (3.38) 


Then we obtain the first and second bounds (3.35) which imply that E(t) — 
0 as t — oo (see [23, Lemma 2.1]). 


From the energy conservation law, simpler than (3.37) we derive the 
third bound (3.35). Thus, (£ + F)(t) has a limit as t — oo and so F(t) 
does. 














4. Stabilization of Velocity and Density 
in the Lagrangian Mass Coordinates 


We define the functional 


" PONE 1 : 
PIA = f 5 9 - mix = | 5 Aaa 
J J 
where Ap[?] := p(6) — Pr[f] is the difference between the true and quasista- 


tionary pressures. 


Lemma 4.1. Let the hypotheses of Proposition 3.3 be valid, and let 





[hull r10; Cozy] < Ci). (4.1) 
Then 
PI] = Ro +R, (4.2) 
where 
Ro:= f 5 (bli P2 dx, (4.3) 
] DEW: EUST. 
R=- ! {(Aplal - in) Det) — = Diii] T° dx 
+ [ {une (rir) aa aa 
J 
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with 
Dibrldl = -Ë Geh]. (4.5) 
Moreover, the following formula for the derivative holds: 
" 2 
(PAY = f (a - 20 9) DE) - 5 Dun[l Avid. (46) 
J 


PROOF. We write (3.11) as follows: 


ee i 2 7 Af 
Aplp] = DiI + p(p)pD(xv) + kt pit 


T3 x 
Consequently, 


Ple] = | (Aplo]) nAplo] dx 


=£ | (P2)navidax- | (72) binos ax 


J J 
rA) \ apie dx. 


€ 
UN TN 


+ [ [nt DG (x7 - - 


p TX 


s 


Further, 
Di(nAplo]) = (Den) Aplp]  n(v (9) Dep — Diprle)) 
= (Din)(Aple] — pp'(e)) — nDiprlp)- (4.7) 
These two formulas and the equations Din = D(xv) and Dev = xv imply 
(4.2)—(4.5). 
It is easy to see that 


(Pla y=] {(Den)(Aplp])? + 2n(Aplol) D/Aplpl) dx 


- 1 (2D; (nAplp]) — (Din) Apto] Aplp] dx 





Using formula (4.7) once again, we obtain formula (4.6). 











Proposition 4.1. Let the hypotheses of Proposition 3.3 and the con- 
dition (4.1) be valid. Then 


[Rol < KEP, |Rilraetyg zat) SK, ICD rase) << K (48) 
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and, consequently, 


PJSC, t)] ^ 0 as t > oc. (4.9) 
PROOF. According to the bounds p < K, and (3.13), we get 
I Aplell rs € K. 
By the condition (4.1), 
I.Diinalellocuy € Klxvlleu, € K] DG) co» (4.10) 
Using the estimates (3.12), (3.14), (3.15), and ||n| 3,7 < Kv, we find 
[Rol < Inlz«col'abtellzeco |]. ,, < fae"? 
and 
IRI < (CI Aplelllzse o) + Ilsp"(s)||L~(0,«,) D Geo) l| zx o» 
+ Ulla nl Dër |I 2]. 
+ {llellopo,x,l| D)e llic (bro OF? 2E +179 ^ M P)HLAplelll c cn 
< K(||D(v)| rx) EP + lDGev)ll zs ay +E + P). 
Since € < Kz and £ < K1"^£'? < Ks| D(c)|| (y (see (3.38)), we derive 
IR| < KD) + f). 
Similarly, 


KPŽ < {Arlle + 2llsp'(s)Ilz~(0,«,) l D Geo) l| ox o» 
+ 2||nllz1()|DePrlelllo(y tll Arlle € KIDGo)l p». 


Recalling (3.34) and the energy bound, we obtain the estimates (4.8). These 
estimates and the property E(t) — 0 as t — oo imply (4.9) (see [23, Lemma 
2.1]). 














We introduce the function Ad := 6 + pn[?], which is the difference 
between the stress and the quasistationary stress —pr[/]. 


Lemma 4.2. Let the hypotheses of Proposition 3.3 and the condition 
(4.1) be valid. Then the function Að satisfies the following energy-type 
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equality: 
Zv+ [Gas ax - 5 [60 - ae GG SY dx 
: : 
- [ e Dasay— f (tomo - 11500 
/ : 
- (519) - P'DR laD) - 99. pups] dx 
- | &fixDAs dx zi Í Si+ S) Sst Se (4.11) 
where 
Y:= EE dyeWe (Rt), B:= L, 


PROOF. 1. We write the impulse equation (2.12) in the form 
Dw = xDAó + Afr]. (4.12) 


Multiplying by —xDAğ, integrating over J, and using the formula xD,v = 
Di(2ev) — k(x/r)v?, we get 


— f ox» DAó dx + [easy dx 
J J 


= - [1 PDASdy - | AfrixDAe dx. (4.13) 
T 


By the definition of č, we can write 


D(xv) = nB(p)(& + p(p)) = nbl) (Ač + Apnlo]). (4.14) 
We have 


- Dica) Dds ax = 5 5. | nf ax 
J 


J 


+5 [ vitto) Ss dx f {DB Apno)}Adx. (415) 
J J 
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This formula is justified at the second step of the proof. Formally, it can 
be obtained by integrating by parts on its left-hand side and using for- 
mula (4.14). We calculate 


Di(uB(p)) = (Din) Blo) + n8' (9) Dep = (BCP) — pB"(p))D(20). 


Similarly, 


Di(nB(p) Apn[o]) = Di(n(8p)(o) — n8Co)Dn|pl) 
= [(8p)(p) — p(8p) (p) DG«v) 
— (8(o) — p8' (p)) (D(ze)) Bn |o] — nlo) Diplo). 


Substituting (4.15) into (4.13) and using the last two formulas, we obtain 
(4.11). 

2. 'To justify formula (4.15), we apply the same technique as in [27, 
Lemma 1]. For the sake of brevity, we set a :— 73(p) and Y% := n6(p) ^pn|p]. 
Introduce the following operators for 0 < t < t+ T: 


) 
) 


T 


il T 
SOy(t) := ~ fuero) dð, à y(t) = 
0 


y(t +7) — y(t) 


, y(t) = y(t+7). 


We take 0 < to < tı and set Q := J x (to,t1). Integrating by parts and 
applying formula (4.14) in the form D(xv) = aA + v, we get 


5 + AGO 
- / OP Ga DARE dxdt 


Q 


A6 + Aa™ 


| [5 Of (a(A8)") + OPa Aaaa * (0/79) 7 


Q 
1 ( ar) x 
= ;(5 a(Aó) ) 
J 
A6 + Ag) 


Lie S Dia) (Aa) Aa™ + (SV? Dip) —— —— — | dxdt. 
2 2 


Q 


dxdt 


t=t1 





t=to 


Using the properties of the involved functions, we can pass to the limit as 
T — 0* and obtain the equality 
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(Di (2cv)) DAG dxdt 


faa? li «f [5 (Da) (A2 + (Di) AG | dxdt 
J Q 


| 
NI = ds 





for almost all 0 < to < tı. This equality implies that 


J a(Ač)? dx € W2(R*), 
J 


ifo 
2M 


(Di(2cv)) DAG6 dx = 


NI = 


| 
s 


(D:a)(A5)? + (Di) Aa] dx 


NI = 


ER 














almost everywhere (a.e.) on Rt. 
Let ¢ € W^?*(R) be a cut-off function such that 
Q(t) 20, £ «0, C(t) 21, t2 to forsometo >0, O«c <N. (416) 
Theorem 4.1. Let the hypotheses of Proposition 3.3, the condition 


(4.1), and ||Cflr2(g-) < N be satisfied. Then the following global bounds 
and the stabilization property for velocity hold: 


[Diù] ra( € K, ue CVA Dv)C. tliz) < K, (4.17) 
(Vø Do) (-, t)|r2(y) — 0 as t > oo. (4.18) 
If, in addition, 


IZ Dol <N, (0)-0, lle xN, (419) 
then the bounds (4.17) are valid for ¢ = 1. 





Remark 4.1. It is clear that the property (4.18) implies W1(J)- 
and C(J)-stabilization of i(-,t) since, as in the case (3.34), we have 


m e 1/2 x ss 
allow € IID9llzs oy < Ky? VB Dall rau 


350 Alexander Zlotnik 


PROOF OF THEOREM 4.1. 1. We set ¢-(t) := ¢(t— T), T > 0. Multi- 
plying the energy-type equality (4.11) by ¢?, we get 
1 1 
s(GYy +e fenas? dy 2 GQY 4 d (5 Si + S2 + S3 + Sa) (4.20) 
J 


We sequentially estimate the terms on the right-hand side. First, recalling 
(4.14), we get 


2(llalloo rala DGe)l5 +u PI), (4.21) 
where [p] < K. Second, for any £ > 0 we derive 
[Sa] < || /u(S)(8(s) — 88  s))|Lr»- (o, e) 
x || VED (20) ll rll v/ n8) AA | Alios cy 
< el Ael) * € Kp DGo)0I5 Y. 
Third, applying the energy bound and the inequalities (3.34), we find 
1S5] < kr; lollllullz(yll*eDASl|y < elleDAG I + eK | yp Doo). 


Fourth, using the regularity properties of p and u and the estimates (3.13) 
for Dn[o] and (4.10) for Dipn|p], we also get 


|S3| < €[I(8p)(s) — s(4p)'(s))Ilz~(0,K,) 
+ ||(s) — sB'(s))lr- co.) lPnlolll zo cn IVP D) 
+ u`! Kv ||Didnlplll rs cn HIA] rS cn 
< el Ael (7 * € ^ Klo DGev)l5- 


Finally, 
[$4] < fM'"?|xDAé]|; < el|xDAó][? +e M f?. 


Using the above estimates and the inequalities 
llAéllz- c) «lIDAéllzu) &rg^M'?|xDAél;, —— (422) 


C- € Ç € 1 and choosing £ small enough, we pass from (4.20) to the in- 
equality 


(CY) + |26 DASI} < KVP Da) II5 CY + llo DGoo)Ul 
+G + (CP). (4.23) 


Note that 
Y < i^ Ky||Aa|[30¢) < KilxDAel 


(see (4.22)), (CY )l=0 = 0, and 
IIA DN + + (CF) le < K (4.24) 
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by the energy bound and the assumptions on ¢, and f. Consequently, 
sup(2Y)(t) « K, |G-DAdllg < K, (4.25) 
t>0 


(C2Y)(t) 2 0 as t oo (4.26) 


(see, for example, [22, Lemma 2.1]). The bounds (4.25) are uniform with 
respect to 7. Therefore, passing to the limit as r — 0^, we find 


sup(CY)(t) < K, |xDAé|[o < K. (4.27) 
t20 


Applying formula (4.14) to D(zv), we have 
VAD oer) < p! Y? + pP]. 
Thus, the relations (4.27) and (4.26) and Proposition 4.1 imply that 
ey IVe DG) E Hll € Ky IP Dv) C. t]; > 0 as t — oo. 


Moreover, since (by (2.13)) 


we have (by ||nl|z1(7) < Kv) 
IVP Dolly < Klo Dv) |, (4.28) 


which leads to the second bound (4.17) and the property (4.18). 
In addition, according to Equation (4.12), the first bound (3.35), and 
the second bound (4.27), we have 
l|&Devlloo < NC eco ZEW n + ICA] + M"? (ICflln+ < K, 


which leads to the first bound (4.17). 
2. In the case where (4.19) are valid, a similar (and simpler) argument 
with ¢ = 1 can be applied since Y € Wẹ i and 


loc 


Y i-o € 2(llullcto. ill v 9? DVIS +u P « K, 


similar to the estimate (4.21). 














In addition to (4.17), the bound ||C5-?/? Dip|| ja, »(à) € K holds ac- 
cording to the continuity equation (2.11). Moreover, xc the condition 
(4.19), one can take ¢ = 1. 

By the moment, we did not suppose the monotonicity of p in any sense. 
However, we need this for studying the stabilization of p. 
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Theorem 4.2. Let the hypotheses of Proposition 3.3 (for some a € 
(1, y)) and the condition (4.1) be valid. Let also either 


p be increasing on Rt (4.29) 
or 
p be nondecreasing on R+, fs(r,x) <0 forr 2 ro, Oc x <M. (4.30) 
Then for any sequence tn — --oo there exists a subsequence 0, such that 
ÑC, On) — n. weakly in L^(J) (4.31) 


for any 1 « A « a. Moreover, for any sequence 0, — œ, On > 0, such that 
(4.31) takes place for some A € (1,a) the following assertions hold: 


(1) ps :— 1/n. serves as a solution to the Lagrangian static problem 
(2.28), (2.29); in addition, 
Fips| = f (PGs) - Älvs) dx = FS (4.32) 
d 


(see (9) in (3.36)) and, for ng := ns, 


Ims; < Ky for any 1 < A « o; (4.33) 

(2) the following strong limit relations hold: 
Å, On) — ns(-) in L^(J) for anyl <rA <a, 4.34) 
DC, On) > ps(-) in L^(J) for any 1 < À< oo 4.35) 


PROOF. We divide the proof in three steps. 

1. The property (4.31) follows from the uniform-in-time bound (3.19). 

Let this be valid for some A = Ao € (1, a). Then we sequentially get 

v|[izo, — v. i vo + Im, Brlplle=o, > Px = -F hlv] in C(J). 
By Proposition 4.1, 

llp(o) lio. — alls < (KpP[p](On))”? + llBnlo]leeo, — Pally — 0. 
Therefore, for a subsequence Tn of On we have 

p(p)lu2s, — Px a.e. in J. (4.36) 

It is clear that 0 € p. < p(K,). 


2. We first consider the case of increasing p. Introducing p~, the 
inverse of p, we get the pointwise convergence of p: 


pie, — Ps = p | (ps) a.e. in J. (4.37) 


Barotropic Navier-Stokes-Poisson Flows 353 


It is clear that ps € C(J) and ps > 0. By Proposition 3.3 and the Fatou 
lemma, we have 


1 
[Zx K for any 1€ A« a. (4.38) 
Ps 


Consequently, ps > 0 almost everywhere in J and the limit relation (4.37) 
implies 


1 
nl, ns := is a.e. in J. (4.39) 


The bound (4.38) implies (4.33). The bound (3.19) and the well-known 
Lemma 1.1.3 in [18] yield 


ÑC, Tn) > ng weakly in L^(J) for any 1 <A < a. (4.40) 
Comparing with (4.31) for A = Ao, we conclude that ns = n. Therefore, 
recalling the first step of the proof, we get p(ps) = p = —I*h|vs| and 
vs = vg + Ins. Since p(ps) is nonincreasing on J and pg > 0 almost 


everywhere in J, ps is also nonincreasing on J and pg > 0 on [0, M). Thus, 
ps is a solution to the static problem (2.28), (2.29). 


According to (4.40), we get 


J "i. dy > [ns dx. (4.41) 
J J 


It is clear that both sides of this relation are positive. Coupling this and 
(4.39), by the Scheffé theorem (see, for example, [4]), we have 


— em 00, 7S as pA CJ) 

lm. oso Insley 
Invoking the relation (4.41) once again, we find that nl... — ns in L!(J). 
Now the multiplicative inequality 


1 B E 
lela < lulz shell es, uy yal 8t for any 1 <A<), 
implies the relation (4.34) for Tn replacing ôn. 
By the bounds p € K, and v € vo + Ky and the Lebesgue dominated 
convergence theorem, we have F(t) — [ps] = F® (recall that F(t) > 
F9) as t — oc); moreover, the property (4.35) holds for Tn replacing On. 


Furthermore, the limit relations (4.34) and (4.35) hold for the whole 
0,. Indeed, assuming, for example, that Ile] ao — psllzsqo) 2 à > 0 
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for a subsequence e of 0,, nevertheless we are able to extract a subse- 
quence TK of 0 such that (4.37) holds for 7) replacing T,. Consequently, 
pl, o — ps in L!(J), which yields a contradiction. The case of increasing 
p is complete. 

3. Let the conditions (4.30) be valid. We go back to step 1 and note 
that Dp. = h[v,]. We have v.(x) > vo + K5!x and h[v.] < 0 on (0, M]. 
Therefore, Dp, « 0 in J and p, is decreasing on J. 

The set 


Sp :— (c > 0: the equation p(s) = c has a nonunique solution} 
is at most countable. Hence 
meas (x € J; p.(x) € Sp} — 0. (4.42) 
The inverse function p-! is defined on R+\S,. We set 


p (c): sup p (e) 
c1<c,c1¢Sp 
for c € Sp (for the sake of definiteness). Let Jo be a subset of J such that 
P(P)|\t=r, — Px on Jo, meas (J\ Jo) = 0 (see (4.36)). Let c :— p.(x) € Sp for 
some x € Jo. If c is not a limiting point of Sp, then p^! is continuous in a 
neighborhood of c (or in a right-hand one provided that c — 0). Thus, 


(p o p)(p(x, Tr)) ^ » *(p«(x))- (4.43) 


Moreover, p(X, Tn) = (p^! o p)(p(x, a)) for sufficiently large n > no(x). 


Hence 


P(X; Tn)) — p (p.(x)). (4.44) 


If c is a limiting point of Sp, then p^! is discontinuous in any neighborhood of 


c but is continuous at c. Thus, the property (4.43) remains valid. Moreover, 
(p~! o p)(p(x,Ta)) — P(X, Tn) > 0. Therefore, the property (4.44) remains 
valid. Finally, the basic property (4.37) of Step 2 holds (if we take into 
account (4.42)). 


After that the rest of the arguments of Step 2 is applicable, where ps 
is decreasing on J (instead of ps € C(J) and fg is nonincreasing). me 














Remark 4.2. A by-product of Theorem 4.2 is the existence of so- 
lutions to the Lagrangian static problem (2.28), (2.29) under the above 
conditions on p and h. 


Note that, firstly, the condition (4.30) on fs holds for fs = fa; sec- 
ondly, the property (4.34) is stronger than (4.35) because of the equality 
lé — ps| = bi — ns|pps and the bounds j < K, and ps < Ky. 
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It is clear that the property (4.31) for A = 1 ensures us that 


V (0n) > vo «f» dx. (4.45) 
J 


We define the w-limit set for the specific volume O, as a set of ną € 
L^(J) such that property (4.31) holds, for some 1 « A « a, and the w-limit 
set for the density O; as a set of p. = 1/m. such that n, € Os. Theorem 
4.2 implies that these sets are independent of A and consist of functions 
respectively 7. = rs = 1/ps and p. = ps, where ps is a static solution such 
that (4.32)-(4.35) hold. 


Proposition 4.2. Let the hypotheses of Theorem 4.2 be valid. Then 
Ox; and Og are compact, attracting and connected sets in L^(J), respectively 
for 1X À « a and 1 € A « oo. 


The attracting property, say, for Og, means that 


inb, Ist) — plz — 0 as t — +o 


PROOF. All the properties are proved in a standard manner (see, for 
example, [9, Theorem 4]). Note only that the compactness and attracting 
property of O; imply the same properties of O5; also 7 and p belong to 
Cy (IR* ; L^(J)), respectively for 1 < A < a and 1 € A < oo (for \ = 1, this 
clearly follows from the properties of Dyn and Dip and then, for other A, 
this holds because of the bounds (3.19) and p < K,). 














The main result of Theorem 4.2 can be essentially simplified un- 
der weakened uniqueness assumptions for the static problem (concerning 
uniqueness, see Proposition 5.3 and Corollary 5.2 below). 


Corollary 4.1. Let, in addition to the hypotheses of Theorem 4.2, the 
Lagrangian static problem (2.28), (2.29) have one of the following properties. 


(i) There exists no continual family of solutions pg such that Vg :— 
vs(M) runs over some segment |v, v], vo < v < v, and £s|ps] = a for some 
fixed a, and the overdetermined static problem such that some vg(M) > vo 
and Fs|ps] = a are given, has at most one solution. 


(ii) There exists an at most countable set of solutions pg such that 
Fs|ps] =a for any fixed a. 


Then there exists a static solution pg such that 
(t) > nsC) in L^(J) for any 1 < À <a ast > oo, 
Bt) > ps(-) in L^(J) for any 1 << oo ast — oo, 
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and the properties (4.32) and (4.33) hold with ns = 1/ps. 


PROOF. By the property (4.45), Theorem 4.2, and the bounds vo + 

MK;! < V < Ky, we conclude that 
Oy := [v, v], v:=liminf V(t), D := limsup V (t), 
t+ +00 t—+00 

is the w-limit set for V; moreover, for any v € [v, v] there exists a static 
solution ps such that Vs = v and £s[ps] = FS). Properties (i) imply that 
the set O% reduces to a point. 

This reduction is induced by property (ii) as well since the set O, is 
connected. 














Theorem 4.2 allows us to comment on the role of the conditions (3.16) 
and (3.18) in Proposition 3.3 (see also Proposition 5.2 below). 


Corollary 4.2. Let the hypotheses of Theorem 4.2 be valid, excepting 
(3.16), with (3.18) weakened down to (3.7). If the Lagrangian static problem 
(2.28), (2.29) has no solution, then 


TEs 
im sup | ——— 
a ØC, t) 

PROOF. Note that (3.16) and the right-hand condition (3.18) were 
explicitly used only in the proof of Proposition 3.3. If, in addition to the 
hypotheses, we assume that sup;;o ||l/p(.t)|rei(;) < oo for some ay € 
(1, 0), then the argument of Theorem 4.2 remains valid and, in particular, 
there exists a static solution, which yields a contradiction. Note that the 
property 1/p(-,t) € L°(J) for any t > 0, is valid by Lemma 6.1. 





= E€ 1, . 
mm oo for any ay € (1, a) 














5. Static Problem 


We set P(E) :— p(1/£) for £ > 0. 
Lemma 5.1. Let p be any continuous increasing function on [0, so] 
for some so > 0, and let p(0) = 0. Then 
p(so) à ( ) so ( ) 
q P\S0 DS 
——— = — + | — ds, 5.1 
J PG s J ? ven 


where both integrals are finite or equal to +00 simultaneously (recall that 
p | is the inverse of p). 
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PROOF. The inverse function of 1/p^! 


decreasing on [1/50, oc). Considering the graphs of 1/p^ 


is p that is continuous and 
! and f, we get 


p(so) oo 
dq _ p(so) , 
| rg" tf Oe 


Making the change of variable s = 1/£, we obtain the result. 














so 
In the case fos?) ds < oo, there exists lim, p(s)/s = 0 by (5.1). 
s—0 
0 
Corollary 5.1. Let p satisfy the hypotheses of Lemma 5.1. 
1. Suppose that ps € C1[M — £o, M] for some eo > 0, ps(M) = 0, 
and Dps(M) < 0. Then for sufficiently small 0 < € € & 
c*(M — x) <ps(x) «c(M—-x) on |M — £, MJ 
with some c > 0 and the integrals 
M d S0 
J x [8 ds 
p (ps) 5 
A—eE 0 
are finite or equal to +o0 simultaneously. 


2. Suppose that p is continuous on IR^ and h(v, M) < 0 for v > vo. 
If 
so 
fods oc 
0 
(in contrast to the third condition (2.9)), then the Lagrangian static problem 
(2.28), (2.29) has no solutions. 


We begin with the existence result for the static problem indepen- 
dently of Theorem 4.2 (see Remark 4.2). 


Proposition 5.1. Let p be increasing on R+, and let the conditions 
(3.16) on p and (3.18) on h be valid. Then the Lagrangian static problem 
(2.28), (2.29) has a solution such that K (M — x) < p(ps(x)) <S N(M —x) 
on 


PROOF. Since p is increasing, we can equivalently reduce the static 
problem (2.28), (2.29) to the fixed point problem 


ps = Aps in C(J) (5.2) 
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for the unknown static pressure ps :— p(ps). Here, the nonlinear operator 
A is given by the formula 


Ag: -Fhlwslel, velo] =u +i— 





and we take into account Claim 1 of Corollary 5.1. 


We define the nonempty closed convex set in C(J) 


Ke := (o € C(J); ee (x) € N(M - x) on J}, 
where e € (0, N) is a parameter. By (3.16), we have p(s) € Kis? for 
0<s <p (NM). Consequently, p u^ ) > (g/K1)/"* for 0 <q < NM. 
Therefore, for y € Ke 


M 
K 1/7 Kə 
vs|e)(x) € vs, :— vo «f [url dx = vo + cu. "B J 
0 
(with Ky := y Kl M/') and vs[y] € C(J). This means that for e € Ke 
the operator Ay is well defined. By (3.18), we have 
a 

Sa iM x) € Ae(x) S N(M — x) on J, 

Vse 
compare with (3.28). It is easy to check that the operator A: Ke — C(J) 
is continuous and compact (because ||.Av||o:(7; < K for y € Ke). 


Since y > 2k/(k + 1), the inequalities 


— So» 1X0 0 QU) 
ok (e+) > KIEF) à 2€ (5.3) 
Sye 2 


hold for sufficiently small 0 < £ € K3 1 For such e it is clear that A: 
K: — Ke. Finally, by the Schauder fixed point theorem, the problem (5.2) 
has a solution ps € Kz. 














Remark 5.1. In the case k = 2 and the borderline value y = y?) = 
4/3 in the condition (3.16), it is easy to see that the inequalities (5.3) remain 
valid for 


coKıM! € go, co = 28/3 (5.4) 


and Kı = Ki1(N M) is nondecreasing with respect to NM (in particular, 
Kı = pi is independent of NM provided that p < p,)). Therefore, if 
infuso Qo > 0, then the inequality (5.4) holds and Proposition 5.1 remains 
valid at least for sufficiently small 0 < M < M(N). 
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But other situations are also possible. For example, let ao(y) > 
G(Mo + iox) on J. Thus, ag > G(Mo + io(M/2)). Let p < py. Then 
(5.4) follows from the inequality 

is M. 
cd < Mo tio, Sou (5.5) 
2 G 
For Mo > 0 and ig = 1, the inequality holds both for M/Mo < M (q) and 
M/Mo > M(q), for q := D/M” > qo > 0, or for any M for q < qo. On 
the other hand, for Mo > 0, io = 0 and Mo = 0, io = 1, the inequality is 
guaranteed respectively for M < [Mo/(cop1)]3 and M > (2copi)?/? only. 


Now we turn to the Eulerian static problem (2.7), (2.8). We consider 


positive solutions such that 


ps E€ L® (Qs), plps) € W'**(Os), plps)>0 on [ro, Rs). (5.6) 
Note that the nonlinear integro-differential equations 
Rs 


plos(r)) =- f pshlms}edri on Os (5.7) 
and " 
p(ps(x)) =- [ hvs]dxı on J (5.8) 


replace equivalently Equation (2.7) for ps, together with the condition 
p(ps(Rgs)) = 0, and Equation (2.28) for ps, together with the condition 
p(ps(M)) = 0. The properties p(ps) € C(Qs) and p(s) € C(J) are able 
to replace equivalently the corresponding properties in (5.6) and (2.30). 
Making the change of variable x = mg(r) and the inverse change defined 
by the formula v — vs(x), we can transform Equations (5.7) and (5.8) 
one into another; the condition Rg < oo corresponds to 1/ps € L!(J). 
'Thus, we have a one-to-one correspondence between solutions to the Euler- 
ian and Lagrangian static problems. Consequently, the (non)existence or 
the (non)uniqueness for one of the problems implies the same for another. 


Proposition 5.2. Let k — 2 and p be increasing and satisfy the lower 
bound p > py for some 1 < y < 4/3, in contrast to the condition (3.16). Let 
fs satisfy the condition m X fs(r, x) on [ro, oc) x J. Then the Eulerian 


static problem (2.7), (2.8) can have positive solutions only if 


c(y)pyra 4/37 MI! < do, (5.9) 
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where c(y) = y'(4 — 3y)/(y- 0]. 
PROOF. We write Equation (2.7) in the form 
dC 
p (C) 


The function mo is well defined continuous increasing on R* and 79(0) = 0 
according to Lemma 5.1. Consequently, by (2.8), we have 
Rs 





(mo(ps))r = fs[ms], mo(s):— (5.10) 


oS 


no(as(r)) = — J LA 


Denoting by 75 ! the inverse of 7, we have 


Rs 
f — J isis dry) dr = M. (5.11) 


Qs 


Since p > py, we also have To > Toy by formula (5.1), where mo4(s) :— 
Tolp=p, (5) = Y'p1s7—'. Therefore, the equality (5.11) implies that 


id T i i 
-1 2 -if> 2 
m< f n ( - f fslms|drs)r dr < nz (ao — m.) dr. 
Qs r ro 

The integral on the right-hand side is an increasing function of Rs (in 
particular, its derivative is positive). Therefore, 


-1(%\ 2, — > Qo ale 
M< ]*& ( r )r dr = 4— 3v q'pirg t= i 


ro 











This inequality is equivalent to (5.9). 





In the case where àg = G(Mo + ioM), the inequality (5.9) is similar 
to the inequality (5.5) from Remark 5.1 and, consequently, it holds under 
similar conditions on M. 

In the particular case p = py, 1 < y < 4/3, and fs(r) = —ao/r?, 
Qo > 0, the problem is (uniquely) solvable if and only if the condition (5.9) 
is satisfied. 

In both Propositions 5.1 and 5.2, the continuity of p on R+ is sufficient 
instead of p € W^ (R+) and the condition (4.1) is not imposed, compare 
with Remark 4.2. 
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We define the so-called first adiabatic exponent of the state function 
/ ay 
a NE UC , 520. (5.12) 
p(s) PCE) lexiys 








Proposition 5.3. Suppose that p' € C(R*), p' > 0, hy € C([vo,oc) x 
J), and there exists a function h® such that h = h,h(? (clearly h® = h/h, 
on the set where h, £0) and 





AD, AY, a € L!(J; C(vo,v]) for any v > vo, (5.13) 
1 

Ti) + AO (v, x) + sh( (v, X) <0 for any s > 0, v > vo, x € J, (5.14) 
1 

hU (yp, 0) := lim — hU (vx) <0. (5.15) 


(^x) Q4, 0*) 


Then the Lagrangian static problem (2.28), (2.29) has at most one solution. 


PROOF. We apply shooting method and, following [29, Proposition 
10], consider the auxiliary Cauchy problem 


Dps —h[vs], Dvs = f !(ps) on (0, M), (5.16) 

balele-A vs|x=0 = vo, (5.17) 

for the unknown functions ps(x, à) > 0 and vs(x, A), with shooting para- 

meter A > 0. For any A > 0 there exists a unique solution to the problem on 
[0, AZ (A)), where either 0 < M(A) < M, ps((M(A))-) = 0, or M(À) = M. 

It is clear that for any solution ps to the problem (2.28), (2.29) the 


functions ps :— p(ps) = f(1/ps) and vs satisfy the problem (5.16), (5.17) 
for some A > 0. 


We also introduce the derivatives ps = Ops/OA and vs = Ovg/OA 
which are well defined and satisfy the linear Cauchy problem 


Dps = h/vs]vs, Dis = (6-")'(ps)ps on (0, M(A)), (5.18) 
Ps|xy-o — 1, Ysly=0 = 0 (5.19) 
(see, for example, [12, Sec. V.3]). By (5.19) and (p~')’ < 0, we have 
ps(x,A) > 0, Drs(x,3)«0, rs(x,43)«0 on [0,a(à)), 
where either 0 < a(A) < M(A), ps(a(A)) = 0, or a(A) = M(). 


We define the auxiliary function v := ps Dig — pgsD(h [vs]). By the 
second equations (5.16) and (5.18) and the condition (5.14), we have 


V = —Psp (ps) { +h vs] + p^! (ps) hO si} > 0 (5.20) 


CE ED 
Ti (p= (ps)) 
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for almost all 0 < x < a(A) and any A > 0. By the first equations (5.16) 
and (5.18), we get —(Dps)vs + (Dps)h [vs] = 0 and, consequently, for 
any 0 < xo < M(A) 

Xo 

pea = (psvs — ish us]) i 

0 
where h(P [vs]|x=0 = hO (vp, 0) < 0 by the condition (5.15). 

The relations (5.20) and (5.21) imply a(A) = M(A) (since, in the case 

a(A) < M(A), it is not difficult to check that 
A) 





(5.21) 


a 


A 


W(x, A) dx < 0 


— 


— Oo 


according to (5.21), (5.17), 
contradiction). 


5.19), and vs(a(4), A) < 0, which yields a 


Moreover, assume that the problem (2.28), (2.29) has two solutions 
corresponding to the values A = Ag, A, such that 0 < Ag < Ay. Then 
M(A)|,x=0.41 = M and vs(M^,A)|i2as,, < œ. Since both pg > 0 and 
ps > 0 on the set (05,0); 0 € x < M(A),A > 0}, we have M(A) = M for 
Ao < À x Aj. We have 

lös oo I zx09,) = Ps0621) — 9s0620) > 0 as x > M7. 
Further, vs(x, A) increases with respect to 0 < x < M(A). Hence the limit 
Vs(M-,A) < oo exists for any Ayo € A € A1. Since g(x, A) decreases in 
ào <A € A1 for 0 € x < M, we have vg(M~,A) € vs(M7, 0) < oo 
for Ao € A € A1. Consequently, for any sequence y, > M7 as n — oo 
there exists a subsequence (not relabelled) such that ps(xn,A) — 0 and 
VSs(Xn, A) > vs(M ^, A) almost everywhere on (Ao, A1). Therefore, 

Xn 


ineno / VG, X) dx 


TL,—oo 


< — lim js(xa; AA™ (vs (Xn, X), Xn) + hU (vo, 0) 
= h (vo, 0) < 0, 
which contradicts the inequality (5.20). 














Remark 5.2. If, in addition, h < 0 and the a priori bound pg < so 
is known, then we can take 0 < s < so only in condition (5.14) (since 
ps(x,A) < ^ in this case and we can consider A < p(so) only in the proof). 
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Corollary 5.2. Suppose that p' € C(R*), p' > 0, fs = fa, k = 1,2. 
If 


, 2k GM M 
T1(s) > 40 = bet 0<s<so:=p (Rm e (Mo + io7-)). (5.22) 
0 


then the Lagrangian static problem (2.28), (2.29) has at most one solution. 
PROOF. For fs = fg and k = 1,2 it is clear that h® (v, x) = —v/y, 


the inequality (5.14) reduces to I'4(s) > y“), and the a priori bound p(ps) < 
(GM /r®)(Mo + io(M/2)) holds. 














The condition (5.22) implies the inequality p(s) < p(so)(s/so)* on 
(0, so] for y = y“), compare with (3.16). 


6. Some Additional Bounds for Density 
and the Existence of Global Weak Solutions 


We define the difference and integration operations with respect to t 
t 


AM y(t) = y(t+7)— y(t) forr > 0, y(t) := foo dr. 
0 


Proposition 6.1. Let the hypotheses of Proposition 3.2 be valid. Then 
the following generalized uniform Hélder condition in time of order 1/4 
holds: 


K,| AC log ø= (à) 
K (ro)r!/^ for any 0 <T < To (6.1) 


lA C? Bl rs c < 
<S 


with any To > 0. 
ProoF. By Proposition 3.2, we have 


JAM p| < K,|A(? log pl < ETNO (6.2) 


We go back to Equation (3.11) and set z := Ñ*[(v/%) — L(Af[r]/2c)]. Then 
JAM A(p)| < [AP (A(p) — z)] + Az] 
< 15) |Dy(A(p) — 2)|  V2|rS Dial ^ DA 7 


1/2 1/2 
< rI|De(A(o) = 2) o + 27^ sup Diele ec (Dall amc 
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Equation (3.11) can be written in the form 


2 
sU 
Di(Alp) — z) = =p(p) + Pre] + KI". (6.3) 
It is clear that 


Afr) — (sa) 


—Diz = Di(A(p) — z) + u(p)oD(xv), Dz — - +I; 
Using the estimates (3.13)-(3.15), p < Kp, and the energy bound, we find 
IDA) — 2l gy < Ka; 
sup || Dez|l ax, tir) S V MTK, + Ko, 
|.Dzlrz. (o € Ks. 


Consequently, ce < K4(ro)r!/^. By the inequality (6.2), we 
obtain the required assertion. 














Remark 6.1. Let the hypotheses of Theorem 4.1 be valid. Then the 
following generalized Holder condition in time of order 1/2 holds: 


ICA All reso S Kla log pl (oy < K(ro) VT for any 0 < T < m 
with any 7o > 0. Moreover, under the condition (4.19), one can take ¢ = 1. 
Indeed, note that the equalities (6.3) and (6.4) imply 
x e 
rz 
Therefore, by the first bound (4.27) and the estimate (3.14), we have 
(7S Deal? < vr ICD ig € EVT 
(taking into account the properties (4.16) of C). 


Lemma 6.1. Let the hypotheses of Proposition 3.2 be valid. Then for 
any T > 0 the following auxiliary pointwise two-sided bound for p holds: 


K(T) !B^GQ < A(x, t) < KT) (X) (6.5) 
for almost all x € J and any O X t € T. 


PROOF. Applying the operator J; to the ordinary differential equation 
(3.11) for almost all x € J (such that Dip(x,-) € LL, (IR*)) and using the 
estimates (3.12)-(3.15) and 0 < p(p) < l[p||cqo, kj, we get 


|A(p(x, t)) — AP (X)| < Kı + K2T on [0, T]. 
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Since 
log max(p^/p, p/ p^ < |A(p) — A)|, 
we get the bound (6.5) with K(T) := e* K2D/1 , 














Remark 6.2. Let the hypotheses of Proposition 4.1 be valid. 

1. If the bound f < Kop? in Q holds, then f° satisfies the inequality 
K-(M — x) < (°x) on J. 

2. Let c1s?* < p(s) for 0 < s < 1 with some cı > 0 and qı > vy. If the 
bound Kj!j5? < p in Q holds, then f° satisfies the inequality (5?(x))^* < 
K(M — x) on J. 


PROOF. 1. Using the estimate (3.25) for p, the bounds p < Kop? and 
K-!(M — x) € Pnlo](x. t) (which follows from (3.28) and (3.20)), we get 
(P(o) — Bale (x,t) < K) - K^ (M — x) in Q. 
Passing to the limit as t — oo in L?(J) and using Proposition 4.1, we have 
0 < K(p°(x))7 - K^ (M — x). 
2. The proof of Claim 2 is similar with using the bound prlp]|(x,t) € 
N(M — x), compare with (3.13). 


We define the difference and mollification operations relative to x 














xTó 


Asp(x) = (x + 6) - e(x) | Sse(x) = ; J y(x1)dxy1, 0<< M. 


x 


Proposition 6.2. Let the hypotheses of Proposition 3.2 be valid. Then 
for any T > 0 the following auxiliary pointwise uniform bounds hold: 


|AsA(x,t)| < K(T){|Ash°(x)| + 5[(Sslul) Gc t) + (Sl hO) + 1] 
< Ki(T)(\Asp°(x)| + V9) (6.6) 
in Qi Ls := (0, M — 6) x (0, T) for any 0 <5 « M. 


PROOF. Applying the operator Ss to Equation (3.9), we find 


1 > k Af 
0s e =A;so4+S5g, g:— i gg OU, 
nx oO TX 2 
We write the equality p(p)pD(xv) = —D,A(p) in the form 
1 v 1 
Dwg = -7 Asp(p) + Ssg, wa i= Ss- =F 54s4(0). 
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Then 





[ge 


«ien 
|ws| [ws] +h uls) L=(0,K, 





1 
gl AeAlo)| Sulgl. 
where w? := S5(v9/ 9) +571A5A(p°). Taking into account the inequality 
1 = 
$1AsA(p)| < [ws] ro Salv] (6.7) 
and the estimates ||v||z%.2(ġ) < Æ, (3.13) and (3.15), we derive that 
IIi~a(Gn) S NT + K. 


Hence |ws| < |w8| 4- K I,|ws| + Ki(T) in Qu—sr- By the Gronwall lemma, 
|ws| < K2(T)(|w9|-- 1) in Õm-s,r. Using the inequality (6.7) again, we find 


|AsA(p)| < Ka(T){|AsA(p°)| + 0[S5|v?| + Ss|v| + 1]) 
in Qu_sr- Therefore, 


1s log p| < Ks(T)tlullet, v] As log p°| + 6[S5|v°| + Ss|v| + 1]). (6.8) 


We define the divided difference for the logarithmic function for s > 0 
and s, > 0: 


log s — log sı 


1 
log(s; $1) := for s Æ sı, log(s;s):— > 


S81 


It is clear that 
1 
da 


l ; = | e 
og(s 51) f (1— a)s + asi 
0 


We have A; log p = log(p(5); p) Asp and A; log p? = log (p25) ; p°)Asp°, where, 
for example, p(s) (x,t) :— p(x + 6,t). By the right-hand bound (6.5), we get 
log(p?s);p°) < K(T)log(p(s; p) in Quar; also K,* < log(p(s); p). Now 
estimate (6.8) yield the left-hand bound (6.6) and, by the energy bound, 
the right-hand one as well. 














Corollary 6.1. Let the hypotheses of Proposition 3.2 be valid and 
B? € C(J). Then 6 € C(J x Rt). 


Proor. We consider any 0 < 6 < 69 < M, T > 0 and T > 0. The 
mollification $5 (p is continuous on (0, M — ô] x R^ and tends to p in 
L?* ((0, M — ôo) x (0, T)) as both 6 — 0 and 7 — 0 by Propositions 6.1 and 
6.2. Consequently, p € C([0, M — ôo] x [0, T]). Allowing for —óo < ô < 0, 
we similarly get p € C([0o, M] x [0, T]). 
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Proof of Proposition 2.1. In the case essinf jp? > 0, the existence of 
weak solutions can be established by a well-developed technique (see, in 
particular, [28] and [1, 2]). Thus this is omitted, and we concentrate on 
the case essinf;o? = 0. We take p? :— p? + én, with some en > 0 and 
En — 0 as n — oo, and consider a corresponding weak solution p, and Un 
together with r» > 0 such that rF*!/(k +1) = vo + I(1/p;). 

We fix any T > 0 and consider the domain Q. By Propositions 6.1 
and 6.2 together Lemma 6.1 and Remark 3.1 we get (after passing to a 
subsequence, not relabelled) 


Pn > p, Tn > r in L*(Qr) for any 1 < q < oo and a.e. in Qr, 


dnm (6.9) 
Dipn > Dip, Dir, — Dir weakly in L (Qr). 


It is clear that the function p satisfies the two-sided bounds (2.27). There- 


fore, |l/elris (o4) € C(D/plz:a). Moreover, p[;-o = p°. Also 


ro <r € C(T) and 








rk+1 1 k+1 il x 
a = I— = I= and a.e. i 
ki Vo + "x Vo + rud a.e in Qr 


(taking account of the uniform in n bounds 1/p, < C(T)/p® < C(T)/p°), 
i.e., Equation (2.13) holds. 


By Proposition 3.1 and Lemma 6.1 (see also inequality (4.28)), we 
have (after passing to a subsequence, not relabelled) 
Un — v weakly star in L^9* (Qr), 


Dv, — Dv weakly in L^; (Qr) (6.10) 


taking account of p? < 99. Here L? (Ör) is a Hilbert space (a weighted 
Lebesgue one) with the norm ||w|| z2 (97) :— || p? wllz2(9,)- The boundary 


condition v;|;—o = 0 on (0, T) yields that v|; 29 = 0 on (0, T) too. Passing 
to the limit in the equation Dirn = vn, we derive equation (2.17). 


Property (6.10) implies that 
p? Dvn — p" Dv weakly in L?(Qq) 


taking account of p? — p? = €n and the uniform in n bound ||Dv; || r13(5,.) € 
C(T), see inequality (2.25). Furthermore, let xn :— rË and x = r*. Using 
the formula pD(xv) = pxDv + (k/r)v, we get 


pn D(Gq,vs) — pD(xv) = (= Yn — D. x) pO Dv, + JD. x(p9 Dun — p? Dv) 
p p p 


TL 
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ek - Dui L9) +0 


TL 


weakly in L'*(Qr) for any 1 € s < 2 since 


Pr yes < C(T), P. x « C(T), r E Dx 
p p p? p 


in L*(Qr) for any 1 < q < oo, and lle? Dvslra(o,, € C(T). Applying 
properties (6.9) for pn once again, we derive that also 

ps DG vs) > p^ D(x), 

Sn :— u(pn)pn DG va) — P(Pn) ^ 6 = u(p)pD(v) — p(p) (6.11) 
weakly in L'*(Qq) for any 1 < s < 2. 


Passing to the limit in the equation D;p, = —p2 D(xv,), we derive equa- 
tion (2.12). Since /p Dv, 1/,/p € L?(Qr), actually &/,\/p € L?(Qr) too. 
Passing to the limit in the identity 


[mde + 6,Dy)dydt = f ^9 dx + I Flén]v dxdt, 

Qr J Qr 
for any e € H'(Qr) such that v|;—o = 0 and e|, = 0, we derive identity 
(2.24). This implies that Dw € L?(0, T; H*)+ Lœ! (Qr), where H :— (p € 

?(J); yp? Do € L?(J), y(0) = 0} is a Hilbert space equipped with the 
norm ||9||z :— ||\/p° Dvl|[r2(7; and H* is its conjugate one; consequently, 
v € C([0, T]; L7(J)). 
By the argument of Theorem 4.1, the uniform in n bound 





|o, * MCDSnln a + MICDenollzaqor < CD 
v * T" 





holds. Consequently (after passing to a subsequence, not relabelled), for 
any 0 < to < T 


fon E 
—L — — weakly star in L?™°(Qr\Qi); 
Von 7 : 
Dó,, > Dé and Dvn — Dıv weakly in L?(Qr\Qt), 


where properties (6.10) for pn and (6.11) for 6, have been applied. The 
boundary condition čn|z=m = 0 on (to, T) yields that čļz=m = 0 on (to, T) 
too. Using also properties (6.9) for rn, we pass to the limit in the equation 
Dv, = Hy D6,, + Fira] and derive equation (2.12). 


Barotropic Navier-Stokes-Poisson Flows 369 


Under the additional conditions /f9 Di? € L?(J), v°(0) = 0 and 


f € LZ.(IR^), one can take ¢ = 1 and to = 0. All of that together with 


loc 
Corollary 6.1 proves Proposition 2.1. 














7. Properties of Solutions in 
the Eulerian Coordinates 


We consider weak solutions p, v and R to the Eulerian problem (2.1)-(2.5) 
arising from the weak solutions f and ? to the Lagrangian problem (2.11)- 
(2.15) after the inverse change of variable 

X 


r- 06.0 [6 (w+ f 5 
0 


1 1/(k+1) 
P(x1,t) ) 


X1 
so that 
p(F(x,t),t) = p(x,t), vE t,t) S d(x, t), R(t) =7(M,t) in Q. (7.1) 
On the initial data and h we impose the conditions 
p? € L® (No), ess infos n p? > 0 for any rı € No, 
Vp v? € L?(N9), h € Cillo, oo) x J), 


together with the conditions on Af described in Section 2. 


We first collect the main bounds of Sections 3 and 4 restated in the 
Eulerian coordinates. 


Proposition 7.1. 1. Let 


1 
| 5 0°)? + P PO (0%)| 





<N, h« 0. 
Li(Qo) 


Then the following uniform-in-time energy bound holds: 


il 
sup ||(5 pv? + oP W)C] 
t>0 











1 
= T < 
Li (Q4) * | v2 um) L?(Q) 


2. Let ? € N, |V vll) SN, -N € h <0 in [vo,oo) x J. 
Then the uniform upper bound p < K, in Q holds. 
3. Let p and the data satisfy the conditions 


p < py on [0,1] for some y > 7), (7.2) 


x 
p <N, lowes Iv e v? |l) SN, (7.3) 
Qo 
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_ a9 (x) 
p2k/(k--1) 


for some a € (1,*y) and og € C(J) such that ao > 0 and ag(M) > 0 (recall 
that yO — 40) = 1, 400 = 4/3). Then the following uniform-in-time bound 
holds: 


—N <S h(v, x) € in [vo, o0) x J (7.4) 








sup f A. di < Ka, for any o1 € [1,0) (7.5) 
t0 J pet) 


and, consequently, the uniform upper bound sup, 59 R(t) < Kr holds. 


In the particular case p(s) = const, one can take o4 = a; moreover, 
the result remains valid for a = ay = 1 when the second condition (7.3) 
automatically holds for V? — vo < N. 


4. Let the hypotheses of Claim 3 be valid. Then, for the kinetic and 
potential energies 


E(t) = 5 [mir F() = f POG) — Him]. 
Q% 9. 
where H [m](r,t) := H(v,m(r,t)), the following bounds hold: 
l£lzigeey € K, Ellere SK, (E+ F)"lnety) < K, 
and, consequently, they stabilize 
E(t) 0, F(t) F9)? ast oo. (7.6) 


5. Let the hypotheses of Claim 3 and the condition ||hy||11(7;c{vo,Kv]) € 
Ci(N) with Ky = KE /(k +1) be valid. Then 


Plo(-,t)] = [oo mE ee T 
Q 
R 


where palol(r,t) — — J (pfsim])(r1,t) dra. 


T. 


Note that ||R'||z2R+) < K in Claim 3 by (7.1), (3.34), and the energy 
bound. 


To study the stabilization of density and free radius, we extend p by 
setting p :— p on Q and p(r, t) :— 0 for r > R(t) and t > 0. 


Theorem 7.1. Let the hypotheses of Claim 5 of Proposition 7.1 be 
valid. 
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1. Let the condition IC fll zat < N be valid for some cut-off function 
C € W!(R) satisfying (4.16). Then the following global bounds and the 
stabilization property for velocity holds: 


IPad & K, sll <K — (770) 


le, Hla) — 0 as t — oo. 
If, in addition, ||v2|r(o,) < N, v?(0) = 0 and ||flrzgey < N, then the 
bounds (7.7) hold for ¢ =1. 

2. Let a € (1,7) in (7.3), and let one of the conditions (4.29) or (4.30) 
be valid. Then for any sequence t, — +00 there exists a subsequence On 
such that 

P(-,On) — px weakly star in L (ro, Kg) and R(0,) > R.. (7.8) 
Moreover, for any sequence 0,, — oo, On > 0, such that (7.8) is valid, the 
following assertions hold: 


(1) the restricted pair 1e. |, R,} =: (ps, Rs} serves as a positive 


ro,R,]? 
solution to the Eulerian static problem (2.7), (2.8); in addition, 
Fs(ps Rs) = | ps(P(ps) - Hlms))edr =F — (r9) 
Qs 


(see £9) in (7.6)) and 





J dr < Ky for any 1 <À < a; (7.10) 
à, ^5 


(2) the following strong limit relation holds: 
DC, On) > ps(-) in L^(Qs) for any 1 € À < oc. (7.11) 


PROOF. 1. It suffices to give two comments on Claim 1. First, we can 
: ; : 1/2 
pass from ||v..||o, to ||v|| n (o,) using the inequality ||v||o(o,) < KY vrlo. 
Second, to prove the first bound (7.7), we use the formula D,t = v; + vu; 
to get 


IC 0% ella < [IC 0% (ve + vv-)llo 


—k/2 
+ Kp? rg"? poll ze atoyliCvell int < K 


with the help of the energy bound and the second bound (7.7). 


2. In the case of Claim 2, the arguments of the proof of Theorem 3 in 
[9] are applicable (exploiting the bound R € Kg, but not (7.5)). The proof 
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operates by the functional P[p], but does not address directly to the initial- 
boundary value problem (2.1)-(2.5), and we do not reproduce this here (in 
that proof, another extension of p was used; however, the present extension 
can be also applied; this fact was already mentioned in [9].) Actually, the 
argument leads to somewhat weaker results because, first, (ps, Rs] is not 
necessarily a positive (possessing the third property (5.6)) static solution 
and, second, it is required that 0 < x < M in (4.30). 


To remove the first drawback, we invoke the bound (7.5). Let p(ps) > 
0 on [ro, R1), but p(ps) = ps = 0 on [Ri, Rs]. If Ri < Rs, then R(0,) > 
Rə := (Ri + Rg)/2 for n > no since R(0,) — Rg. Therefore, (7.11) implies 


llo On) I r^ (gg) — 0 for any 1 < A < oo. (7.12) 
On the other hand, by the Holder inequality and (7.5), we have 
Ha 


. j 1 
(REM - REY) = f Poir 


1 


0 
5 ml 


Ri 


T 1a 1 " T 1a 
< ( ferar) : ( | m) í < Ka ferar) " 
p 


Rı 9 Ri 


for any 0 < 8 < a—1,1« q < (a—1)/B and q' = q/(q—1). ForA=q 621 
(that is valid for q sufficiently close to 1), this contradicts (7.12). 


To remove the second drawback, we consider the functions (from [9]) 


T Rx 
m,(r) = ] ozan <M, p(r):= - f ost; dr, on Qa, 
TQ T 
where Q., :— (ro, R+). It is clear that 
Dap = p«fs[m.] on OQ: (7.13) 


and p, is nonincreasing on Q. Let B, := {r € Q,;p.(r) = c) = [ae, Be 
for 0 < c € maxg, p.. According to the same proof in [9], it suffices to 
check that B. = ae. If Be > ac, then either a, = ro and p.(r) = 0 almost 
everywhere on (Q¢, Be) or Me > ro and p. is not equivalent to zero on (ro, Ae) 
(by (7.13)). In the second case, m. > 0 and fs[m.] < 0 on [a¢, Be] as well 
as p.(r) = 0 almost everywhere on (o, Be) again (by (7.13)). As was shown 
in [9], this degeneracy of px on (a, Be) implies meas Be = 0, i.e., Be = Qe. 

Finally, by the property R(0,) — Rs and the bound (7.5), for any 
0 <€< Rg — ro and sufficiently large n > no(c) we get 
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Rs—e 
x n 
/ airs | Sar < Ka for any 14A a. 
p^- T li-e, p^- i-e, 
TO No, 


where Kk) is independent of e. By the Fatou lemma, 
Rs—e& 
x 
a E S Ae 
S 


To 














and, consequently, (7.10) holds. 


By the w-limit set O, g for density and free radius we mean the set of 
pairs (p., R,) € L?*(ro, Kg) x R such that (7.8) holds. We extend ps by 
setting ps = ps on Qs and pg = 0 on (Rs, Kg). 


Proposition 7.2. Let the hypotheses of Theorem 7.1 be valid. Then 
the following assertions hold. 


(1) O,,n consists of pairs (p., R.) = (s, Rs), where (ps, Rs) is 
a positive static solution such that the properties (7.9) and (7.10) and the 
strong limit relation 


DC, On) > ps(-) in L^(ro, Kg) for any 1 < À < oo (7.14) 


hold (for the same sequence On as in the property (p., Rs} € On). 


(2) O,,n is a compact attracting connected set in L^(ro, Kg) x R for 
any lax A«oo. The attracting property means that 


inf $(,t) — 2sC) ll p cese + |R(t) — Rg| > 0 as t > +o. 
s albae, , [P08 — s Ollz sa + HR) — Rs| > 0 as t — +00 


Pnoor. The arguments almost repeat the proof of Theorem 4 in [9] 
and will be omitted. Note only that p € Cy (IR*; L^(ro, Kr)), for any 1 < 
A < oo. For À = 1 it is obtained with the help of the estimate 

Kn min( R(t),R(t--7)) 

JaPa f APde + KR 
ro 


ro 











for other A one can also invoke the bound p < K, once more. 





The main result of Theorem 7.1 can be essentially simplified under 
weakened uniqueness assumptions for the static problem. 
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Corollary 7.1. Let, in addition to the hypotheses of Theorem 7.1, the 
Eulerian static problem (2.7), (2.8) have one of the following properties: 


(i) there exists no continual family of positive solutions (ps, Rg} such 
that Rs runs over some segment |R, R], ro < R < R, Fs{ps, Rs} =a for 
some fixed a, and the overdetermined fixed domain static problem with given 
Rg and Fs{ps, Rs} =a has at most one positive solution; 


(ii) there exists an at most countable set of positive solutions (ps, Rs} 
such that Fs{ps, Rs} =a for any fixed a. 


Then there exists a positive static solution (ps, Rs) such that p(-,t) > 
ps(-) in L^(ro, Kg) for any 1 << oo, R(t) ^ Rg as t — +00, and the 
properties (7.9) and (7.10) hold. 


The proof repeats that of Corollary 4.1 (with R replacing V). 


Remark 7.1. The static equation (2.7) can be considered as a system 
of ordinary differential equations 


(mo(9s))r = fs[ms], ms, = ps% on (ro, Rs), 
see (5.10), with 7(s) = p'(s)/s. Suppose that cys < p'(s) on (0, so), c1 = 
ci(so) > 0 for any so > 0 (in particular, for p = p, with 1 < y <S 2) 
and fs, € L'((ro, Kg); C(J)). Then the corresponding backward Cauchy 
problem with given 7o(ps)(Rs) = 0 and ms(Rs) = M (and given Rs) has 
at most one solution, and thus the overdetermined problem from (i) does. 


We can strengthen Corollary 4.2. 


Corollary 7.2. Let the hypotheses of Theorem 7.1 be valid, excluding 
the condition (7.2), with the conditions (7.3) for a = 1 and the condition 
(7.4) weakened down to (3.7). If the Eulerian static problem (2.7), (2.8) has 
no positive solution, then lim sup; V(t) = oc. 


PROOF. We recall that the condition (7.2), the second condition (7.3) 
for a € (1,7), and the right-hand condition (7.4) were explicitly used only 
in the proof of Claim 3 of Proposition 7.1 (see the proof of Proposition 


3.3). Thus, under the assumption sup V(t) < oo, the argument of Theo- 
t>0 


rem 7.1 is partially valid and, in particular, there exists a static solution 
{ps, Rs} possessing the first and second properties (5.6) but, possibly, the 
third property is not satisfied. Since p(pg) is continuous and nonincreasing 
on [ro, Rs], there exists ro < Rs < Rg such that p(ps) > 0 on [ro, Rs) and 
p(ps)(Rg) = 0. The pair {sliro s) Rs} is a positive solution, which yields 
a contradiction. 
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